8 ALGEBRAIC LOCI WHOSE CURVE SECTIONS ARE HYPERELLIPTIO.

We conclude with the remark, which is easily verified by considerations
precisely similar to those employed in the proofs of Theorems 8 and 9, and
which we shall accordingly not take the space to prove, that

THEOREM 11. The necessary and sufficient condition for the existence
of "H,™ on which the general @Q%_, is non-singular is

2k
n <m (7r+1).
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AN INEQUALITY FOR LATENT ROOTS APPLIED TO DETER-
MINANTS WITH DOMINANT PRINCIPAL DIAGONAL

Hans SOHENEIDERY.

The absolute value of & latent root of a matrix does not exceed the
greatest of the sums of absolute values of elements in a row of the matrix.
This well-known inequality is due to G. Frobenius [3]. In § 1thisinequality
is generalized by the use of compound matrices. In § 2 further inequalities
are derived, by means of which bounds for determinants with dominant
principal diagonal elements are obtained. These bounds are improvements
of bounds due to H. v. Koch [6] and A. Ostrowski [7], which have also been
previously improved by A. Ostrowski [7, 8] and G. B. Price [10]. In §3
conditions are found under which a matrix is similar to & matrix with
dominant principal diagonal when transformed by a diagonal matrix.
A distinction is made between singular and non-singular matrices, and it is

* Received 17 August, 1951; read 15 November, 1951; revised 29 February, 1952.
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pointed out that a similar condition of A. Ostrowski [8] may fail in the
case of a singular, reducible matrix*.

§1.

Let A4 be an nXn matrix with complex elements and C the non-
negative matrix (¢;) = (|ay|). (We use the terms non-negative matrix C,
positive vector y, etc., to mean a matrix of non-negative elements, a vector
of positive elements, and write C >0, y > 0.)

Let X be the diagonal matrix X = diag [2,, @5, ..., %,], >0,
t=1,2,..,n The vector r of generalized row sums of A is defined as
r=X-10Xe l:r,. = <¢§1 Ia,-,[x,) / x,-], where e is the column vector
e={1,1,..,1}. ByR,i=1,2, .., n, we denote an arrangement of the
r; for which B, >R, >... > R,.

The latent roots of 4 are A, =1, 2, ..., n, supposed arranged so that
IE AR

We shall use some results on the X; and R;:

A | < Ry (1)

When A4 is irreducible, |A;| = R, if and only if
Ri=R,=..=R, (2)
and A=¢vD10D, (3)

where D is a diagonal matrix, |d;| =1, and C is the non-negative matrix
defined above. The matrix 4 is irreducible when it cannot be put in the

form
A
Sy
A21 A22
by a conjugate permutation of rows and columns, where 4,,, 4,, are square
matrices and the dot represents a null-matrix.

When A is irreducible, |A,| = |A,| = ... = |A;]| if and only if (2) and (3)
hold, and, after a conjugate permutation of rows and columns,
B . 012 . T
. Oy
C= C : (4)
. X
: Crar
L Cia i

the dots in the diagonal denoting square null-matrices.

* Added 4 July, 1952 : Prof. Ostrowski has recently informed me that he is aware
of this.
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These conditions were proved by G. Frobenius [3, 4], V. Romanovsky
[12] in the non-negative case, A. Brauer [1,2], H. Wielandt [15], for
matrices with complex elements, and others. They are usually stated for
X =1. For general X they follow from the particular case when
B=X-14X is considered, ¢f. A. Brauer [1].

When A is irreducible and |A| = R;, we give a proof of the necessity
of (2), which is rather more concise than those we have found in the
literature.

Let »’ be a latent row vector associated with A, :

n
Mu;= X way, j=1,..,mn
i=1
i .
Ml““il<_zll'“£”“ﬁ|, =1 .., n, (5)
§=

n
z

=1

n n
|A1|§1|""1|< qulla.-;|=,§llu,-|f,-, X =1), (6)

+

[

[A] ’E'llui‘ < R1l_§1 |otg-

This proves (1). If |A;|=R,, we are now able to assert (2) from (6),
provided no u; is zero. Suppose u;5£0,¢=1, ..., k, u;=0,s =k+1, ..., n.
The equalities must hold in (5) and (8).

