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On the singular graph and the Weyr characteristic of an M-matrix

DanieL J. RicHMAN and HANS SCHNEIDER

Abstract. Let A be an M-matrix in standard lower block triangular form, with diagonal blocks A
irreducible. Let 8 be the set of indices a such that the diagonal block A_, is singular. We. define the
singular graph of A to be the set § with partial order defined by « > B if there exists a chain of
non-zero blocks A;, Ay, ..., Ap.

Let A, be the set of maximal elements of S, and define the p-th level A, p=2,3,..., inductively
as the set of maximal elements of S\(A,U --- U A,_y). Denote by A, the number of elements in A,
The Weyr characteristic (associated with 0) of A is defined to be w(A)= (w1, @5, - .., @), where
w;+ - +wo,=dimKer AP, p=1,2,..., and @, >0, @,,,=0.

Using a special type of basis, called an S-basis, for the generalized eigenspace E(A) of 0 of A, we
associate a matrix D with A. We show that w(A)=(A,,..., ) if and only if certain submatrices
D,pi1:p=1,..., h—1, of D have full column rank. This condition is also necessary and sufficient for
E(A) to have a basis consisting of non-negative vectors, which is a Jordan basis for —A.

We also consider a given finite partially ordered set S, and we find a necessary and sufficient
condition that all M-matrices A with singular graph S have @(A)=(Ay,..., A,). This condition is
satisfied if S is a rooted forest.

1. Introduction

In this paper, we study the structure of the elementary divisors associated with
the Perron-Frobenius root of a non-negative matrix P (see §2 for definitions). It is
clearly equivalent to consider the elementary divisors associated with 0 of a
singular M-matrix and for technical reasons we state our results for M-matrices.
Let A be a singular M-matrix in standard lower block triangular form with
diagonal blocks A; irreducible (§2), and let S be the set of indices a for which
A, is singular. Then, there is a natural partial order or graph corresponding to S,
which we call the singular graph of A. The general problem is this: To what
extent is the structure of the elementary divisors of A (associated with 0)
determined by the singular graph S§?
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Schneider [1956, Theorems 2 and 5] (also cf. Carlson [1963, Theorem 3],
Rothblum [1975, Corollary 3.4]) proved two results in this area:

(1.1) the elementary divisors are all linear if and only if S is trivially ordered;
(1.2) there is exactly one elementary divisor if and only if S is linearly
ordered.

Schneider also showed, by an example, that S alone does not always determine
the elementary divisor structure.
Cooper [1973, Theorem 3] proved

(1.3) the number of linearly independent eigenvectors of A equals the
number of maximal elements of S, if S is a rooted forest.

This also generalized one direction of (1.1) and (1.2).

In the present paper, we introduce level numbers (A4, ..., A,) for the singular
graph of A and we describe necessary and sufficient conditions for the Weyr
[1890] characteristic associated with 0 to be (A,,..., A;). These conditions are
stated (Theorem (4.7)) in terms of the singular graph of A and of the nullity of
certain rectangular matrices which are induced by the action of A on a special
basis for the generalized eigenspace E(A) (associated with 0). An equivalent
condition (Theorem (6.5)) is that E(A) has a basis consisting of non-negative
vectors which is a Jordan basis for —A. We deduce necessary and sufficient
conditions (Theorem (5.6)) on a graph S that every M-matrix A with singular
graph S should have Weyr characteristic equal to (A,,...,A,). In particular
(Corollary (5.7)), this condition is satisfied when S is a rooted forest, and hence
the results quoted from Schneider [1956] and Cooper [1973] are special cases.

Our chief tool is the construction of a sequence of generalized eigenvectors
with special zero properties (see §3). A special case of this construction was stated
in Theorem 6 of Schneider [1956]. Rothblum [1975] has independently carried out
the construction of the general case (and this came to our attention after we
had obtained the main results of this paper). We formulate the results explicitly,
but the essentials may be found in the proof of Rothblum’s main theorem,
Theorem (3.1), Parts 1 and 2. We require somewhat finer structure than
Rothblum and we do not use all the positivity properties of Rothblum’s sequence
of generalized eigenvectors until §6. By means of this construction we associate
with each singular M-matrix A a strictly lower triangular matrix D which has the
same Weyr characteristic and the same singular graph as A. Thus the problems
we are considering may be discussed in terms of matrices of a much simpler type.

2. Preliminaries
Let R be the real field and let R™ be the set of all m X n matrices with
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elements in R. Let A €R™. We use the following terminology and notation:

A =0 (A is non-negative) if a;=0,i=1,...,m;j=1,...,n;
A >0 (A is semi-positive) if A=0 and A# 0;
A >0 (A is strictly positive) if a;>0, i=1,...,m; j=1,..., n.

Then A =B will mean that A—B =0, etc.

Remark. Unfortunately, the terminology and notation in the subject of non-
negative matrices is not standardized, cf. Gantmacher [1959], Schneider [1956],
Carlson [1963], Cooper [1973], Rothblum [1975]. We have followed Barker
[1973] (who discusses a more general situation), except that we have sacrificed
economy for the sake of clarity by avoiding the variously used term “positive”
without any prefix.

Let A €R™. We will make continual use of a standard form for A developed
by Frobenius [1912]. Since we require some details not found explicitly in the
principal references, we sketch in the next few paragraphs a construction of this
form (apparently first found in Doeblin [1938, pp. 81-82]). On {1,..., n} we
define a relation by i — j if a;#0, and then a transitive relationship by i>j if
there exists a sequence i =i, —i,— - — i, =j, where 1< ,=n,q=1,...,r
We also define an equivalence relation on {1,.. ., n} by i ~j if either i = j or both
i>j and j>i. We define a partial order on the set G of equivalence classes for ~
by X>Y if X#Y and there exists i€ X, je Y such that i>j. The matrices
A[X]=(ay), i, je X, are irreducible (e.g., Varga [1962, p. 19]).

Let S={XeG:A[X] is singular}. Then § is partially ordered by the order
induced from G. We define recursively the p-th level A, of S, p=1,... by
A;={XeS:X is maximal in S} and, if A,_; has been defined, A, ={XeS:X is
maximal in S\(A, U - - - UA,_,)}. We let h be the largest integer such that A, # ¢,
and call h the number of levels of S.

