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ABSTRACT

Necessary and sufficient conditions are proven for the existence of a real square
matrix such that for every principal submatrix the maximal (or minimal) value of
an element in the row complement of the submatrix is prescribed. The problem is
solved in the cases where the positions of the nonzero elements of A are contained
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in a given set of positions, where the positions of the nonzero elements of A are all
given, and where there is no restriction on the positions of the nonzero elements
of A. The uniqueness of the solution is studied as well.

1. INTRODUCTION

In analogy with well-studied problems concerning the existence of non-
negative matrices with a prescribed pattern and with prescribed row and
columns sums (e.g. [7, 1, 3, 4] and many other papers), Rothblum, Schnei-
der, and Schneider [5] have recently studied the existence of matrices with
a prescribed pattern and prescribed row and column maxima. Further, it
is clear that the conditions for existence determined in [5] force certain re-
lations on the maxima of elements in the off-diagonal submatrices. In this
paper, we find necessary and sufficient conditions for the existence of a real
matrix with prescribed pattern and prescribed maxima of the elements in
all off-diagonal blocks.

In most of the papers referenced above the existence problems studied
were motivated by scaling problems. Another such scaling problem, namely
the max-balancing problem, was considered in [6]. There it is pointed out
that, in contrast with the corresponding problem for sums, max-balancing
the rows and columns of a matrix does not imply max-balancing sym-
metrically placed off-diagonal blocks. Thus the authors were led to prove
a condition for max-balancing off-diagonal blocks. This is an additional
motivation for our study.

We now describe the paper in some more detail.

In Section 2 we solve three levels of the existence problem:

(i) The case in which the positions of the nonzero elements of A are
contained in a given set of positions.
(ii) The case in which the positions of the nonzero elements of A are all
given.
(iii) The case in which we have no restriction on the positions of the
nonzero elements of A (the “graph-free” case).

Both the maxima and the minima versions of all three cases are fully
characterized.
The existence problems do not always have a unique solution. In Sec-
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tion 3 we study the uniqueness of the solutions for the problems discussed
in Section 2. We define the ROWB algorithm for removal of certain arcs in
a digraph, and then show that a given pattern yields a unique solution for
every set of given maxima if and only if the ROWB algorithm terminates
after one iteration at most. A given pattern yields a unique solution for
some set of given maxima if and only if the ROWB algorithm terminates
after a finite number of iterations.

Motivated by the results of Section 4, Section 5 is devoted to a short
discussion of digraphs for which the ROWB algorithm terminates after one
iteration at most.

This paper is a companion paper to [2], where we solve the analogous
problem with sums in place of maxima.

2. THE EXISTENCE PROBLEM

In this section we discuss the existence of a matrix such that for every
principal submatrix we prescribe the maximal value of an element in the
row complement of the submatrix.

We start with a few definitions.

NOTATION 2.1. We denote by (n) the set {1,...,n}.

DEFINITION 2.2.

(i) Let D = (V, E) be a digraph, and let S and T be disjoint subsets of
V. We denote by St the set {ie S:(i,j) € F for some j € T}.
(ii) We denote by S the set Sse, where S¢ denotes the complement of S

in V. We say that S is a relevant subset of V' if S is nonempty.
(iii) We denote by St the maximal subset T of S® such that St = 0.

DEFINITION 2.3. Let A be an n X n matrix. The digraph D(A) of A
is defined as the digraph with vertex set (n}, and where (i, j) is an arc in
D(A) if and only if a;; # 0.

DEFINITION 2.4. Let D = (V,FE) be a digraph. A digraph D’ =
(V',E') is said to be a subdigraph of D if V! C V and E' C E. We
write D’ C D to indicate that D’ is a subdigraph of D.

CONVENTION 2.5. The maximum of the elements of the empty subset
of the reals will be considered to be —oo.
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The main result in this section is

THEOREM 2.6. Let {Xg: S C (n}} be a set of real numbers, and let
D = ({n), E) be a digraph. The following are equivalent:

(1) There exists an n x n matriz A, with D(A) C D, such that

(3, J)ESxSCnE{ I’J} Xs, SC <n> (2.7)

(ii) We have

X@ = X(n) = —00, (2.8)
Xs < max{Xgur, X5}, S, T'C{n), SNT =0,

Srcscs (2.9)

XSUT < max{Xs,XT}, S,T - (n), (2.10)

Xsnr < max{Xg, X1}, S, T C (n). (2.11)

Proof. (1) = (ii): In view of Convention 2.5, (2.8) follows immediately
from (i). Let S and T be disjoint subsets of (n). By Definition 2.2, it
follows that

(SXxSY)NE = [(SxT)NEJU([Sx (SUT)*|NE)
= [('xT)NEJU(Sx (SUT)*|NE)

(8" x S )YNEJU([(SUT) x (SUT)*|NE).

