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1. Introduction

Let G=(V, A) be a strongly connected directed graph, and let f be an arbitrary
real-valued function defined on the arcs 4 (we will refer to f as a flow for G). Then
[ is called max-balanced if for every cut W, the maximum flow over arcs leaving
W equals the maximum flow over arcs entering W. A max-balanced flow is a max-
analogue of a circulation in which the summation operators are replaced by
maximization operators.

We describe ten characterizations of max-balanced flows. First, we prove some
elementary characterizations of max-balanced flows using properties of graph
contractions and maximum cycle means. Next, we piuve a useful characterization
using a notion of the level sets of f. We then apply this characterization to prove
a result of Schneider and Schneider [20] showing that fis max-balanced if and only
if G has an f-cycle cover. Then we define a partial order on the set of flows for G
and show that f is max-balanced if and only if it is the least element in the set of
all flows derived from f by reweighting. Finally, we prove an analogous result for
functions defined on the set of all cuts of G.

Our characterizations of max-balanced flows have equivalent formulations in
terms of matrices. Under a standard correspondence between flows and square
nonnegative matrices, max-balanced flows correspond to square matrices with the
property that the row maxima equal the corresponding column maxima. The
operation of reweighting a flow corresponds (via an exponentiation transformation)
to diagonal equivalence scaling of a square nonnegative matrix (see [21, Section 8]).
In particular, some of the characterizations we obtain produce interesting results for
the matrix formulation of the problem.

Max-balanced flows have been studied by Schneider and Schneider [19-21]. See
also Hartmann and Schneider {10] for a discussion of max-balanced flows satisfying
lower and upper bounds, Rothblum et al. [16] for a discussion of a related algebraic
matrix scaling problem, and Young et al. [23] for a discussion of efficient algo-
rithms for max-balancing. Related algebraic generalizations of network flow and
linear programming problems have been considered by Hoffman [11], Cunning-
ham-Green [3], Hamacher [6-9], and Zimmerman [24,25]. See also the survey paper
by Burkard and Zimmermann [2] and the collection of papers in [1].

We were origirally motivated to study max-balanced flows by their connection
to matrix scaling problems as described, for example, in [4,12,15,17,18]. These
scaling problems are sum variants of the max-problems we consider in this paper,
and they have numerous applications in economics, finance, statistics, and prob-
ability (see [22], and the references therein). As an illustration of this connection,
Eaves et al. [4] study the problem of identifying for a given square, nonnegative
matrix a diagonal equivalence scaling whose row sums equal its column sums, that
is, the /; norm of each row must equal the /; norm of the corresponding column.
They characterize those matrices for which such scalings exist [4, Theorem 2].
Schneider and Schneider in [17, 18] study the prohlem of identifying for : given flow
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a reweighting that is max-balanced, and they show that every flow on a strongly con-
nected graph has such a reweighting [18, Theorem 6]. The problem studied in
[19,21] is the /,, analogue of the /| problem studied in [4]. The /, analogue for
1<p<o can be reduced to the case of p=1, whereas no such reduction seems
possible for the case of p=o0. These connections are described in greater detail in
[16, Section 8] and [18, Section 2]. In this paper, we continue our study of max-
balanced flows initiated in [19-21].

We now summarize our paper. In Section 2 we define the graph-theoretic
properties we will use. In Section 3 using the level sets of a function, we consider
a partial order < and a linear pre-order <; on the set of all functions defined on
a finite set. In Sections 4 and S we give our characterizations of max-balanced flows.
In Theorsm 6 we prove four elementary characterizations using properties of graph
contractions and maximum cycle means. In Theorem 7 we prove that f is max-
balanced if and only if its level sets have isolated strong components, or,
equivalently, if and only if G has an f-cycle cover. In Theorem 8 we show that f
is max-balanced if and only if it is the least element with respect to the partial order
< in the set of all flows obtained from f by reweighting. Finally, in Theorem 11
we define the cut function induced by a flow f and prove an analogous least-element
characterization of max-balanced flows using the cut function.

In Appendix A, we present a linear programming based proof of the existence
result of Schneider and Schneider (Theorem 3). Our characterizations in Theorems
8 and 11 can be proved using that result or independently using a simple descent
argument. Since the procf of Theorem 3 in Appendix A uses only the character-
izations of Theorem 7, there is no circularity in the application of Theorem 3.
Consequently, this paper can be read independently of papers [19Y,21].

2. Notation and preliminaries

Let G=(V,A) be a (directed) graph with vertex set V and arc set ACV V. We
use the notation a = (i, v) to denote an arc @ € A directed from vertex u to vertex v.
We use the symbols C and C to denote, respectively, strict and weak containment.
A subset W of V is called nontrivial if 8+ WCV. A cut of G is a nontrivial subset
of the vertices. For a cut W of G, we define the set of arcs leaving and entering W,
written 6 *(W;G) and J ~(W;G), respectively, by

T (W;G)= {a=(u,v)eA|uecW, and veV\ W},
and
6" (W;G)= {a=(uv)eA|ueV\ W, and ve W}.
When there is no possibility of confusion, we will omit the dependence on G.