It is easy to prove that we may label the equivalence classes X, ..., X, of G
to satisfy the following conditions:

(2.1) If X;> X, then i>j;
(2.2) If X, eA,, X;e A, r<gq, then i>|.

We may cite Harary [1969, Theorem 16.3] to prove (2.1), and the proof of
(2.2) is essentially the same as that of Schneider [1956, Theorem 1]. We shall
assume that G has been labelled to satisfy the above conditions.

Let n; =|X;|, the cardinality of X, i=1,..., g. We may apply a permutation =
to {1,...,n} so that m(X,U --- UX,)={1,...,n+ -+ +n}, r=1,...,g If P
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is the corresponding permutation matrix and B = PAP”, then

B, 0 - 0]
B,; B,,
|- . 1,
. -0
| Bg1 By o0 By |

where B; = A[X;],i=1,..., 8

Thus B is in lower block triangular form with its diagonal blocks irreducible.
Such a form is called standard form. We may assume that A is given in standard
form since the properties we are investigating are invariant under A — PAPT,
where P is a permutation matrix. Further we shall now denote by i the equival-
ence class X; € G. Thus S={i€ G:B; is singular} and (2.1) and (2.2) become

(2.1) If i>j, then for i>j, 1=ij=g;
(22) If ie A, je A, r<gq, then i>], for 1=i, j=g.

Remark. The existence of the standard form and its uniqueness up to permu-
tations of equivalence classes is due to Frobenius [1912] (cf. also Gantmacher
[1959, Vol. II, p. 75] and Varga [1962, p. 46] who use the name “normal form”)
The partial order on G has also been defined in Schneider [1956], Carlson [1963],
Cooper [1973], and Rothblum [1975]. Schneider and Carlson write R; =1 for
i=j, Rothblum following Karlin [1966, p. 41] says “i has access to j,”” and Cooper
uses i <j for our i>j.

We have constructed a standard form for an arbitrary A eR"™. We shall
consider only the case where A is a singular M-matrix.

(2.3) DEFINITION. A matrix A€R" is an M-matrix if there is a non-
negative PeR™ and an r=p(P) such that A=r[-P. (p(P) is the Perron-
Frobenius root of P, e.g., Varga [1962, p. 46, Theorem 2]).

Clearly an M-matrix A is singular if and only if p(P)=r in the above
definition.

The equivalence of Definition (2.3) with the original definition of M-matrix in
Ostrowski [1937] is well-known, e.g. Schneider [1953], Fiedler-Ptak [1962]. See
also Plemmons [1977] for many other equivalent conditions when A is non-
singular.

Two fundamental properties of the standard form of a singular M-matrix A
will be used subsequently without further remark. These are:

(a) the diagonal blocks A;, 1<i=<g, are irreducible M-matrices. Several
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standard results about irreducible M-matrices of importance to us are
summarized in Lemma (3.2);
(b) the blocks below the main diagonal, A;, 1=<j<i= g, are non-positive, i.e.,
-A;=0.
y

(2.4) Notations:

(a) We shall generally denote elements of S by «, ;.. ..
(b) For a €8, we define

S(a)={BeS:B>a}.

(c) Similarly G(a)={ie G:i>e}. Also G*(a)=G(a)U{a}.

(d) For a €S, we denote by A(a) the minimal elements of S(a). More
generally, for A< A,, 1=<p=h, we shall write A(A)= U ca A(a).

(¢) For ae$, G,(@)=G*@\(Upeaw G*(B)).

(® A,=|A,l, p=1,..., h. These numbers are called the level numbers of S.

We may consider S as a directed graph with arcs given by (e, ) such that

Bed(a).

(2.5) DEFINITION. The partially ordered set (S, >) is called the singular
graph of the M-matrix A.

Similarly, we may consider G as a directed graph with arcs given by (i, j) such
that j is a minimal element of G(i).

Remark. Although results as early as Frobenius [1912, §11] have natural
formulations in terms of G and S, Cooper [1973] was apparently the first to
describe these sets as graphs (cf. his y(A) and w(A) resp.).

2.6 DEFINITION. Let T be a finite partially ordered set. By %(T), we shall
denote the set of all M-matrices (of all possible orders) whose singular graph S is
isomorphic to T, i.e., S becomes T after relabelling.

o o 0]
Example. Let -1
10 1
0 -1 -1 0
00 0 0 0
A=l g 0 9 9 a1
10 0 0 0 0 0
4 0 01 0-1 00
0 0-1 0 0-1 00 00
000 0 0-1 0 0 0 01
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The graph G is:

The graph S is:

G*(l) = {17 27 39 4, 6) 7, 8: 9}1
G(1)=1{2,3,4,6,7,8,9},
G1(1)={1, 27 3}7

S(1)=1{4,7,8,9}.
A(1)={4,7}
A={7,8,9)  A,={4,5}  As={1}.

IfTis

then A € UA(T).
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3. Construction of an S-basis for E(A)

(3.1) Conventions:

(a) We shall denote by A an M-matrix in R"™", and by S the singular graph of
A. Also |S|=s.

(b) We shall assume that A is in standard form, with g irreducible diagonal
blocks.

(c) The terms eigenvector, eigenspace, etc., will refer to the eigenvalue 0 of
A.

(d) If xeR", then x is partitioned conformably with the standard form of A,
and we let x; denote the i-th block component. Thus,

(Ax),= ), Ayx, i=1,...,8
j=1

We begin by stating some standard results for irreducible M-matrices (see
Ostrowski [1937], cf. Schneider [1956, Lemmas 5 and 7]). If x is a vector, we use
o(x) for the sum of the (actual) 1X1 components of x.

(3.2) LEMMA.. The following hold for an irreducible M-matrix B € R™".

(a) If B is non-singular, then B! » 0.

(b) If B is singular, then there exists a unique u€R" such that Bu=0 and
o(u)= 1. Further, u>0.