By (5),
k
0=E|w|= Z |ullay), j=k+1L ..m
and hence a;=0, i=1,..,k j=k+1,.., 1,
whence 4 is reducible. This gives the required condition.
k k
THEOREM 1. IOIN<OR, 1<k<n. (7
=1 i=1
CoROLLARY 1. |det 4| < 1 R,. ‘ (8)
i=1

CoROLLARY 2. When A is irreducible,

=l

k
|%|=T1 B; for k=12, .. r<n, (9)
i=1

i=1

if and only if
|A1|=IA2I="'=IA1‘|=R1=R2="'='R11«' (10)

CorOLLARY 3. When A is irreducible,

|det 4| = 11 B, (11)

t=1
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if and only if A is monomial or is the 1 X 1 null matriz. [We shall call 4
monomial if it has precisely one non-zero element in each row and column,
¢f. Birkhoff and MacLane, “ A survey of modern algebra ’, The Macmillan
Company, New York (1941), 227.]

Proof of Theorem 1. Let S, be a subset of the set 1, 2, ..., » containing
k members. Let S,, r=1, ..., <Z), form all possible such distinct sets.

Let J,, be an ordered arrangement of 8, and j;.., ¢ =1, ..., k, the ¢-th
member of J,,. Let the J,,, u ..., k!, be the possible distinct J,, for
fixed . Evidently as p and 7 run through all values, the J,, represent
every manner of selecting & ordered, distinct integers from n.

Let H, be an ordered arrangement of % integers (not necessarily all
distinct) from the set 1, ..., n, and let A,;, be the i-th element of H,. Let
the H,, v=1, ..., n¥, be all possible distinct H,. By A® we denote the
k-th compound of 4, and by a® the element of A® formed from the minor
at the intersection of rows i¢ 8,, columns ie S, of 4. Let R®, +{¥ be the
generalized row sums of A®,

In the summations below we shall assume that the indices u, v, v*run
through all the values indicated above. In the product ¢ is taken over
the fixed set S, which we shall choose as 1, ..., k.

We shall first prove the theorem for X I We have

alf) = 2 + H @is;,, 0

o) = |a,(")] <21'Ic

Ti,,?

,.‘(,k)__zc(k)<zzncﬁ <ZHG.-;;,. =17, (12)
v 1 i [}

T et

We now choose S, so that r® = R* and put §,=S8. We have from (1)
k
I M| <7 < T v HR (13)
t=1 t=

and (13) may be applied to B = X-1A4X to yield the theorem.
Corollary 1 is the case k==, and may be proved more simply by
applying (1) to @14, where ® = diag [ry, 7, ..., 7,], provided no 7;is zero.

Proof of Corollary 2. From (9) we have in particular |A| = R,. We
may now assert (2), and (10) follows. The converse is trivial. In this case
A must satisfy (3) and, after a conjugate permutation of rows and columns,
also (4) with k=r.

Proof of Corollary 3. The matrix A™ consists of the single element
a®. When X = I we inspect (12), where the equality must hold under
the conditions of the corollary. Hence

z Hc,, =3 Hc,,, (r=1).

» i=1 v
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As A is irreducible this is satisfied only by a monomial matrix or the 1x1
null-matrix. The converse is again evident. For general X we note
that det B=det A, and that if B is monomial (or null) so is 4. This
completes the proof.

We deduce that when (11) is satisfied by an irreducible 4,

1/n

hal =1l = .. = 2] = (11 B)

Let us now suppose that (9) is satisfied with » = », for an irreducible 4.
Then

|det 4| =TI R,
=1

By Corollary 3 it follows that A is & monomial matrix or the 1x 1 null-
matrix. If 4 is monomial, R; = |a;|x,/z; where a;; is the non-zero element
in the ¢-th row of 4.