N

Therefore, clearly (i) implies (2.9). Now let S and T be subsets of (n). It
follows from (i) that

X = -
suT (i,j)E[SUCrI‘n%UT)C]ﬂE{a”}
{ais},

ax { max max {aij}}
(i,5)E[Sx(SUT)<|NE (4,7)E[T X (SUT)<|NE

max{(l»J)ESxSan{ i7} (”)GTxTcmE{azJ}}

max{Xg, X1}

IN

H

Similarly, we have

Xoom = s means 9 = @ ersn e pey g 29
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ax {(i,j)e[srrr‘%%ﬁ SC)nE{aij}’ (i,j)e[srg%);TC)ﬂE{aij}}

a a . ‘.
e {(ixj)ergx)écﬂff{ 2 (i.j)er?’ax“)é’an{a”}}

= max{Xg, X1}

IN

(ii) = (i): We construct an n x n matrix A by

. x ) € B,
- Aoin, {X7},  (,9)
Aij = { (4,j)€TXT® (2.12)

0, (i,7) € E.

We shall prove that A satisfles (2.7). For (¢,j) € E we denote by T;; a
subset of (n) such that (4, j) € Tj; x T} and a;; = X1,;. Let S be a subset
of (n). If S =0 or S = (n), then (2.7) follows from (2.8). So assume that
S # B, (n). We have

) = i X 2.13
B glout = om0 g (Xrke o (213
(3,5)€TXT*
< Xs) = Xg.
- (i,j)ergi)gcmz'{ S} s
Let
W= () Ty  i€S.
jES°
(.4)€E

For every element ¢ € (n) we denote by supp(i) the set {k € S :ie Wi}
Note that supp(i) may be empty. We define the equivalence relation in (n)
by i ~ j < supp(i) = supp(j). We denote by C; the equivalence class of 1,
and we denote supp(C;) = supp(%). Observe that i € W; whenever i € s ,
and hence
C; NS C supp(C;) C ﬂ W;. (2.14)
F€supp(Cs)

We define the sets

Tiz( N Wj>ﬂ5, ies,

j€supp(Ci)
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and we now claim that

Xy, < - . .
T = G ereone | Teity {Xr} ), ieS (2.15)
(J.R)ETXT®

We prove this claim by a decreasing induction on the cardinality
lsupp (C;)| of C;. Assume first that supp(C;) is of maximal cardinality
m. By (2.14) we have

Cm§g< N Wj>ﬂ§. (2.16)

j€supp(C;)

Assume that there exists

v E I:( ﬂ W]) ﬂ§‘| \Cz (217)
Jj€supp(Ci)

Since v € (\;equpp(cy) Wi» We have supp(C;) C supp(v). Furthermore,
it follows from (2.17) that supp{C;) # supp{v), and hence |supp(v)| >
|supp(C;)|, in contradiction to the maximality of |supp(C;)|. Therefore,
our assumption that there exists v satisfying (2.17) is false, and it follows

from (2.16) that

Cm§=< N wj>m§_ (218)

j€supp(Cs)

Now, let u € T} and let v € S¢. If (u,v) € E then u € S. By (2.18) we have
u € C;. By the construction of our sets T;; we have u € Ty, and v & Ty,
and so u € W, while v € W,,. Since u € C; we have supp(u) = supp(C,),
and hence, since v € W, it follows that v & j€supp(Ci) W;. Thus, we have

(KyesQ(a)Wj) ﬂs} : KESUQ@.)WJ') ﬂSCD NE=0.