(c) If B is singular and Bx=0 or Bx=<0, then Bx=0 (e.g., Schneider [1956,
Lemma 5)).

(d) Lety, zeR" and suppose y >0. Then there exists c€R and x€R" such that
Bx =cy + z (e.g., Schneider [1956, Lemma T]).

(3.3) Definition. We call a set {v*€R":a €S} an S-set (for A) if

(@) o(v3)=1,
(b) v¥=0 if i¢ G*(a),
(c) there exist scalars d?* €R, a, B €S8, such that

df* =0 if B¢ S(a)
and

Av ==Y dPvP, 3.3.1)

BeS

(The empty sum is 0 by convention.)
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We shall say that the scalars {d®*:a, B€S} are associated with the S-set

{v*:a €S}
Suppose S={a;, ..., a;} where a;<a,< --- <a, This indexing will remain

throughout the rest of this paper.
Define D e R* by
and define for 1=p, g=<h, the A, X A, submatrix

D,y =(dP*)gca, aca, (3.3.2)

For the sake of notational convenience, we shall index the entries of D by the
elements of S. Thus we shall refer to d®* as the (B, @) entry of D, and, for a € A,,
the a-th column of D,, will mean the column with entries (dB"‘)BeAF, etc.

By (2.2),
D,, =0 if p=q.

Observe that

0 e o0 ]
D| Drin 0
L Du. e Du 0 J

the unusual order being natural for this problem. We call D the matrix associated
with the S-set {v*:a €S}

Let V be the matrix

V=[v",...,v™]eR™. (3.3.3)

Then (3.3.1) is equivalent to

AV=-VD. (3.3.4)
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In the example at the end of §2, we may write the elements of S in the order 1,
4,5,7,8,9. Then D must have the form

1 4 57 8 9.

1] 0 0 0

4| +1 p
s| i 0 0
7+ S

gl xi+ +: 0

ol x' + + ]

where - indicates a zero element, + a positive element, and X a real element. (In
Lemma (3.8), we will show that d?* >0 if Be A(a)).

The generalized eigenspace E(A) (associated with 0) of A consists of all xeR"
such that A"x=0. It is clear that dim E(A)=s.

(3.4) LEMMA. Every S-set for A is a basis for E(A).

Proof. Let {v*:a €8S} be an S-set for A. We first show linear independence.
Suppose there exist ¢, €R such that },.sc,0* =0 and some c,#0. Let B=
min{a:c,#0}. If €S and > B, then & G*(a), whence by Definition (3.3b),
v5=0. Hence 0=Y,-4 c,05 = cgu§ which contradicts o(vf) = 1. We have proved
linear independence.

To show that v* € E(A) for a €S, observe that if D is the matrix associated
with {v®:a €8}, then since D is in strictly lower block triangular form, D" =0
where h is the number of levels of S. Hence (—A)"V = VD" =0, where V is given
by (3.3.3), and so AhMp* =0. Since dim E(A) =s, the result follows.

In view of this Lemma, an S-set for A will be called an S-basis for E(A).
Before proving the existence of S-bases, we will exhibit some of their properties.

Let {v*:a €S} be an S-basis for E(A). For ke G, (3.3.1) is equivalent to

Agvit @)=y, - Y  d*of, (3.5)
BeS(a),B<k

where the term in parenthesis occurs only if k €S and where
k-1
Y=~ 2, A, (3.6)
j=a

with the summation starting at j = a since v;=0 for j<ec.
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The following is also a consequence of Theorem 2 [Schneider, 1956], and we
include a proof for the sake of completeness. The notation used here was
introduced in (2.4).

(3.7) LEMMA. Let {v*:a €S} and {#*:a €S} be S-bases for E(A). Then, for
each a €8,

(@) vE>»0, for ke G,y(a),
(b) o5 =10, for ke Gy(a).

Proof. Let a €8. The proof is by induction on k. Observe that « is the smallest
element in the natural order of G;(a). Hence, for k=a, (3.5) reduces to
A,v2=0, and (a) and (b) follow from Lemma (3.2b) and Definition (3.3a).

So suppose that k >« and that (a) and (b) hold for @, ..., k—1. If k¢ Gi(a),
the assertion is vacuously satisfied. Assume k € G;(a). Then Ay, is non-singular
and thus Al »0. Let a<j=<k—1. If j¢ G(a), then v{=0 and so Av;=0. If
j€G(a), then je G,(a) and so —Av;=0 by induction. Further, since k € G,(a),
there is an i, a =i=<k—1, such that —A,; >0. Hence y, =—A,;v7>0.

Note that k<B for BeS(a). Hence (3.5) reduces to Ayvi =y, Thus vy=
Aty »0, and we have proved (a).

To prove (b), let §i = =Y+ Ay05. Our inductive assumption and Definition
(3.3b) give ¥, =y, and hence 7%= Ay, =Awye =0k The inductive step is
complete and the Lemma follows.

(3.8) LEMMA. Let {v*:acS} and {t“:a€S} be S-bases for E(A) with
associated scalars {d?* : B, a €S} and {d®*:B, a €8S}, respectively. Then for each
a€S,

(a) d™*>0, for yeA(a),

(b) d™=d", for yed(a).

Proof. Let ye A(a) and suppose a <j<v.If A 07 #0, then a <j<+y, whence
j€ Gy(a) and it follows by Lemma (3.7) that —A,;v]=0. Hence forall j a<j<y,
we have —A, v¥=0. Further there exists an i€ G,(a), @« =i <y, such that —A; >

0. Hence y,>0. Since ye€A(a), v¢G*(B) for BeS(a)\{y}. Hence v8=0 and
(3.5) becomes

Ap0yt d"vy=y,.

If d™ =<0, then A,,v5>0, which contradicts Lemma (3.2¢). Therefore d** > 0.
This proves (a).
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Observe that by Lemma (3.7), y, = ¥, since A ;o7 =0 unless j€ G,(a). Hence
AL vt d =y, =§, = A,,i3+d "0,

and so A, (v%— %) =(d* —d"*)v] since §)= v} by Lemma (3.7b). Thus Lemma
(3.2¢) gives d™ —d* =0, and this completes the proof of (b).