A flow for the graph G is an arbitrary real-valued function f defined on the arcs
A. We will use f, for a€ A to denote the flow of arc a. For a cut W of G, we say
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that the flow f is max-balanced at W if

max f,= max f,. )
aed (W) aed (W)
We say that f is max-balanced if it is max-balanced at every cut W.

A potential for the graph G is a real-valued function p defined on the vertex set
V. A potential p is called trivial if for some corstant a, p,=a for all veV;
otherwise p is called nontrivial. For a flow f and a potential p for G, we define the
p-reweighted flow of f to be the flow f” defined by

(fP)e=pDu+fa—D, fora=(uv)eA. 2)

When there is no possibility of confusion, we will use £” to denote the flow of f?
on arc @. We note that the operation of reweighting flows via potentials arises
throughout network optimization (see, for example [14]).

Our formulation assumes that the underlying graph G has no parallel arcs (i.e.,
two arcs directed from u to v for some pair of vertices # and v) and no loops (i.e.,
arcs of the form a=(v,v) for some vertex v). We note, however, that all of our
results extend easily to handle the more general situation. Aiso, we will assume
throughout that ¥#0 and A #9. For a finite set S, we will use the notation |S| to
denote the number of elements of S. For example, |V'| and |4 | denote, respectively,
the number of vertices and arcs of G. We will use RS to denote the set of all real-
valued functions with domain S.

Let u and v be vertices of G. A (directed) path from u to v is a sequence of the
form P=(vy,a;, vy, ..., V), such that vo=u, v,=v, and a;=(;_,v;) for i=
1,2, ..., k. The path P is said to start and end at the vertices # and v, respectively.
We will identify a path containing at least one arc with its underlying arc set. In par-
ticular, the length of a path P, written |P|, is defined to be the number of arcs in
the sequence P. (Note that the sequence (v) is a path starting and ending at v of
length 0.) A (simple) cycle is a path containing an arc that starts and ends at the
same vertex and contains no other repeated vertices. Vertices u,ve V (which need
not be distinct) are called connected if there exists a path from u to v and a path
from v to u.

Let G=(V, A) be a graph, and let W be a subset of the vertices V. We define the
subgraph of G induced by W, written G(W), to be the graph (W, E) where E is the
set of all arcs a=(u,v)€ A such that u,ve W. The relation connectedness is an
equivalence relation on V, which therefore induces a partition {¥,, V5, ..., V,,} of
the vertices. The resulting induced graphs G(V;), G(V>), ..., G(V,,) are the strong
components of G. The graph G is called strongly connected if it has exactly one
strong component. Also, we say that G has isolated strong components if every arc
a of A is contained in a strong component of G.

In the following lemma, we state (without proof) two elementary characterizations
of graphs with isolated strong components.
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Lemma 1. Let G=(V, A) be a graph. Then the following are equivalent:
(i) The graph G has isolated strong components;
(ii) for every cut W of G, 6 (W) is nonempty if and only if 6~ (W) is nonempty;
(iii) every arc of A lies on a cycle.

Let G=(V,A) be a graph. For notationa! convenience, we will identify a non-
empty subset EC A with the graph (V, E). In particular, we will say that E has
iso.ated strong components if the graph (V, E) has isolated strong components.
Similarly, we will refer to the strong components of (V, E) as the strong corponents
of the set E.

Let G=(V,A) be a graph, and let f be a flow for G. For a nonempty subset £
of A, we define the flow of E, written f(E), by

fE)=X f
acE

and the mean flow of E, written f(E), by
. 1
E)=— .

In particular, we apply these definitions to a cycle C by applying them to the set
of arcs of C. We define the maximum cycle mean of f, written mcm(f), by

mcm(f) = max{ f(C)| C is a cycle of G}.
A cycle C of G is a maximum mean cycle for G if
JF(C) = mem(f).

We observe that for each potential p for G, we have f(C)=f?(C) for every cycle
C for G, implying that mem(f)=mcm( f”). Next, we characterize potentials p of
strongly connected graphs for which f=s7.

Lemma 2. Let G be a strongly connected graph, and let f and p be, respectively,
a flow and a petential for G. Then f=f" if and only if p is trivial.

Proof. Clearly, if p is trivial, the f=f”. Conversely, if p is nontrivial, then define
W= iwelew=maxpv} .
veV

Since G is strongly connected and @# W CV, it foliows that  “(W)#0 and for any
a=(uv)ed" (W), we have

fa.rp =Dy +j;1_pu>f;za
so f=f? does not hold. I



246 U.G. Rothblum et al.

The following result was proved constructively by Schneider and Schneider in
[19,21]. In Appendix A, we present a proof using linear programming duality

Theorem 3. Let G=(V, A) be a strongly connected graph, and let f be a flow for
G. Then there exists a potential p (unique up to a trivial potential) for G such that
[P is max-balanced.

Let G=(V,A) be a graph, and let f be a flow for G. A set of cycles € of G is
called and f-cycle cover for G if there exists a map from A onto €, where we denote
the image of ae A by C,, such that for all ae A

(i) aeC,, and

i) f,=<f, for every beC,.