(2.19)
In view of (2.19), substitution of the sets ((;csuppicy) Vi),
(Njeaupp(cy Wi) S, and B for the sets S,T', and S’ in (2.9) respectively
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yields X, < Xﬂ w,» and by (2.11) we have

j€supp(C;)

Xr, £ max {Xw;} <  max {X7,}

i

j€supp(Cy) j€supp(C;)

kese

(4,k)EE

= max min Xr

j€supp(Ci) TC(n) Xz}
kese (G.k)ETXT®

(4,k)EE
< max min  {X7} »,

(4,k)E(SxS)NE TC(n)
(j,k)ETXT*

proving (2.15) in the case that supp(C;) is of maximal cardinality m. As-
sume now that (2.15) holds whenever |supp(C;)| > r, where r < m, and
let 7 be such that |supp(C;)| = 7. Let u € C; NS and let v € S¢. If
(u,v) € E then u € S. By the construction of our sets 7j; we have
u € Ty and v € Ty, and so u € W, while v ¢ W,,. Since u € C;,
we have supp(u) = supp(C;), and hence, since v ¢ W,, it follows that
v ﬂjesupp(ci) W;. Thus, we have

(C;n8) x N wi|Nse||NE=1 (2.20)

j€supp(Cy)

In view of (2.20), substitution of the sets T3, ((;cqupp(c;) Wi) (15°, and
T;\C; for the sets S, T, and S’ in (2.9) respectively yields

XTi S max {Xm W.)XTg\Ci} )

jesupp(C;) 7

and by (2.11) and the definition of W; we have

X7, < max

i —

in  {Xr}S Xre b, (221
e saon | dolmy  (Xrh e Xneo . (2:21)
(k)T T

Let u € T;\C;, First, observe that by the definition of 7; we have
supp(4) C supp(u). Furthermore, since u ¢ C;, we have supp(z) # supp(u),
and hence |supp(Cy)| > |supp(C;)|. Now, let v € T,,. Since supp(C;) C
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supp(Cy), it follows by the definition of T; that v € T;. Also, supp(C;) C
supp(Cy) C supp(v), and since supp(C;) # supp(Cy), it follows that v &
C;. Therefore, v € T;\C;. It follows that there exist s1,...,8, € S such
that T;\C; = j; Ts., and where |supp(Cs,)| > [supp(C;)|,j € (p). By
(2.10) and the inductive assumption we obtain

Xrae < X X
Ti\ct_gé?«;g{ T, } {Xr} o,

< max min
(4,k)E(Sx S)NE TC(n)
(5,k)ETXT*®

and by (2.21) we obtain (2.15).
Observe that S € S.=|J,cgT: € S. Substitution of the sets S,.5¢, and

S for the sets S, T, and S’ in (2.9) respectively yields Xs < X¢. By (2.10)
we obtain X5 < max, ={Xr}, and by (2.15) we have

: in {Xr}. 2.22
5= (j,k)er(%ixsqn E Tnél(?l) {Xr} (2.22)
(4,k)ETXT*

This proves our claim. It now follows from (2.13) and (2.22) that
max(; jye sx seng @i} = Xs5,8 C (n). |

Let S C (n). If we choose T in (2.9) to be S¢, then we get
Xs<Xgy, ScCS§cCSs (2.23)
Another weaker form of (2.9) is
Xs < max {XSUT,XgT}, S, T C(n), SNT =40. (2.24)

It is natural to ask whether the condition (2.9) in Theorem 2.6 can be
replaced by (2.23) and/or (2.24). The answer to this question is negative,
as demonstrated by the following example.

ExXAMPLE 2.25. Let n = 4, and let D be the digraph with four vertices
and all possible arcs except for (2, 4) and (3, 4). For a subset S of (4) define

—00, S = @, (4>)
Xs={ 1, S={1,3},

2, otherwise.
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The only S C (4) for which S # S is § = {1,2,3}, where § = {1}. Since
X123 = Xy = 2, (2.23) is satisfied. Now, let 5,7 C (4),SNT = .
Observe that we have § # Sr if and only if T = {4} and {2,3} N S # 0.
In these cases we have

S = {2},{3},{1,2},{2,3},{1,3} = Xs=2=Xsur,

S = {1,2,3} = §T:{1} = Xs=2=X§T,

and hence (2.24) is satisfied. Finally, it is immediate to check that (2.10
and (2.11) are satisfied. Nevertheless, if we choose S = {1,2,3}, T =
{4}, and 8 = {1,3}, then Sp = {1} C &' C Sand Xg =2 > 1 =
max{X SUT;X::;”T}- Therefore, (2.9) is not satisfied, and by Theorem 2.6
there exists no n x n matrix A, with D(A) C D, satisfied (2.7).