In order to show the existence of an S-basis for E(A), we first prove an
extension lemma.

(3.9) LEMMA. Let 1€S and suppose that for B € S(1), there is a vector v* €R"
such that

vg >0,

and
v8=0, if kéG*(B).

Then there exist ucR" and scalars c® for B € S(1) such that
(@) o(u)=1,

(b) w,=0 for k¢ G*(1),
(C) Au = -ZBES(I) Cﬁvp.

Proof. We define the block-component vectors wu,, k =1, ..., g and the scalars
c®, k€$, by induction on k. Observe that (c) is equivalent to

Ay + (oD =y — ) cPof, (3.9.1)
BeS(1),B<k

where the parenthesis indicates that this term occurs only if k €S(1), and
k—1
V== 3 Al (3.9.2)
i=1

For k=1, let u, be the vector satisfying A,;u; =0 and o(u;)=1. Let k>1
and suppose that u,, ..., u._, and c?, B € $(1), B <k, satisfy (3.9.1) and condition
(b). There are two possibilities: either k¢ G*(1) or ke G(1).

Suppose k¢ G*(1). In this case, k¢ S(1) and we define u, =0, which satisfies
(b). Let 1=j=k-1. If je G*(1), then A,;=0. If j¢ G*(1), then u;=0. Hence
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v« = 0. Further, if B € S(1), then k¢ G(B), and so v, = 0. It follows that u, satisfies
(3.9.1).

Otherwise, ke G(1). If k¢S, then A,, is non-singular, and we may solve
(3.9.1) for w,. If keSS, then ke S(1), and by Lemma (3.2d), since vf>» 0, there
exist u, and c* satisfying (3.9.1). This completes the inductive step.

Remarks. (i) Observe that S(1) may be empty in Lemma (3.9). In that case,
Au=0.

(i) If S= ¢, then A is a non-singular M-matrix, and E(A) = {0}. We consider
the empty set to be an S-basis for E(A).

Our next theorem summarizes results on S-bases. For a list of properties of
S-bases, Definition (3.3) should be adjoined to Theorem (3.10, II and III).

(3.10) THEOREM. Let A be an M-matrix with singular graph S.

(I) There exists an S-basis for the generalized eigenspace E(A) (associated
with 0).

(II) Let {v*:x €8S} be an S-basis for E(A), with associated scalars
{dP*:a, B€S}. Then, for a €8,

(@) vE¥>»0, for k€ G4(a),
(b) dP*>0, for Be A(a).

(ITI) Let {6*:a €8} also be an S-basis for E(A) with associated scalars
{d**:a, BeS}. Then, for a €S,

oy = v, for keGy(a),
d** = d®e, for Be Aa).

Proof. In view of Lemmas (3.7) and (3.8), we need only prove (I). The proof is
by induction on g, the number of elements in G. If g=1, then A is irreducible,
and the result follows immediately from Lemma (3.2a). So assume g>1, and let
B=(Ay), ,j=2,...,8

Then the singular graph of B is 8'=8\{1}, and by induction there exists an
§’-basis {(v{), i=2,..., g:a €8} for E(B).

We consider two cases. If 1¢ S, put v{=0 for all @ €8S. Then {v*:a €S} is an
S-basis for E(A).

If 1€8, we put v§=0 for B €§'. The vectors v?, B € S(1), satisfy the hypothesis
of Lemma (3.9). So let u and ¢®, B€S(1), be given by Lemma (3.9). Put v' =y,
dP'=cP, for BeS(1), and d?'=0, for BeS\S(1). Then {v*:a €S} is an S-basis
for E(A) with associated scalars {d®*: a, B €S}.

Remark. If D eR* is a matrix associated with some S-basis for E(A), we may
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refer to D as an S-matrix for A. Observe that if D is an S-matrix for A, then, by
Theorem (3.10 III), the submatrices D, ,.1, p=1,...,h—1, do not depend on
the choice of S-basis.

(3.11) COROLLARY. Let D be an S-matrix for A. Then, forp=1,..., h-1,
each column of D, ., is semi-positive.

Proof. By Theorem (3.10II) and Definition (3.3c), D,,.;=0. By the defini-
tion of A,.,, for each a € A,,;, A(@) N A, # ¢ and so each column of D, ., has a
positive entry.

4. Applications of S-bases for E(A)

(4.1) LEMMA. Let D be an S-matrix for A. If p>0 and DFP is partitioned in
the same manner as D, then:

(@) (D*),,=0 for r>q—p, and qgr=1,...,h;
(b) (DP)g-pqa=0, and each column of this matrix is semi-positive, if p<g,
q=1,...,h

Proof. The proof is by induction on p. For p=1, the result follows by
Corollary (3.11).

So suppose the result holds for p. By inductive hypothesis, D,, =0 if t=r, and
(D?),, =0 if t>q—p. Hence,

h —p
(D**Y,.= Y Du(DP)y= Y, Du(DP).,
t=1

t=r+1

It follows that (D"“),q =0 if r>q—p—1 and (a) is proved.

Further, if g—p—1>0,

(Dpﬂ)q-p-l,q = Dq—p—l»q—p(DP)q—p,q
and so (D?")4_,-1,=0 by inductive assumption. Let a € A;. Observe that the
inductive assumption implies that there is a B € A,_, such that (DP)P*>0, where
(D?)?* is the (B, @) element of DP. There exists ye A,_,_, such that d®>0.
Hence, (D?**)* =d"(DP)#* >0, and so the a-th column of (D?*!),_,_, , has a
positive element. Thus (b) is proved.

We define the integers w,(A) (usually written as w,) by o+ " +w@,=
dim Ker A?, p=1,2,.... It is well-known (e.g., Weyr [1885], [1890, pp. 184-

186]) that w,=0 and w;=w,=w;= - - . The integer k such that w, >0, but
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wi1 =0, we call the index of A. Thus k is the smallest integer for which
Ker A* = E(A). The sequence (w;, . .., ) is called the Weyr characteristic of A
(associated with 0), e.g., MacDuffee [1933, p. 73].

The following corollary is also proved in Rothblum [1975, Theorem 3.1, Part
2].