By Corollary 2,

Ri=R,=..=R,=c¢, say,

and hence C: (cy), (¢y) = (|ay|), satisfies C=cXPX-!, where P is a
permutation matrix.
By Corollary 2, (3) applies. Thus

A =aD'XPX-1D,

where D is a diagonal matrix, |dy| = 1.
If A is reducible we may suppose it decomposed as

All 3
Am Azz
A=| * X (14)

x X
X X e

I_Arl Arz X X Arr

where the 4;;are square and irreducible, and the dots represent null-matrices.
The matrix A’ obtained from 4 by putting 4,,=0, > j, has the same
latent roots as A.

Let B/,i=1, ..., n, B/ > R, > ... > R,’ be the generalized row sums
of A’. ~
Then R/ <R, it=1,..,mn,

and by (8), ‘ﬁ1|,\,.| =|det 4| < ﬁlR" < _ﬁlR,..
= = 1=

Hence if (11) holds and no R; equals zero, then R; = R;, and thus 4, =0,
t>].
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Further restrictions on 4 are easily found by applying the corollaries
to the irreducible 4.

§2.
Let M be a square n X n matrix whose elements satisfy m; > 0, m; <0,
i #j. Let A be a matrix for which (|a;|) = (|my;|). Let h be the vector

h=X"1MXe, e={1,1,..,1} [i.e. h,-=2|a,-i|—( 5 [a,.,.|x,)/x,-]. When
=1

h > 0 we shall say that 4 has a dominant principal diagonal with respect
to X (or that 4 is similar to a matrix with dominant diagonal under trans-
formation X). It was known to Hadamard [5] that 4 is non-singular
when h>0. Many bounds for |detA| have been found. Recently
G. B. Price [10] has given some that are especially simple. Using a method
of H. v. Koch [6] we shall deduce bounds which are an improvement on
some previously proved.

We shall use a lemma due to H. Weyl [14] and G. Polya [9] to prove
further inequalities between the |A;| and R;.

Lemma. If a4, 0, >0, a,>a,>...>2a,,
% 3
and Ma,<Ob, £k=1,2,..,n,
i=1 i=1
n n
then Z p(a) < Z p(by),
i=1 i=1

provided that g(logx) = p(x) ts a convex non-decreasing function of log .
COROLLARY. I AP< T R, a0, 1<r<n. (15)
i=1 i=1

For |\, R, satisfy the conditions of the lemma by Theorem 1, and 2*
is a convex non-decreasing function of logx.
n
Let >0, ;= (1—hyf|ay|), S;=maxs;, and S= T s, Then 5;<1
i=1
as h>0. '
For X = I Ostrowski [7] proved

|det A| > 11 b= I |a|(1—sy); (16)
i=1 i=1
and Koch [6] proved
|deb A | > eS(1—8,)551 I |a]. am
i=1
THEOREM 2. If >0

n =5 11 |ay|
¢S I1 |ay|(1—s) <|det 4| < "=—, (18)

=1 II (1—s)

i=1

where either inequality holds if, and only if, A is diagonal.
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Proof. Let @Q=diag[ayy, ..., @,,]. Then @ is non-singular as
|ay| =>h;>0. Let P=I—Q*A4, and let F be the non-negative matrix
(fi) = (|py). The diagonal elements of F are zero and

X1FXe=08={s, ..., $,}-

Let the latent roots of P be u;,t=1, ..., n. Since

n

i=1

n n [ v
we have L= Xlog(l—p)=— X X =
i=1 i=1v=1 "
n
where L =log (detA I a,-i> and the series converges as, by (1),
i=1
l[/:,l <Sl< 1. Now
(] n
L——3 L 3. (19)
v=2 V i=1
n n
as Zpi= X p;=0.
i=1 =1
L 1 n
Hence ILI< Z — 2 | (20)
v=2 V {=1

We apply (15) to P and obtain from (20)

Ms

S'-v=—S+% § i:;:,

1
v 1 =1 v=1

1L <

I D=

2

Il

1

whence, as s; <1,
|L| < —8— 3 log (1—s)). (21)
i=1

This is equivalent to (18).
One of the equalities in (18) implies the equality in (20). Comparing
this equation with (19) we see that u”, v =2, 3, ..., have equal arguments.

n
Hence p;>0; but T u,=0 and so u;=0, ¢=1, ..., n. This gives
i=1

n
|det A|= II |ay|. We have assumed one of the equalities and thus we
i=1

must have s;=0, =1, ..., n. Hence 4 is diagonal. The converse is
obvious. This completes the proof of the theorem.