It follows dircctly that G has an f-cycle cover if and only if every arc is contained
in some cycle of G for which it is the arc with minimum flow. Cycle covers were
studied in [20], where it was shown that fis max-balanced if and only if there exists
an f-cycle cover for G. We p-ovide an alternative proof of this result in Theorem
7. This is an instance of a more general decomposition theory for matroid flows (see
[9, Theorem 2.26)).

Next, we define the operation of contraction of a graph with respect to a partition
of the vertices. Let G=(V, A) be a graph, and let I7 be a partition of the vertex set
V. We define the cont- . “on of G with respect to I1, written G/I1, to be the graph
(11, A’) where

A ={(,J)e'. M| I(u,v)eA with uel and veJ}. 3)

It is easy to see that the operation of contraction preserves strong connectivity.
For a flow f for G, we define the contraction of f with respect to 11, written f/I1,
to be the flow for G/IT such that for a’'=(l,J)e A4/,

(f/f), = max{f, |a=(u,v)eA, uel, and veJ}. )

That is, G/IT is derived from G by identifying all vertices of V contained in the same
element of 77, deleting arcs between identified vertices, and identifying parallel arcs.
The flow f/IT is defined by max-projecting f onto the arc set A’. Of course, the
definition of A’ ensures that the maximum in (4) is taken over a nonempty set.

In the important special case where I7={W,V \ W} for some cut W, we write
G/W and f/W for G/IT and f/I1, respectively.

3. Order relations on sets of functions

In this section we define the partial order used in Theorems 8 and 11 to char-
acterize max-balanced flows. Further, we discuss the relation between our partial
order and the usual lexicographic order.

Let S be any finite set. For fe RS and a e R we define the a-level set of f, written
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leve(f), by
lev,(f) = {seS| f,ize}.

We define the maximum of f, written imax(f), by

max(f) = masx S

In our applications, the set S will be the set of arcs or the set of cuts of a graph.

Next, we consider two relations on R® and one on R'S! that will be useful for our
development. First, we define the relation < on RS as follows: For f,ge RS, we
define f< g if there exists a constant § such that

lev,(f) =lev,(g) for all a>p,
and ()
levg(f) Clevy(g).

(Recall, C denotes strict containment.) Further, we define f< g if either f<g or
f=g. liis easy to see that if f< g, then the constant £ in (5) is unique. We will denote
this constant by B(f,g). We define S(f, f)=—oo.

We observe that f< f, and that f=g if and only if /'< g and g < f. Further, if f< g,
and g<h, then f<h and B(f, h)=max{B(f, g), B(g, h)}. Therefore < is a partial
order.

In the following lemma, we state a useful property of relation < that is needed
in the proof of Lemma 10.

Lemmad4. Let S be a finite set, and let < be defined by (5). If f< g and s € S salisfies
Sz B(f, 8), then f;=g,.

Proof. If not, then set o =max{f, g;; and use the definition (5) to derive a con-
tradiction. [

Next, we define the relation <, on RS as follows: For f, ge RS we define < g
if there exists a constant § such that

[lev ()] = |lev,(g)] for all &>,
and (6)
|levg(N)] < |levg(g)].

As before, if <, g, then the constant f in (6) is unique. Further, we define f< g
if either /<, g or

llev,(f)] = llev,(g)! for all eR.

We define f~, g, if f<; g and g <, f. (Note that f~ g does not imply ‘that f=g)
It is easy to see that <, is a linear pre-order. That is, for f,g,he RS,

(l) fﬁl_f;
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(i) if < g and g<; A, then f< A,

(iii) either f<; g or g<, f, and

(iv) we cannot have both f<, g and g<, f simultaneously.

Finally, the (usual) lexicographic order on RIS, writen <, is defined as
follows: For x,ye RS, x <,y if either x=y or for some positive integer k<n,
x;=y; for i=1,2,....,k—1 and x; . For fe RS we define the rank vector of f,
written £°Y, tc ve the vector in @' such that there exists an ordering (5,52, ..., S|s)

of the elem~n = ¢ § satisfyinz

£ f, fori=12...,|S[,

and
fod d rd
l1' >f20r >"'>fIOS]'

That is, we choose a fixed ordering of the elements of S such that the values of the
function f are ordered by decreasing size. Note that ,"“‘=max( 1.

In the following lemma, we summarize the relationships between <, <, and
<iex- The implications follow directly from the respective definitions and from
Lemma 4; the details are omitted.

Lemma 5. Let S be a finite set, and let <, X\, and <, be the orders defined
above. Then for f,ge RS,
() f< g if and only if f<,. g,
(ii) f~y g if and only if for son:-e permutation & of S, g;=f, for all s€ S, and
(iil) if f<L g, then f< g.

Part (i) states that the lincar pre-order <; can be derived by applying the usual
lexicographic order to the rank vectors. It follows from part (ii) that the order <;
is defined by identifying certain incomparable elements under the order <. Specifi-
cally, the set of elements equivalent to f are precisely those elements that can be
derived from f by permuting the function values. Two such elements, if distinct,
must be incomparable under the partial order <. Equivalently, f~ g if the ranges

of fand g, including multiplicities, coincide. Part (iii) states that the linear pre-order
<y is compatible with the partial order <.