(4.2) COROLLARY. Let A be an M-matrix with singular graph S, and let h
be the number of levels of S. Then the index of A is h.

Proof. By (3.3.4), —AV = VD, where the columns of V are an S-basis for
E(A). By Lemma (4.1), (-A)"V=VD" =0, but (-A)""'V=VD""'#0 since V
has full column rank and D""'#0.

In view of this Corollary, the Weyr characteristic of A is (w;,..., w,). We
now begin our investigation of the relation of the Weyr characteristic to the
sequence (Ay,...,A,), where A; = |A,|.

Remark. Let V be the matrix of an S-basis for E(A), and let

fu
fa-1

£ |

be partitioned conformably with an S-matrix D for A. By Lemma (4.1a),
(D?),,=0 for g=1,...,p, and r=1,...,h If fo+1=0,...,f, =0, then
(-AYPVf=VDPf=0 since (D?f),=%r_;(DP),f,=0, and so the vector Vfe
Ker A®.

Let E,={Vf:feR® and f,.1=0,...,f,=0}=span{v*:a€A;U - - UA}
Then observe that

E, < Ker A?; (4.3)
dim E,=A,+ -+ - A, 4.4)

p
Also note that the space E, is independent of the particular choice of S-basis,
since we can define B as the matrix obtained from A by replacing A,, by the
identity matrix of the same order, for a€A,,,U--- UA,. Then
{v*:a€A;U---UA}is a (AU -+ - UAy)-basis for E(B), whence E, = E(B).
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(4.5) COROLLARY. Let A be an M-matrix with singular graph S and with
Weyr characteristic (w;, ..., »,). Then:

(@) w,+ - +op,=s=A+ - +A, ie E,=Ker A";
b) w,+ - +tw,=s—h+p, forp=1,...,h;
(€) wy+ - +w,=A+ - +A, forp=1,..., h

Proof.

(a) Clear, since both sums equal dim E(A).
(b) Follows from w,=Zw, =1, for q=p—1,..., h.
(c) Immediate from (4.3).

It is interesting to investigate when equality occurs in Lemma (4.5c).

(4.6) LEMMA. Let A be an M-matrix with singular graph S and with Weyr
characteristic (w,, ..., ®,), and let D be an S-matrix for A. Let 1=p<h. If
At A, =@+ -+, then D, ., has full column rank.

Proof. Suppose D, ,.; does not have full column rank. Then there exists
fr=[0,...,0, fr:1, 0,...,0] where f,.;#0 and D, .f,+1=0. Thus (Df), =0,
q=p,..., h. Hence VDfeE, , and so by (4.3), VDfeKer A?™', whereby Vfe
Ker A?. But Vf E,. Thus by (4.4), @+ *+@,> A+ - +A,

, (4.7) MAIN THEOREM. Let A be an M-matrix with singular graph S, and
let the Weyr characteristic of A (associated with 0) be (wy, ..., wy). Further let
(Ays ..., As) be the level numbers of S, and let D be an S-matrix for A. Then the
following are equivalent:

(i) wy=A, q=1,...,h;
(ii) D, ,+1 has full column rank, p=1,..., h—1.

Proof. (i) > (ii) Immediate by Lemma (4.6).

(i) = (i) Assume (ii) does not hold. By Lemma (4.5c), there is a
smallest integer p for which w,+ -+ +w@,>A;+ - -+ +A,. Hence, by (4.3) and
(4.4), E,=Ker A% for g=1,...,p—1, and E, # Ker AP. Let veKer AP\E,. Let
{v* :a €S} be an S-basis for E(A) and let V be the matrix as in (3.3.3). Then by
Corollary (4.5a), v = Vf, where for some r,p <r<h, f,,,=0,..., f. =0, but f,#0.
Thus (Df),—,= D,_.,f. But —VDf=AveKer AP"'=E,_,, whence (Df),-,=0.
Hence D,_,,f,=0. Since f,#0, D,_,, does not have full column rank.

Remark. Result (1.1) in the Introduction corresponds to the case h = 1. Result
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(1.2) corresponds to the case A,=1, p=1,...,h, in which case D,,,, is a
positive scalar for p=1,..., h—1.

5. The class of M-matrices with singular graph S

(5.1) DEFINITIONS.
(a) Let aeR™ and let a=0. We define the (0, 1) vector w(a)eR™ by

ma),=1, if a>0,
m(a),=0, if a=0.

(b) Let a'eR™, a'=0,i=1,...,L We call a',..., a' combinatorially depen-
dent if either a’ =0, for some i, 1 =i=|, or there exist non-empty disjoint
subsets @, @, of {1,..., [} such that 7(¥;co, a') = 7(¥;co, @’). Otherwise,
we call a', ..., a' combinatorially independent.

LEMMA. Let a’,...,a' be non-negative vectors in R™. The following are
equivalent:

(i) a',..., a' are combinatorially dependent;
(ii) There exist linearly dependent non-negative b',...,b" in R™ such that
a(b)=w(a),i=1,...,1L

Proof. (ii) = (i). Suppose that (ii) holds for b’, ..., b".
If b'=0, for some i, then a'=0 and the result follows. So assume that
b',...,b" are semi-positive, and that

1
Zuib‘=0, w;€R and some y;#0.
i=1

Let

&, ={ie{l,..., }:u >0}
®,={ie{l,..., I}:u <O}

Since b'>0, 1=i=<|I, &, and @, are non-empty. Then

Y wbi=Y (—m)b,

ied; ied,




224 D. J. RICHMAN AND H. SCHNEIDER AEQ. MATH.

whence
o 5,05 )=l L et =+ 2 v)
and so

AL) A Z)

(i) = (ii). Suppose (i) holds. If a'=0 for some i, then a',...,a' are
themselves linearly dependent. So suppose there exist non-empty disjoint subsets
@,, @, of {1,..., 1} such that

{2 ) Z)

Let d=Y,co, @' —Yico, a'. We now define b',...,b" in R™. Let 1=<j=m. There
are three possible cases:

CASE 1. If d;=0, then we put bi=a}, i=1,...,1

CASE II. If d;>0, then there exists r€ @, depending on j such that a;>0.
Put bj=aj+d; and bj= aj for i#r, i=1,...,1

CASE III. If d; <0, then there exists q € ¢, depending on j such that af>0.
Put b?=aj—d; and bj=aj for i#gq, i=1,...,1 v

It is easy to check that b'=0 and w(b’)=m(a’), i=1,..., 1 Clearly ¥;cp, b' =
Yico, b, s0 b, ..., b' are linearly dependent.