The lower bound of (18) is evidently as sharp as, or sharper than (16)
for all det 4 for which 2> 0. That a similar relation holds between (18)
and (17) is easily proved.

The inequality (17) is equivalent to

|| < —8—(8/8,) log (1—48)),
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and
—8—8/8, log (1—8,) = —8+(8/8,) 51 (Sy/v)

>_8+3% S ¥ _9_ % log(l—s).
i=ly=1V i=1
The result follows by the equivalence of (21) and (18).
It should be pointed out that other authors have found improvements
of (16) and (17) for determinants with dominant diagonal.
Ostrowski [7] has proved

|detA I > ﬁ Ia’il'l 802/51(1_31)03/512, (22)
1=1
where o= 3 | Py |* < (max |p; ) 8; (23)
i, j=1

and [8]
n [n/2] n n/2]
(I8 Jaul) T (182 83 < et ] < (11 Jal) T (14,5 80, (20
= 1= 1= =

where the §;, =1, ..., n are an arrangement of the s; such that

8;28,>..>8

n

and [n/2] is the integral part of n/2. Price [10] has proved

1

=t

n
(lau|—t) <|det 4| < _{II (lag]+2), (25)

n
where ti= X |ayl.
=i+l

For all det A for which » = X-' M X e > 0, it is easily seen that (24)
and (25), like (18), yield bounds as sharp as, or sharper than (16), while (22)
[because of (23)] like (18) yields bounds as sharp as, or sharper than (17).
There does not appear to be a relation of this sort between (18), (22), (24),
and (25), e.g. (18) may appear sharper or less sharp than (22), depending on
the particular 4 considered. One may construct examples to suit one bound
or another. Generally speaking, however, Ostrowski’s (24) gives the best
bounds. When the super-diagonal elements of 4 are small compared to
the sub-diagonal elements, Price’s (25) is generally best*.

§3.
If M is a square matrix for which m;>0, m; <0, ¢%#j, and
h=X-1MXe > 0, it is known that all latent roots of M have positive real

* The following papers have appeared since this summary of results was written :
A. M. Ostrowsky, ¢ Note on bounds for determinants with dominant principal diagonal”,
Proc. American Math. Soc., 3 (1952), 26-30; Y. K. Wong, ‘ Some inequalities of deter-
minants of Minkowski type’’, Duke Math. Journal, 19 (1952), 231-242.
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parts, while if & > 0, the latent roots of M are zero or have positive real
parts (Rohrbach [11], Taussky [13]). We shall prove these results with
some converses which are apparently new.

TaEOREM 3. There is an X =diag[2y, ..., 2,], >0, t=1, ..., n,
such that h = X~ M Xe > 0, if and only if the latent roots of M : (m;), my; >0,
my < 0, ¢ #£J, have positive real parts.

Among the latent roots of largest modulus of a non-negative matrix
G there is one, y, that is non-negative. If « >y, then («/—@) is non-
singular and («—G)™ > 0 (Frobenius [4], Wielandt [15]).

Let us choose « >maxmy; Then «/—M >0. We shall now put
@G=al—M. If u=a—y it follows that u is a latent root of M. Let A be
any other latent root of M, A 2. Then f=a—A is a latent root of G.
Hence [B| <7y, and as B #y, R(B) <y, where ®R(B) is the real part of B.

We have RQA)=a—R(B)>a—y=p.

Hence M has a latent root, n, which is real, and whose real part is less than
that of any other latent root.
By applying (1) to G we obtain

y = oa—p < max (X-{a] —M} Xe);= a—mink,,
where (z); denotes the ¢-th element of the vector z inside the bracket. Hence
min b, < p (26)

for all X. Thus if > 0 it follows that x> 0, and by R(A) > p all latent
roots of M have positive real parts. ,

Suppose that all latent roots have positive real parts. Then M is
clearly non-singular and 4 > 0. Hence M1 = («I—G)1 >0, as

a=y+pu>y.
Let k be any column vector, £ > 0, and let MXe=k. We have
Xe=M-1k> 0,

as, of course, every row of the non-singular matrix M contains at least one
positive element. The vector Xe determines the diagonal matrix X
uniquely. Putting X-1% = h, we have X~1 M Xe = h > 0 as required, and
the theorem is proved.