4. Arc characterizations

In this section we prove eight necessary anc sufficient conditions for a flow f to

be max-balanced using contractions, level sets, cycle covers and the relations < and
<p.

Theorem 6. Let G=(V,A) be a strongly connected graph, and let f be a flow for
G. Then the following are equivalent.
() f is max-balanced,
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(i) f7I1 is max-balanced for each partition IT of V;
(iii) f/W is max-balanced for each cut W of G;

(iv) mem(f/W)=max(f/W) for each cut W of G; and
(v) mem( f7IT)=max(f/IT) for each partition Il of V.

Proof. The order of tiie proof is as follows: First, we show that (i) = (ii)= (iii) =
(iv)=(i). Then we show that (i)=(v) and that (v)=(iv).

(i)= (ii): Let /7 be a partition of V, and let G'=G/IT and f* f/I1. For a cut W’
of G’, we define the corresponding cut W of G by

W={veV |vel for some Ie W'}.

Then it follows directly from the definition of f’ in (4) that

max Jj,= max f,
ued ' (W;G') aed’ (W;G)
and
max f;= max f,.
aed (W;G') aco (W;G)

Therefore, if fis max-balanced, thea so is f'.

(ii) = (iii): This implication is trivial.

(iii)= (iv): This implication is obvious since G/W contains (wo vertices and iwo
arcs.

(iv)=(i): Suppose that f is not max-balanced at some cut W. Then the two arcs
of G/W form a cycle for which f/ W differs. It follows that mcm( f/ W) # max(f/W).

(i)= (v): First, we show that mcm(f)=max(f) whenever f is max-balanced. Let
a=(u,v) be an arc of G satisfying f,=max(f). Since f is max-balanced at the
singleton cut {v}, it follows that there exists an arc leaving v with flow max(f).
Continuing in this fashion, we can construct a cycle C all of whose arcs have flow
max(J). Clearly Cis amaximum mean cycle for G, and, therefore, mcm(f) =max(f).
The implication (i) = (v) now follows for an arbitrary partition /7, since f/I1 is max-
balanced whenever f is.

(v)=(iv): This implication is trivial. [

Theorem 7. Let G=(V,A) be a strongly connected graph, and let f be a flow for
G. Then the following are equivalent.
(i) f is max-balanced,;
(ii) every level set of f has isolated strong components;
(iii) there exists an f-cycle cover for G.

Proof. (i)=(ii): Suppose that for some real number a, lev,(f) does not have
isolated strong components. Then by Lemma 1 there exists a cut W such that
lev (f/)NS*(W)#0 and lev,(f)NJ~(W)=0. That is,

f,=za for some aed* (W),
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and
f,<a for some aed™(W).

Therefore f is not max-balanced at W.

(i) = (iii): Suppose (ii) holds. For each a€ A consider lev,(f) where a =f,. Since
lev,(f) has isolated strong components, it follows from Lemma 1 that a is contain-
ed in some cycle C, of G such that C, Ciev,(f). Now let €={C,|ae A}. Then it
follows directly from the definition of a level set that € is an f-cycle cover for G.

(iii)= (i): Let € be an f-cycle cover for G, and let W be a cut for G. Then for each
ae ot (W) there exists a cycle Ce € such that f,<f, for all b€ C. Since C must also
intersect 6 (W), it follows that there exists an arc ced (W) such that f,<f,.
Thus, we have shown that

max f,< max f,. (N
aed* (W) aed (W)

A similar argument shows that the reverse inequality in (7) is also satisfied. This
proves that fis max-balanced. [

For a cycle C of G, we define the characteristic function of C to be the function
x€e{RU {—o}}4 defined by

c 0, if aeC,
Xa = . .
-, ifaeAd\C.

We observe that a set of cycles & is an f-cycle cover for G if and only if there
exist real numbers ¢ for Ce € such that
fo=max{ac+xS} for all ae A. 8)
Ce¢
To see this, note that if € is a set of cycles for G and ae€ A4, then it follows from
the definition of . that

max {oc+x$} = max{ac|aeC and Ce €}, )
eg¢

and therefore it suffices to show that € is an f-cycle cover if and cnly if
J, =max{ac|aeC and Ce ¢}. (10)
Now, suppose that € is an f-cycle cover for G; define

ac = min f,.
aeC

Then ac<f, for all ae C and Ce @, and since f,=ac,, (10) follows.
Conversely, suppose that for some set of cycles € for G,

Jo=max{ac|aeC and Ce ¢}. (1)
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Then it follows that f,=a, whenever be C and Ce €. For ae A, let C, be any
cycle at which the maximum in (11) is attained. (There must be such a cycle since
Ja>—.) Then ae C, and ac-=f,<f, whenever beC,, and it follows that € is an
J-cycle cover for G.