Remark. Let A €R™" and suppose A =0. We define ccr A (the combinatorial
column rank of A) to be the maximal number of combinatorially independent
columns of A. The combinatorial row rank of A (crr A) is similarly defined. (See
Culik [1960] for a somewhat different concept which applies to arbitrary A.)

If A eR"™, Lemma (5.2) implies that ccr A = n if and only if crr A = n. This is
false for a related definition of another type of column and row rank (see
Plemmons [1971]). However, P. M. Gibson has provided us with the following
interesting example of a rectangular matrix A for which ccr A# crr A.

EXAMPLE. Let A eR' be a (0, 1)-matrix defined thus:

(a) each row of A contains three 1’s and two 0’s;
(b) no two rows of A are the same.

Thus the rows of A are all combinations of [11100].
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Let A be obtained from A by deleting one row. The following properties are
of interest:

(i) ccr A=5;

(ii) For any non-negative beR'®, ccr[A, b]=35;
(iii) ccr A =4;
(iv) ccr A =4.

Observe that if a',...,a° are the columns of A (in any order), then

w(a'+ a?) has precisely one 0, and #(a*+a*+ a®) has no 0. The proofs of (i)—(iii)
rest on this observation. To prove (iv), observe that if B is any 5X 5 submatrix of
A, then (iii) implies that ccr B<5, and hence crr B <5 (see previous Remark).
Then (iv) follows by noting that the rows of

00111
01011
01101
1 0011

are combinatorially independent.
(5.3) LEMMA. Let A be an M-matrix with singular graph S and let D be an
S-matrix for A. Let 1<p<h. Then the following are equivalent:

(i) There do not exist non-empty disjoint subsets ®,, ®, of A,., such that
A(P)NA, =A(P)NA,;

(i) The columns of D, ,,, are combinatorially independent.

Proof. Note that by Lemma (3.8a), for any < A, and B€ A, Yoo d?*>0
if and only if B € A(®). We denote by d* the a-th column of D, .. Observe that
d*>0 for a € A,,,, by Corollary (3.11).

(i) = (ii). Suppose that the columns of D, ,,, are combinatorially dependent.
Then there exist non-empty disjoint subsets ®,, @, of A,,; such that

o5 4) (5 )

aed, acd;

Hence for BeA,,

Y d**>0 ifandonlyif ), d**>0,

aed; aed;
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and so A(P)NA,=4A(P,)N A,
(ii) = (i) follows by reversing the above steps.

Let S be a non-empty finite partially ordered set and let s = |S|. We determine
conditions on S such that for every M-matrix A with singular graph S, the Weyr
characteristic of A is (Aq, ..., As), where A, is the pth-level number of S.

We remark that %(S), defined as in §2, is always non-empty, for we may define
an M-matrix A eR* as follows:

For a, BE€S,

g, <0, if Bed(a);
ag, =0, if BeS(a); (5.4)
ag. =0, if BZS(a).

Then S is the singular graph of A, i.e., A€ ¥(S).

Further, if e®, a €8, is the s X 1 unit vector with e;=1 and eg=0, B# a, then
{e*:a €8} is an S-basis for E(A) with D=—A as the corresponding S-matrix.

We also remark that if A is a matrix in %(S) and D is an S-matrix for A, then
by Lemma (3.8), for @ € A,,1, BEA,, 1=p<h, d®*>0 if and only if e A(a).
Hence m(D,,.;) depends on S only, and not on A, where for 0=CeR™,
w(C)eR™ is defined by w(C); =1 if C;>0, «(C); =0 if C;=0.

Let AeAS)NR™. If BeR™ is any non-singular M-matrix, then observe
that B® A is a matrix in %(S) NR™* ™m*",

(5.5) LEMMA. Let S be a non-empty finite partially ordered set with level
numbers (Ay,...,A,). Let 1=p<h. Suppose that for all AeA(S),
w(A)+ -+ +w,(A)=A+ - -+ + A, Then there do not exist non-empty disjoint
subsets @,, @, of A, such that

A(D)NA, =A@,)N A,

Proof. Suppose there exist non-empty disjoint subsets @,, @, of A,.; such
that A(P,)NA, =A(P)NA,. Let A be an M-matrix with singular graph S.
If D is an S-matrix for A, then by Lemma (5.3), the A, X A,,; matrix D, ;=
((i“"‘)ﬁ;E Apachy.s NAS combinatorially dependent columns which we denote by

d*= (3"“)BeAp. Hence by Lemma (5.2), there exist scalars d®*=0, B€ Ap,
a € A,.;, such that the vectors {d*:a € A, .1} are linearly dependent and w(d*)=
m(d®), for a € A,,,, where d* is the vector (dP*)gea,
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Define A€R* to satisfy (5.4) and a,z, =—-d"*, for Be A, a€A,,,. Let
D =-A. Then by the remarks preceding this Lemma, D is an S-matrix for A and
D,,.1=(d*)gca,aen,.,- Thus D, ., does not have full column rank, and by
Lemma (4.6), A;+ - + A, # w,(A)+ - - + w,(A).

(5.6) THEOREM. Let S be a non-empty finite partially ordered set with level
numbers (A, ..., A), and let A(S) be the set of all M-matrices whose singular graph
is S. Then the following are equivalent:

(i) For all A€¥UA(S), w,(A)=A, q=1,...,h.
(i) Forallp, p=1,...,h—1, there do not exist non-empty disjoint subsets ®,,
D, of A,., such that

A(P)N A, =A(P,)N A,

Proof. (i) = (ii). Immediate by Lemma (5.5).