While k, k> 0, is arbitrary, (26) shows that 4 is much more restricted.
It is of some interest to construct an X for which # > 0. Let y, be the real
latent root of least real part of M, ,, where the M, i=1, ..., r, are the
irreducible matrices in the diagonal of the decomposition of M, cf. (14).
Let y? be a latent vector of M, associated with u,. If G is partitioned
conformably with M, we have G, = al,—M,,, where I, is a unit matrix.
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Then y? is also a latent column vector of &, associated with y, = a—p,,
where y,, is a non-negative latent root of maximum modulus of @,,. But
G,y is irreducible, as an irreducible matrix remains irreducible when the
diagonal elements are altered. Hence y,, is a single latent root of G,
and has a unique positive latent column vector associated with it
(Frobenius [4], Wielandt [15]). It follows that y? >0, on suitable
normalization.

Let Y,=diag[y,?, ¥*, ...] and X =diag[e,Y,, Y, ..., Y],
where the ¢; are positive constants. We shall write b= {A!, ..., &'}, h?
conformable with M,,,. Similarly e ={e!, ..., e’} ={1,1, ..., 1}. We note
that w,>u>0 and Y1 M, Y e?= Y u,y*=pu,e?. Now

h=X"1MXe,
y 4
whence b= el Y1 ‘Zl &M, Y;ée,
j=
or b? = p,e?—e;1fP, (27)
—1
where fP=Y3'S M, Y6 (28)
i=1
As M,; <0, j <p, it follows that f7 > 0. But f?, p > 2, is homogeneous
and linear in €, €, ..., €,_, and involves no other ¢;, while f1=0. Hence
from (27), h* >0, and by choosing ¢, sufficiently large compared to
€, €, ..., €51 We shall obtain A7 >0, p>2. Choosing successively
€1, €, ..., €, We may ensure that h> 0.

An implication of* the conditions of Theorem 3 is worth noting. Let
us suppose that m; is the k-th element of the principal diagonal of M.
Then for all M: (my), m;=>0; my; < 0,1 #j,

my = (YA M, Y, e?), = p,,

whence, by ' Bp=p, P=1,...,1,
my=p, t=1, .., n

It follows that the equivalent assumptions #=X"1MXe> 0 or u >0 of
Theorem 3 imply m;>0, 1 =1, ..., .

We shall use the above construction for 4 to prove a result corresponding
to Theorem 3 when M is not restricted to be non-singular. Let us say
that an irreducible A4; of the decomposition (14) of a reducible matrix 4
is isolated when A, =0, j <s.

THEOREM 4. The matrices M and X satisfy the conditions of Theorem 3.
If there is an X for which h = X1 MXe > 0 the latent roots of M are zero
or have positive real parts.

If the latent roots of M have non-negative real parts there is an X for which
h=X1MXe>0 iof, and only +f, M is irreducible or the singular M of the

decomposition of M are isolated.
JOUR. 109. c
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We shall give all symbols the same meanings as in the proof of Theorem 3.
The considerations leading to (26) and (27) hold under the conditions of
the theorem. If < 0 we have from (26) that some &, <y < 0, for all X.
Hence if h=X-2MXe > 0 then also p > 0, and as R(A) > u, where A is any
other latent root of M, A # p; the first part of the theorem follows.

Suppose that x>0 and consider (27).

If w, >0, we may again prove that >0, and h? >0, p > 2, provided
that e, is sufficiently large compared to ¢, ¢, ..., €,_;. Now suppose
p=0and u,=p. If M, is isolated, then M,; =0, j < p, and by (28),
f?=0; whence h?=0. Thus if all singular M,, are isolated or if
M = M,, is irreducible we have a vector A= {h, ..., "}, where either
h? >0, or ”»=0. Hence h > 0.