In summary, there exists an f~cycle cover for G if and only if fis in the span of
the cycles of G with respect to the algebra in which multiplication is replaced by
summation and summation is replaced by maximization. Thus, characterization (iii)
of Theorem 7 is an analogue o the well-known result that a circulation can be
decomposed into the sum of flows around cycles (see [20] for further discussions).
Similar cycle decomnositions are described in [9].

The following theorem shows that a max-balanced flow f is characterized via
minimization with respect to the partiai orcer < and the linear pre-order <, in the
set of all flows f” derived from f by reweighting.

Theorem 8. Let G=(V,A) be a strongly connected graph, and let f be a flow for
G. Then the following are equivalent.
(i) f is max-balanced,;
(ii) f<fP for each nontriviai potential p for G,
(iii) f< S for each nontrivial potential p for G.

Proof. (i)= (ii): Suppose that fis max-balanced, and let p be a nontrivial potential
for G. We define

B = sup{a | lev,(f) £lev,(fP)}.

Then —oo < < o since lev,(f)=lev,(f”) =9 for & large and since S+ /” by Lemma
2. Also, we must have levg(f) #levg(f”) since the set A is finite.

We must show that levy(f) Clevg(f7). If not, then since levg(f) #levy(f?) there
is some arc a such that aelevg(f) and a¢levg(f”); that is, f.=pB>fF. Since by
Theorem 7, levy(f) has isolated strong components, it follows from Lemma 1 that
a lies on a cycle C contained in levg(f). Since f7(C)=£(C) ihere is some arc b of
C with f,f’ > f5. Since b € levy(f) we must have f,= . Therefore g’ =f/>f,=p. We
conclude that levg (f)#levy (f”) contradicting the maximality of 8 and thereby
proving the desired implication.

(ii) = (iii): This implication follows directly from Lemma 5, part (iii).

(iii)= (i): Suppose that f is rot max-balanced. We will show then there exists a
noatrivial potential p such that f7<; f, implying that (jii} cannot hold. Let W be
a cut for G such that

ct= max f,# max f,=c".
aed* (W) acd (W)
By possibly excharging W with V' \W, we may assume that ¢*>c”. Let €=

172(c* —¢7), and define the potential » by
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& ifveV\W,
Py = 0, ifveW.

Let E=A\[6*(W)UJ (W)]. Then

f,—¢&, ifaed* (W),
fP=< fite, ifaeo~ (W), 12
Jas if aeE.

It follows directly from (12) that
fP=<c*-¢ foraed*(W)Uo~(W).
Let B=c*. Since f,=f7 for ae E, we conclude that

lev,(f?) =levy,(f) for a>p,
and

levg(fP) = levg(fP)NE = levg! /)N EClevg(f).
Therefore j7 <, and by Lemma 5, part (iii), we have f#<, f.

We note that once the iimplications (i)= (ii)= (iii) of Theorem 8 are established,
the implication (iii)= (i) can be derived by a quick argument using Theorem 3. Sup-
pose that fis not max-balanced. Then bv Theorem 3 there exists a potential p (which
must be i:ontrivial) such that f” is max-balanced. Then by the implication (i) = (iii),
we have that 7 < (f?)™?=f. Thus, we do not have < f9 for all nontrivial poten-
tials g. We observe that it follows from Theorem 8 that if f is max-balanced, then
in the set of flows derived from f by reweighting, fis the (unique) least element with
respect to the partial order <, and fis a least eilement with respect to the linear pre-
order <.

For the case of strongly connected graphs, Theorem 8 sharpens the following
theorem of Engel and Schneider.

Theorem 9 [5, Theorem 7.5]. Let G=(V, A) be a graph containing a cycle, and let
S be a flow for G. Then
mem(f) = minl{ max (p, +fa—pu)} . (13)
peR aeA

a=(uv)

Let g be a potential fer which f? is max-balanced. Since f< g whenever max(f)<
max(g), there exists no pe R such that max(f”)<max(f9), and it follows that
the minimum in (13) must be attained at q. Theorem 8 asserts a much stronger
minimal property of the function f9, since it must be minimal with respect to the

order <. In Appendix B, we giv. a proof of Theorem 9 using linear programming
duality.
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5. Cut characterizations

In this section we present three additional characterizations of max-balanced
flows based on lexicographic order properties of functions defined on cuts. First,
we need some definitions.

Let G=(V,A) be a strongly connected graph, and let f be a fiow for G. We will
use Cuts(G) to denote the set of all cuts of G. (Note, Cuts(G) is just the set of all
nontrivial subsets of V.) We defined the cut function induced by f, written %, to
be the real-valued function defined on Cuts(G) such that

FW)= max ,, for WeCuts(G).
aedot (W)
That is, (W) is the maximum flow over all arcs leaving W. It follows from Lemma
1 that the set 6 (W) is nonempty for every cut W whenever G is strongly con-
nected. For a potential p, we will use #” to denote the cut function induced by f7.

Note that the definitions of lev (%), max(#). and # od are given in Section 3 for

the case of S=Cuts(G). It is easy to see that

Welev (F) o o7 (W)Nlev,(f)+0. (14)

We will use the followirg lemma in our next characterization of max-balanced
flows.