(ii) = (i). Let A€ A(S), and let 1=p<h. If D is an S-matrix for A, then by
Lemma (5.3) the columns of D, ., are combinatorially independent, and hence
by Lemma (5.2), also linearly independent. Thus (i) follows by Theorem (4.7).

EXAMPLE. Let S be

SN

Then S satisfies condition (5.6ii), and hence any matrix A e %(S) has Weyr
characteristic (3, 3).

(5.7) DEFINITION. Let S be a finite partially ordered set. Then § is called a
rooted forest if, for each a €8, the set {8 €S:B=<a} is linearly ordered.

Cooper [1973, Theorem 3], who used the term inverted tree for our rooted
forest, proved that if § is a rooted forest and A € %(S) then w,(A)=A,. More
generally we have:

(5.8) COROLLARY. Let S be a rooted forest. If A € A(S), then w,(A) = A, for
p=1,...,h

Proof. 1t is enough to show that S satisfies condition (5.6ii). So let 1<p<h
and let @,, @, be non-empty subsets of A,.;. Let a € A(P,)NA(P,). Since
{B€S:B < a} is linearly ordered by hypothesis on S, there exist B, € ®,, B,€ D,
with either B,>pB, or B,>B;. But since B;, B,€A,.,, it follows that B, = B,.
Hence &, and @, are not disjoint.




228 D. J. RICHMAN AND H. SCHNEIDER AEQ. MATH.

Remark. Let S be a non-empty finite partially ordered set, and define §* to be
the set S with the reverse partial order, viz., a >*B if a < B. It is easy to see that
A e(S) if and only if ATe A(S*). Hence, if §* satisfies condition (5.6ii), then
(01(A), ..., 0,(A)=(0,(AT), ..., 0,(AT)) =(AF,..., AF) where A} is the p-th
level number of §*, p=1,..., h. For example, if

S= then S§* =

and so the Weyr characteristic of any A € A(S) is (3,1, 1).

6. Semi-positive Jordan bases

In this section we complete our main theorem by considering positivity
properties of eigenvectors and generalized eigenvectors. In the case of eigenvec-
tors, this subject has a long history. By combining some results of Frobenius
[1912, p. 563] with Schneider [1956, Lemma 1] one sees that the number of
linearly independent semi-positive eigenvectors of the M-matrix A (belonging to
0) is A,. This result is clearly implied by Carlson [1963, Lemma 2]. Further,
Carlson [1963, Theorem 2] gives a complete description of all non-negative
solutions x of Ax=c, where ¢=0, in terms of the graphs G and S. From
Carlson’s theorem many special results are easily derived. For example, the follow-
ing are equivalent:

(i) Ker A contains a strictly positive vector;
(ii) Ker A can be spanned by strictly positive vectors;
(iii) S consists precisely of the minimal elements of G.

(Compare with Gantmacher [1959, Vol. 11, p. 77, Theorem 6] and see Cooper
[1973, Theorem 2(ii)], where, however, the result is not stated correctly.)
Rothblum [1975, Theorem 3, Part 1] has proved that E(A) has a basis consisting
of semi-positive vectors. A precise version of Rothblum’s result is stated as
Theorem (6.2) below after a necessary definition.

(6.1) DEFINITION. Let {v*€R":a €8} be an S-set for A with associated
scalars d®*, a, B€S. We call {v*eR":a €S} an S*-set for A if:

(@ v¥»0, if ieG¥*a),
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and
(b) dP*>0, if BeS(a).

It is clear that every S*-set is an S-basis for E(A), and so we shall refer to an
S*-set as an S$*-basis for E(A).

Observe that if {v*:a €8} is an $*-basis for E(A), then it follows by Lemma
(4.1) that

(-A)YV=VD1>0 for 1=q<h.
(6.2) THEOREM. Let A be an M-matrix with singular graph S. Then there

exists an S*-basis for the generalized eigenspace E(A).

Proof. The proof is by induction on g, the number of elements in G. As in the
beginning of the proof of Theorem (3.10), the result is clear if g=1 and the
inductive step is obvious when g>1 and 1€8.

So assume that g>1, 1€8. As in the proof of Theorem (3.10), we obtain an
S-basis {w®:a €S} for E(A), with associated scalars {c?*:a, B €S} where by
inductive assumption, for @ € S\{1}, w#>»0 if i€ G*(a) and c?*>0 if BeS(a).

Let y e S(1). We shall now define positive scalars g”, h”. If i€ G*(y), then, by
inductive assumption, w}>0. Hence we may choose one g to be sufficiently
large so that for all

ie G*(y), wi+g"w?>»0. (6.2.1)
If BeS(y), then c?”>0. Hence we may choose h” so that for all
BeS(y), P+ h¥cP >0. (6.2.2)

Then we put f¥ =max {g”, h"}. We now put

vY=w" for yeS\{1},

vl=wl+ z wf,
v€8(1)

and for a, B€S,
dPY=cP" for yeS\{1},

dPl=cPl4 Z cPf.
veS(1)
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We claim that {v*:a €S} is an S*-basis for E(A) with associated scalars
{dP*:a, B S}. For a € S\{1}, the vectors v and the scalars d®* clearly satisfy the
required conditions. It remains to show that v' and dP', BeS, satisfy the
conditions of an S*-basis.

(i) v}=0 for ig G*(1):
vi=wl+ z wfY=0 because {wP:BeS}is an S*-basis.
yeS(1)
(ii) v} »0 for ieG*(1) and o(v})=1:

There are two cases. If i€ G,(1), then v;=w] and w!>»0 by Theorem
(3.10.1I). Also o(vi)=o(wi)=1. If i€ G,(1), then there is a §€S(1) such that
i€ G*(8). Since wy=0 for ye$(1), we have

vi=wit Y wifr=wl+ Y wig"=wltwig®»0, by (6.2.1)
ves(1) yes(n)

(iii) d®'=0 for B£S(1):

dP'=cP'+ ) P =0 because {c**:a,BcS}
veS(1)
are associated scalars of an S*-basis.
(iv) d®'>0 for BeS(1):
There are two cases. If Be A(1), then d?'=cP' and c?'>0 by Theorem

(3.10.1II). If B& A(1), then there is a § € S(1) such that B € $(8). Since, by inductive
assumption, ¢?*=0 for ye S(1), we have

dPl=cPl+ Z P fr=cPly Z cPhY =P +cPPh® >0, by (6.2.2).

yeS(1) veS(1)

(v) Av'l=- Z dPlvP:

BeS

This follows by a direct calculation.