With the convention that the minimum of the elements of the empty
subset of the reals will be considered as oo, we obtain the following corollary
of Theorem 2.6.

THEOREM 2.26. Let {Xg : S C (n)} be a set of numbers, and let
D = ({n), E) be a digraph. The following are equivalent:

(i) There exists an n X n matriz A, with D(A) C D, such that

min  {a;} = Xg, S C(n).

(5,5)ESX SNE
(if) We have
X@ = X(n) = 00,
Xs > min{Xsur, Xs}, S, TC(n), SNT=0, S C S CS§,
XSUT 2 min{XS;XT}a S7Tg <n)v
Xsnr 2 min{Xs, X7}, S,T C (n).

Proof. A matrix A satisfies ming; j)esxsenpiti} = Xs,8 C (n), if
and only if the matrix B = —A satisfies max(; jyesxsenp{bii} = —Xs
whenever § C (n). Our claim now follows from Theorem 2.6. [ |

Theorems 2.6 and 2.26 provide a necessary and sufficient condition for
the existence of a matrix A, with D(A) C D, with prescribed off-diagonal
block element maxima or minima. The case D(A) = D is covered by the
following corollaries.
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COROLLARY 2.27. Let {Xg:5 C (n)} be a set of real numbers, and
let D = ({n), E) be a digraph. The following are equivalent:

(i) There exists an n x n matriz A, with D(A) = D, such that

: sl =Xg,  SC(n).
(i,j)erg%m{aj} s C (n)

(ii) We have (2.8), (2.9), (2.10), (2.11), and

Xg#0 for every relevant subset Sof (n). (2.28)

Proof. (i) = (ii): (2.8), (2.9), (2.10), and (2.11) follow from (i) by
Theorem 2.6. Since D(A) = D, max(; j)esxsene{a:i;} # 0 whenever S is
relevant. (2.28) now follows from (i).

(ii) = (i): In view of (2.28), the matrix defined by (2.12), constructed in
the proof of the corresponding implication in Theorem 2.5, satisfies D(A4) =
D. |

Similarly, we obtain

COROLLARY 2.29. Let {Xg: 5 C (n)} be a set of real numbers, and
let D = ({n),E) be a digraph. The following are equivalent:

(1) There exists an n x n matriz A, with D(A) = D, such that

. L .
(i,j)erfenxnsmE{%} Xs, S C (n)

(ii) We have (2.8), (2.9), (2.10), (2.11), and (2.28).

The following two corollaries are the “graph-free” versions of our results.

COROLLARY 2.30. Let {Xs:5C (n),S #0,{(n)} be a set of numbers.
The following are equivalent:

(i) There ezists an n x n matriz A such that

5§ = ) g 3 > .
(i’jgré%)i.gc{aj} Xs SC{n), S#0,(n)

(i) For every nonempty proper subsets S and T of (n) we have Xgur
< max{Xg, X7} whenever SUT # (n), and Xsnr < max{Xgs, X7}
whenever SNT # §.
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COROLLARY 2.31. Let {Xg:S5C (n),S #0,(n)} be a set of numbers.
The following are equivalent:

(i) There ezists an n X n matric A such that

i i = ) - ) ) .
R fa)=Xs,  SCim, S£0(m)

(ii) For every nonempty proper subsets S and T of (n) we have Xgur
> min{Xg, X7} whenever SUT # (n), and Xsnr > min{Xg, X1}
whenever SNT # (.

REMARK 2.32. The graph-free case could be proven directly rather
easily. The implication (i} = (ii) in Corollary 2.30 follows as before. As
to the implication (ii) = (i), we define a;; as in (2.12) and derive (2.13).
Now suppose that for some nonempty proper subset S of (n) we have

4} < Xs.
st < X

It follows by (2.12) and (2.13) that

Ty} < Xs. 2.33
o ex AT} < Xs (2:33)

Note that

U ( N Tij) =8S. (2.34)

i€S \ jese
Therefore, it follows from (2.33) and (2.34) by (2.10) and (2.11) that

Xs <

T} < Xg,
(iﬁé%}isc{ i} < Xs

which is a contradiction.