Lemma 10. Let G =(V, A) be a strongly connected graph. Let f and p be, respective-
ly, a flow and a potential for G such that f<fP, and let B=B(f, f"). Then the
Jollowing are true:

(i) levg(f) and levy(f?) have the same strong components;

(i) if b=(u,v)elevg(fP)\levs(f), then u and v are contained in distinct strong
components of levg(f), or equivalently of levg(f?).

Proof. (i) Suppose that the strong components of levy(f) and levy(f”) do not
coincide. Since levg(f)Clevg(f?), it follows directly that there exists an arc b=
(u,v) elevp(fP)\levg(f) such that vertices u and v are contained in the same strong
compenent of levg(f P) and in distinct strong components of levy(f). Since b is
contained in a strong component of levy(f”), there exists a cycle C such that

be Cclevy(fP) (see Lemma 1).

Since f(C)=fP(C), we have
0=Y (fF-1) (15)

aeC

For each ae C, if aelevy(f), then it follows from Lemma 4 that f,=f7”, whereas
if a¢levg(f), then fP=p>f,. Since belevg(f), it follows that the summation in
(15) must be strictly positive. This contradiction completes the proof of part (i).
(i) If b=(u,v)elevy(fP)\levg(f) is contained in a strong component of
lev;(f), then there exists a path PClevg( f) from v to u. Now we can apply the
argument used in part (i) to the cycle C=PU {b} to derive a contradiction. O
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Next, we state and prove a result for cut functions that is analogous to Theorem
8 for flows.

Theorem 11. Let G=(V, A) be a strongly connected graph, and let f be a flow from
G. Then the following are equivalent:
(i) f is max-balanced;
(i) F< FP for each nontrivial potential p; and
(iii) &< FP for each nontrivial potential p.

Proof. (i)= (ii): Let f be max-balanced, and let p be a nontrivial potential for G.
Then it follows from Theorem 8 that f< f7; let 8=8(f, f?). It follows directly from
(14) and the definition of £ in (5) that

lev (F) =lev (F?) for all a>p,

and (16)
ICVB(g"‘) - leVB(gp).

We need té show that the inclusion in (16) is strict.

It follows from Lemma 10 that any aelevg(f”)\levg(f) must be directed be-
tween strong components of lev,(f). Since levg(f) has isolated strong components,
it follows that there exists a cut W such that

o (W)Nlevg(f) =0,
and
o (W) Nlevy(fP)#0.

Clearly, Welevg(#7) and Welevy(F).

(1i)= (iii): This follows directly from Lemma 5, part (iii).

(iii) = (i): Suppose that f is not max-balanced. We will show that there exists a
potential p such that 7 < &#. The proof of the implication (iii)= (i) in Theorem
8 shows the existence of a potential p for which f” < f. Thus, it follows from (14)
that for f=8(f?, f), we have

lev (#P) =lev (F) for all a>p,

and a7
levg(FP) Clevy(F).

Further, in the proof of the implication (iii)= (i) in Theorem 8 we identified a cut
W for which 6*(W)N levg(f)#0 and 6 (W)N levg(f?)=0. Therefore, the inclu-
sion in (17) is strict, and we have 7 < . It follows from Lemma 5, part (iii) that
FP F. O

We observe that the remark foliowing the proof of Theorem 8 can be used to pro-
duce a simple proof of the implication (iii)= (i) in Theorem 11 using Theorem 3.
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Appendix A

In this appendix we give a linear programming based proof for the result of
Schneider and Schneider [21] which asserts that each flow on a strongly connected
graph can be potential reweighted to obtain a max-balanced flow.

Let G=(V, A) be a graph, and let fbe a flow for G. The following linear program-
ming will be key to an iterative construction of potentials that will be used to pro-
duce a max-balanced potential reweighted flow of f. Let p be a potential for G and
let A be a real number where lev,(f”)#A and consider the linear program

Program(p, 1).
min ¥,
subject to  x;+f;—x;<y for (i,j)e A\lev,(fP),
xi+fij—x;=(fP),; for (i,j)elev,(f7),
xeRY, yeR.

The following two lemmas show that Program(p, 1) has an optimal solution and
establishes useful properties of optimal solutions of that program.

Lemma A.1. Let G be a strongly connected graph, f a flow for 7, p a potential for
G and 4 a real number with lev;(f?)+ A. Then Program(p, 1) has an optimal solu-
tion and each optimal solution (q, u) of that program has

U<, (A1)
{(f | aelev,(fN} = {(fP), | aelev,(fP)} U {u}, (A2)
lev,(f7) = lev (f?) for all a=4, (A3)
lev,(f7) =lev,(fP)U {ae A | (f9), = u} Dlev,(f7). (A4)

Further, all optimal solutions (q,u) of Program(n,)) have a common u.