(6.3) LEMMA. Let A be an M-matrix with singular graph S and level numbers
(A15-..5Ay). The following are equivalent for p, 1<=p=<h:

(i) o1+ - - tw,=Ay+ - +A,;

(ii) Ker AP has a basis of semi-positive vectors.
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Proof. (i) = (ii). By (4.3) and (4.4), (i) implies that E, = Ker A?. By Theorem
(6.2), there exists an S*-basis {v*:a €S} for E(A). Then {v*:acA;U --- UAL}
is a basis for E,, consisting of semi-positive vectors.

(ii) = (i). Let V be the matrix of an S-basis for E(A) with associated S-matrix
D. Suppose @;+ + - +®,>A;+ - -+ + A, Then by (4.3) and (4.4), E, = Ker A®.
Let we Ker AP\E,. We shall show that w is not semi-positive. Using the notation
of the Remark preceding Corollary (4.5), w= VfeKer AP, where p<r=h, f,#0,
and f,,;,=0,...,f,=0. Then 0= APVf=(-1)’VD?f and hence 0= DPf. Thus
0= (D?f),_, =(DP),_,,f. by Lemma (4.1a), and so by Lemma (4.1b), f, can not be
semi-positive. Let a« € A,. Then w, =n,v;, where n,€R and we have written
f.=(Ma)aeca, Hence, for some Be A, wg«0. Since Ker AP\E, must contain a
basis vector, the result follows.

(6.4) DEFINITION. Let AeR™ be a singular matrix and let
{fvP:p=1,...,h;i=1,..., 0}, where h>0 and w,= ‘- =w, =1, be a basis
for the generalized eigenspace E(A) for the eigenvalue 0 of A. This basis for
E(A) is called a Jordan basis for A if

Avpi=vp—1ri, p=2,,,_,h;i=1,...,wp,
and
Avlizo, i=1,...,0)1.

We remark that (wy, ..., w,) in the definition is the Weyr characteristic of 0
for A.
Our final result completes the Main Theorem (4.7).

(6.5) THEOREM. Let A be an M-matrix with singular graph S and level
numbers (A, ..., A,). The following are equivalent:

(i) The Weyr characteristic for A (associated with 0) is (A1, ..., Ay);
(ii) There exists a Jordan basis for —A consisting of semi-positive vectors;
(iii) For p=1,...,h, Ker AP has a basis consisting of semi-positive vectors.

Proof. We observe that (ii) = (iii) is trivial and that (iii) = (i) is given by
Lemma (6.3). So we need prove only (i) = (ii).

We assume that (i) holds. Let {v*: @ € S} be an S*-basis for E(A), which exists
by Theorem (6.2). We shall construct a Jordan basis for —A, {w?:p=1,..., h;
i=1,...,A,} by successively defining sets of vectors W",..., W' satisfying the
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following conditions for 1=p=<h:

(a) WP={wP'ii=A,;+1,...,],}is asubset of VP ={v*:aeA,} (where, by
convention, A,,;=0).
(b) The set JPU UP™! is a basis for E,, where we have put

Up~1={va:a€A1U et UAp—l}
and

JP=WPU(=A)WPHIU - - - U(-A)PWE={(-A)" Pw¥:q=p,..., h;
i=Aat1, 0,0}

(where by convention U°= ¢).

We remark that UP™" is a basis for E,_,, and, since (i) holds, E,_, = Ker APTL
Since Wic VicE\E,_;, q=p,...,h, it follows by Lemma (4.1) that JPc
E\E,_,.

For q=p+1,...,h, and A ., <i=<A, we shall put w? =(=A)*"Pw®. Thus
JP={wP:i=1,...,A,}

We first define W" = V" and J* = W". Clearly W" satisfies (a) and (b). Now
suppose W*, ..., WP have already been defined satisfying (a) and (b). By (b), we
have

Q0
4 p-171= p p-1
e vr-tve vl ]
where we have written [J?  UP~'] for the n X (A;+ - - - +A,) matrix whose first A,
columns are the vectors of J?, and whose last A;+ -+ - +A,_; columns are the

vectors of UP™!, and similarly for [V?  UP?"']. Further, Q is a A, X A, matrix and
Iis the A;+ - -+ +A,_; square identity matrix. Since J* U UP~ ! is a basis for E,, it
follows that Q is non-singular. Hence, using —AV = VD, we obtain

0 - - . 0]
Dp—lyp 0

awm=tve v R
| D, - Dy, 0

where the D, are submatrices of an S-matrix D associated with the S*-basis
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{v*:a €8}. Thus,

cawmn=tvet o Pred)
where Z is a (A, + -+ +A,_;) XA, matrix.

But Q is non-singular, and, by Theorem (4.7) and our assumption (i), D,_q,
has full column rank, whence D,_; ,Q has full column rank. Hence there exists a
Apo1 X (Apo1—Ap) submatrix E of the A,_;XA,_, identity matrix such that
[D,-,,Q E]is non-singular. We now put [WP1]=[VP']E. Clearly WP 'is a
subset of VP! and so satisfies (a). Also, by definition, JP™'=—AJP U WP™!, and
so [JP"']=[-AJ" WP ']. Hence

0
1]

Since the matrix on the right is non-singular, J*~'U UP~ 2 is a basis for E,_;. Thus
(b) is satisfied and the construction is completed.

Clearly {w”:p=1,...,h;i=1,.. SAY=ETIU U J" is a Jordan basis for
—A, and wP >0 since w” is a column of (—A)*"?V, where A, <i=<),, and
q=p.

[]p~1 Up—2] = [Vp—l Up—2][_1_)_£’_‘.‘:£’...-
VA

———————

In the case that S is linearly ordered, Theorem (6.5) reduces to Theorem 6 of
Schneider [1956].
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