However, in general we cannot employ such a simple proof, as we do
not have an analogue of (2.34).

REMARK 2.35. Observe that in the case of nonnegative Xg’s, the
matrix A defined by (2.12) is nonnegative. Therefore, if the numbers
{Xs : 8 C (n)} are given to be nonnegative, then our results provide nec-
essary and sufficient conditions for the existence of a nonnegative matrix
A satisfying the required conditions.
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3. THE UNIQUENESS PROBLEM

The existence problems discussed in the previous section do not neces-
sarily yield a unique solution, as demonstrated by the following example.

ExaMmPLE 3.1. Let n = 4, let D be the complete (loopless) digraph
with four vertices, and let

Xo = X(gy = —00,
Xy =3, X2y =1, Xz =9, Xy =12,
X2 =5, X0,3) =9, X(23) =8 X(14) = 12, X(2,4) = 12, X(34) = 11,
X3y =6, X4 =12,X(134 =11, X(234) = 10.

The numbers {Xgs : S C (4)} satisfy (2.8), (2.9), (2.10), and (2.11). The
matrix

6 3 3 3
7 0 5 5

A= 8 9 0 6/’
10 11 12 0

defined by (2.12), satisfies (2.7). However, (2.7) is satisfied also by

6 1 2 3
7 0 4 5

A= 8 9 0 6
10 11 12 0

In this section we study the uniqueness of the solutions for the problems
discussed in the previous section. For a digraph D we denote by E(D) and
V(D) the arc set and the vertex set of D respectively. Our problem can be
stated as follows:

Given an n x n matrix A. Does there exist another n x n matrix B,
with D(B) C D(A), such that

{bs} = {as;} (3.2)

max max
(3,)ESx §eNE(D(A)) (4,5)ESx SeNE(D(A))
for every relevant subset S of V(D(A))?

We shall define the ROWRB algorithm for removal of certain arcs in
a digraph, and we shall use it to characterize those graphs D such that
for every matrix A with D(A) = D, there exists no other matrix B with

D(B) C D satisfying (3.2), as well as those graphs D such that for some
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matrix A with D(A) = D, there exists no other matrix B with D(B) C D
satisfying (3.2).

DEFINITION 3.3. An arc (4, ) in a digraph D = (V, E) is said to be a
one-way bridge if there exists a set .S of vertices in D such that (¢, j) is the
only arc from S to S°.

The following easy proposition can be regarded as an alternative defi-
nition for one-way bridges.

PROPOSITION 3.4. An arc (i,7) in a digraph D is a one-way bridge
if and only if the digraph obtained by removing (i,7) from D has no path
from i to j.

Proof. Tf (i,7) is a one-way bridge, then by Definition 3.3 there exists
a set S of vertices in D such that (4,7) is the only arc from S to S¢. Tt
follows that the digraph obtained by removing (4, j) from D has no path
from ¢ to j. Conversely, let D’ be the digraph obtained by removing (3, 5),
and let S be the set of vertices k such that there exists a path from ¢ to &
in D’ (S includes i). If D’ has no path from i to j, then j belongs to §°.
Clearly, there is no arc in D’ from S to S¢. Therefore, (i,7) is the only arc
from S to S°. |

DEFINITION 3.5. The ROWB algorithm (removal of one-way bridges):
Initialization: We let D; be the digraph D,

Stepi,i=1,...: We remove all the one-way bridges from D;, and
we denote the resulting digraph by D;i;.

The ROWRB algorithm terminates after k—1 steps if Dy has no one-way
bridges. We then denote Dy by D. The ROWB indez of D is defined to
be equal to k — 1 if D has no arcs, and is co otherwise. Clearly, D has no
one-way bridges.

ExaMPLE 3.6.

(i) It is easy to verify that any digraph consisting of one cycle has ROWB
index 1. Also, the ROWB index of any digraph D, such that the
(undirected) graph obtained by removing the directions from the arcs
of D is a tree, is equal to 1. Clearly, any digraph consisting of disjoint
digraphs of ROWB index 1 has ROWR index 1.
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(ii) The one-way bridges in the graph

2 Y

—>3

are (1, 3) and (2, 1). Therefore, the only arc in Dy is (2, 3), and,
being a one-way bridge in Ds, it gets removed in the second step.
Thus, the ROWB index of D is 2.