We must still consider the case when some singular M, , is not isolated.
Partition X = diag [z, ..., #,], ;> 0, and G' = «l—M, conformably with
M. Then X = diag [X,, X,, ..., X,], where the X; are diagonal matrices
with positive diagonal elements, and the G are irreducible. We also
partition 2 conformably with M.

As h=X"1MXe,
we have h? = X1 %1 M, X;é,
i=
whence h? = aeP—rP—fP, (29)
where =Xz "g'IMp X, ¢ (30)
and ae?—r? = X1 M, X, 6P = XY ol ,—G,p) Xy €®.
Hence P =X1G,,X,e". (31)

As M,;<0,5=1,2, ..., p—1, and some M,; #0, j <p, it follows from

(30) that
=0, foxo. (32)
But @

op = 0, and so 17 is the vector of generalized row sums of @,,. The
non-negative latent root of maximum modulus of G, is y, = a—pu,,.
By (1), 7, the largest element of r?, satisfies r,? > a.

If 72> «, by (29) and (32)

hip = a—’rip—fip < 0

and A is'not non-negative.
Suppose 7,? =«. Since @, is irreducible (2) holds. Hence r? = ae?

and from (29) and (32)
= —fr<0, hP#0

and % is not non-negative.
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As X is an arbitrary diagonal matrix with ;> 0, we have proved that
h=X-'MXe is not non-negative when a singular M, , is not isolated.
This completes the proof of the theorem.

In Theorems 3 and 4 we may replace simultaneously

X = diag [2;, #,, ..., z,], 2;>0, (33)
by x>0; (34)
and h=X1MXe>0 (h=X"1MXe>0) (35)
by k=Mz>0 (k= Mz>0). (36)

For putting Xe ==, and Xk =k, we have (33) if, and only if, (34) holds,
and (35) if, and only if, (36) holds.

When p=a¢—y >0 (u=a—y>0), then det M =det («J—@G) and
all principal minors of M are non-negative (positive), (Frobenius [3],
Ostrowski [8]). The converse is also true. The characteristic equation
of M is '

p(60) = (—O)"+cr(—0)" ...+,

where ¢, is the sum of the principal minors of M of order r, and ¢, = det M.
If det M is non-negative (positive) and all principal minors of M are non-
negative it follows that all real latent roots are non-negative (positive).
Hence >0 (u>0). We deduce that in Theorems 3 and 4 we may
replace “the latent roots of M are zero or have positive real parts (the
latent roots of M have positive real parts)” by “det M and all principal
minors are non-negative (positive) ”’, or by “det M is non-negative (positive)
and all principal minors of M are non-negative .

A theorem of Ostrowski ([8], Theorem 4) may be restated thus: “If
for M, m; >0, m; <0, ¢35, det M and all principal minors of M are
non-negative there are column vectors x >0, £ >0, such that Mz = k.
If M is non-singular we may restrict k to be positive.”

Our preceding two remarks indicate that Theorem 3 may be reduced
to the non-singular case of Ostrowski’s theorem. If M is reducible and
singular, however, a similar reduction applied to Theorem 4 shows that
any matrix M with a non-isolated singular M, in its decomposition will
not satisfy Ostrowski’s theorem*. An example of such a matrix is:

(1]

Finally we shall prove another analogue of Ostrowski’s theorem.

THEOREM 5. The matriz M : (my;) has my >0, my; < 0,1 5%£5.  If there
are vectors x > 0, k > 0, such that Mx = k, the latent roots of M are zero or
have positive real parts.

* There does not appear to be any justification for the second sentence of [8], § 13, p. 87.
c2
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If the latent roots of M have non-negative real parts there are vectors
=20 (x#£0), k>0, such that Mz = k. '

The first part of the theorem follows from the first part of Theorem 4

and the equivalence of (33) and (34), (35) and (36).

Suppose > 0. Let r be the number of irreducible M;; in the decom-

position of M and let x= {0, 0%, ..., O™, y'}, where the O' are null-
vectors, and y" is the positive latent vector of M,, associated with u,, the
latent root of least real part of M,,.

as

We have >0, x #£0, and
k=Mz= {0, .., O M y}= {0 ..., O, uy} >0,
e

I should like to thank the referee for very many helpful suggestions.
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