Proof. We first demonstrate that Program(p,2) is feasible. Evidently, p;+f;—
p;<A for all (i, j) € A\lev,(fP); hence, for some positive &, (p,A —¢€) is feasible for
Program(p, 1). We next show that Program(p, A) has a bounded objective. Let (x, )
be a feasible solution of Program(p,2) and let a* be an arc at which max{(f*), | ae
A\lev,(fP)} is attained. As G is strongly connected, a* lies on some cycle, say C.
Let r=|CNlev,(f?)| and s=|CN[A\lev,(fP)]|. Then s=1, r+s<|V| and

J(©) =FX(C)=(r+5) 7" [s(f*)gr+ r max(S 7).
Therefore,
Y=(f¥)gr 2 [(r+5)/51 F(C) — (r/s)max(f”)
2 ~|V[[| f(C)| + |max(f")].
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As the set of cycles is finite, f(C) is bounded from below and we conclude that
Program(p,1) has a bounded objective and therefore must have an optimal
solution.

Next let (g, 1) be an optimal solution of Program(p,A). As we have seen that
(p, A —¢) is feasiblc for some £>0, we have that u<1 —£<A4, proving (Al). Also,
we have from the feasibility and optimality of (g, u) for Program(p, 1) that

(fy=PyzA>p for all Gj)elev,(f), (A5)
and
max{(f%); | (/) e A\lev,(fP)} = p<A. (A6)

(Note that the assumption that iev;(f”)# 4 assures that the max in (A6) is well
defined.) Now, (AS5) and (A6) combine to show (A2), (A3) and (A4). Finally the fact
that all optimal solutions (g, #) of Program(p,A) share the same u is straight-
forward. I

Lemma A.2. Let G be a strongly connected graph, f a flow for G, p a potential for
G and 1 a real number where lev,(fP)# A and where lev,(f?) has isolated strong
components. Also, let (q,u) be an optimal solution of Program(p,)) which
minimizes the number of arcs (i, j) with q;+ f;;— q; = u among all optimal solutions
of Program(p, ). Then lev,(f7) has isolated strong components.

Proof. Assume that lev,(f?) does not have isolated strong components. Then, by
Lemma 1, there exists an arc (,v) €lev,(f9) which does not lie on a cycle all of
whose arcs are in lev,(f9). Let W={ie V| there exists a path from v to i with
edges in lev,(f9)}. Then ve W, ue V' \ W and for each ie W and je V' \ W there is
no path i to j with arcs in lev,(f9). In particular, as Lemma A.1 implies that
lev, (f9) Dlev,(f?), we have that no such path exists with arcs in lev,(f7). But, as
lev,(f?) has isolated strong components, we conclude that there exists no path
from j (o i with arcs in lev;(f7). So, it te W and je V' \ W, then (i,j) ¢lev,(f9)D
lev,(f7) and (j,i) ¢lev,(f?). In particular, (1, v)¢lev,(fP).
For (i /)€ A\lev,(f9), we have (f7);<u. Hence, for some £>0,

(f+e<u for all (i,j)e A\lev,(f9). (A7)

Consider the vector ¢ € RY defined by

, g, ifieW,
(Eu)i= l I.
0, ifieV\W.

Then
=0, if (4/)elev;(f7),
") ("4 =<0, if (i j)elev,(f9), and
=g, if (,/)eA\lev,(f9),
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hence
(=0 =P, i Gi)elev (),
CAAL YR AP Y L) W if G J)€lev,(f9)\lev,(fP), and  (A8)
s(f"),~j+a<u, if(i,j)eA\]ev,,(f").

So, (g +&",u) is feasible for Program(p, A).
We next argue that

{GHeA|(f7* " y=u clGNeA | (S =u)}. (A9)

To verify this inclusion, let (i, /)€ A satisfy (f7 el )i =u. Then, by (A8), either
U= (f"”“ )ii=(f); or u= (f"”" )i=(/");=n. In either case we conclude that
(f9);j=u, thereby establishing (A9).

We next show that the inclusion in (A9) is strict by showing that (f4),, =u while
r? +e” dow<u. First, as (u,v)eA\lev,(f7), the feasibility of (g, u) for Program(p, 1)
assures that (f7),,<u; hence the assumption that (u,v)elev,(f9) implies that
(f),, =u. Further, we have that

S Y = D+ €7 )~ €Y, = —e<p.

Thus, strict inclusion does hold in (A9). This fact contradicts the minimality proper-
ty of (g, u) and thereby completes our proof. U]

The following example shows that the minimality requirement of the solution of
Program(p, 4) cannot be dropped. Consider the graph and the flow represented by
Fig. 1 and let (p,1)=(0,5)e R*x R. Then lev,(f?)=¢ has isolated strong com-
ponents and the pair (g, 1) = (0,4) € R* x R is an optimal solution of Program(p, 1),
but lev,(f7) =lev,4(f) does not have isolated strong components.

We note that the minimality property of the optimal solutions of Program(p, 1)
assumed in Lemma A.2 can be weakened by assuming that there is no optimal solu-
tion (x, u) of Program(p, 1) for which

{GpeAlg+fi—x=uyCi()eA|q+fi—q;=n}.

Our current proof of Lemma A.2 can be used directiy to establish this stronger con-
clusion.

We also observe that our proof of Lemma A.2 can actually be used to construct
an optimal solution (g, u) of Program(p, 1) for which lev,(f9) has isolated strong
components. This can be accomplished by first computing any optimal solution
(q',u) of Program(p,2), e.g., by applying the simplex method. The construction
described in the proof of Lemma A.2 can then be used to ¢liminate, by applying
further reweighting, arcs of the lev,( f9') which are not contained in a cycle all of
whose arcs are in that level set. This can be done without adding any new arcs to
the u-level set of the reweighted flow. The repeated use of the procedure will result
in a potential g, where (g, u) is optimal for Program(p,A) and where every arc of
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lev,(f?) is contained in a cycle of lev,(f9). By Lemma 1 we are then guaranteed
that lev,(f9) will then have isoiated strong components.

We are now ready to prove the existence of max-balanced potential reweighting
of every flow on a strongly connected graph.

Theorem A.3 (Schneider and Schneider [21]). Let G=(V,A) be a strongly con-
nected graph, and let f be a flow for G. Then there exists a potential q for which
f2 is max-balanced. Further, q is unique up to the addition of a trivial potential.

Proof. Let p° be the zero potential and let A°>max(f). Then lev,o(f”’)=p#A
has isolated strong components. Iteratively, given r=1,2, ... and a pair (p", ") where
lev,(f?)£A has isolated strong components, we construct a pair (p"* Larth
which is an optimal solution of Program(p",A") and minimizes the number of arcs
(i, j) with (p"* 1)+ £;— (p"*);=1"*" among all optimal solutions of Program(p',A").
We observe that by Lemma A.l, lev;(f Py is strictly increasing. Hence, the pro-
cedure will terminate at some stage, say k, with lev«(f ”k)=A. Let q=p" and
u=21% We will show that f7 is max-balanced by showing that its level sets have
isolated strong components, see Theorem 7.
Lemma A.l1 implies that for r=1,...,k—1,

{7 el aelevy(f7 ) = {(FP), | aclev, (FP)U{ATH}.
As lev;o(f "0)=ﬂ, we get from iterating the above equation that
{(UN, |aeA} = {(f9), |aelev,(f9)} = {1}, 1%.... 2K}

Thus it suffices to show that for r=1,...,k, lev;(f9) has isolated strong com-
ponents. Now, by Lemma A.l, A" is increasing. Hence, for r=1,...,k and j=
Iyeosk—1, A"2A7>2/*" and therefore by (A3) of Lemma A.l, lev,(f*' )=
lev;-(f?’). On iterating the last equation we gei that for r=1,...,k, lev,(f9)=
lev,«(f7). But, by Lemma A.2, our construction assures that for each r= 1, . k,
lev;(f”") has isolated strong components and therefore so does lev,(f9), as
asserted.

We finally show the uniqueness up to addition of a trivial potential of a poten-
tial p for which f” is max-balanced. Suppose p and q are potentials for which both
S¥ and f9 are max-balanced, where p—gq is nontrivial. Then, by Theorem 8,
SPLLUPYIP=f9and fI< (f)P~9=fP, a contradiction which proves that p—gq
is a trivial potential. [

T+




Characterizations of max-balanced flows 259

The remark following Lemma A.2 suggests that repeated applications of the
simplex method and some extra computation can be used to calculate a max-
balanced potential reweighted flow whose existence is asserted in Theorem A.3.

Appendix B

In this appendix, we present a proof of Theorem 9 using standard linear program-
ming duality (see [13] and references therein).

Theorem 9 [5, Theorem 7.5]. Let G=(V,A) be a graph containing a cycle, and let
f be a flow for G. Then

mem(f) = min { max (p, +fa—p,,)}- (B1)
peR acA

a=(u,v)

Proof. The minimum of the right-hand side in (B1) is equal to the optimal value
of the linear program

min A,
(p.4)
(B2)
subject to A=p,+f,—p, for a=(u,v)eA.
The dual of (B2) is:
max Y fixa
X acA
subjectto Y x,— Y x,=0foracA,
aed (v) aed’(y) (B3)
E x(l = l’
aeA
x=0.

A nonnegative solution satisfying the first constraints in (B3) is called a circulation.
It follows from elementary network flow theory that a circulation in a graph can
be decomposed into a sum of nonnegative circulations around cycles and conversely
that such a sum must also be a circulation. Let I"be the set of all cycles for G. Then
for any circulation x, there exist nonnegative weights y(C) for CeI such that
Xg = Z y(©).

Cel
aeC

For such x, we have

Y =X X fyO) =Y ¥ fy(€)=¥ f(C)y(O).
acA aeACel CelaeC Cerl
aeC
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and

Y x,=Y [C|¥O).

acA Cel

Thus, (B3) is equivalent to:

max Y f(O)y(0),
y Cerl
subject to Y, |C|¥(C)=1, (B4)
Cerl’

y(C)=0 for Cel.
Making the substitution z(C) = |C| y(C), (B4) reduces to

max Y f(O)z(0),
z Cerl
subject to ), z(C)=1, (B5)
Cerl

z(C)=0 for Celr.

Now it is obvious that C* is a maximum mean cycle if and only if

o b ifrc=c
7200, otherwise

is an optimai solution for (B5). [
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