(iil) It is easy to verify that for any complete digraph D with more than
two vertices we have D = D, and so D has ROWB index co. Also,
every digraph with multiple arcs has ROWB index oo.

We can now characterize those patterns that yield a unique solution for
every set of given maxima.

THEOREM 3.7. Let D = ((n),E) be o digraph. The following are
equivalent:

(i) For everyn xn matriz A with D(A) C D, there exists no other nxn
matriz B with D(B) C D satisfying (3.2).
(ii) For every n xn matriz A with D(A) = D, there exists no other nxn
matric B with D(B) C D satisfying (3.2)
(iil) The ROWRB index of D is less than or equal to 1.

Proof. (i) = (ii) is trivial.

(ii) = (iii): Assume that (iii) does not hold, that is, some arc (k,!) in
D(A) is not a one-way bridge in D(A). Define a matrix A, of the same
size as A, by

L (G4) e ED), (1,7)# (k)
(Ae)iz=4Q & (5,5) =(k1), (3.8)
0 otherwise,
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where € < 1. Let S be a nonempty proper subset of vertices of D. If there
are no arcs from S to S¢, then

A} =0.
(i,j)Gerg?r%{E(D(A)){( )i} =0
If there are arcs from S to S¢, then, since (%, j) cannot be the only arc from
S to 8¢ and since € < 1, it follows from (3.8) that

{(Ae)i]'} =1

max
(4,5)ESX SeNE(D(A))

Thus, all A, share the same set

AE ij : C b
{(i,j)Eer.IS’l?r'}\(E(D(A)){( Ji}: S C (n)}
in contradiction to (ii).

(iii) = (i): Let A and B be m X n matrices, with D(A) C D and
D(B) C D, satisfying (3.2). If the ROWB index of D is less than or equal
to 1, then every arc (k,!) in D is a one-way bridge, that is, there exists a set
S of vertices in D such that (k,!) is the only arc from S to S¢. Therefore,
from (3.2) we obtain

b,y =byy =
\y i} = bu

)){aij} = Gk,

max max
(4,5)ES X SeNE(D(B (4,7)ESx SeNE(D(A

and so A = B. [ |

The characterizations of the patterns that yield a unique solution of
some set of given maxima is as follows.

THEOREM 3.9. Let D = ((n),E) be o digraph. The following are
equivalent:

(i) For some n x n matriz A with D(A) = D, there exists no other n xn
matriz B with D(B) C D satisfying (3.2)
(i) The ROWB index of D is finite.

Proof. (i) = (ii): Assume that the ROWB index of D is 0o, and let
A be any matrix with. D(A) = D. As D has arcs, let (k,1) be an arc in D
such that ag; is minimal. For ¢ > 0 we define a matrix A, of the same size

as A, by
J— a’ij’ (l’j)7é(kwl)>
(Ae)u = {akl —e, (3,5) = (k,l). (3.10)
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Let S be a set of vertices such that (k,1) € S x S°. Since D has no one-way
bridges, it follows that there exists at least one more arc in D from S to
S¢. Tt now follows from (3.10), by the minimality of ay;, that

{(Ae)is}

max

(4,5)€SX SNE(D(B))
= e ergggE(D(A)){aij} Jor every S C (n),

in contradiction to (i).

(if) = (1): We define a matrix A, with D(A) = D, as follows. For each
(k,1) € E(D) we let ay; = m, where m is the number of the step of the
ROWB algorithm in which (k,!) gets removed from D. Now, let B an
n x n matrix, with D(B) C D, satisfying (3.2), and let (k,!) be an arc in
D. We prove that ag; = by by induction on the number m of the step of
the ROWB algorithm in which (k,!) gets removed from D. If m = 1, then
there exists a set S of vertices in D such that (k,!) is the only arc from S
to S¢, and from (3.2) we obtain

)){bij} =bp = {ai;} = an.

max max
(4,9)€Sx SN E(D(B (3,7)ES X SSNE(D(A))
Assume that our claim holds for m < p where p > 1, and let m = p. Since
(k,1) gets removed from D in the pth step of the ROWB algorithm, it
follows that there exists a set S of vertices in D such that (k,!) is an arc
from S to S¢, and every other arc from S to S¢ gets removed in an earlier
step. By the inductive assumption we have

bij=aiy; <p  forevery (i,7)€ SxS% (4,7)# (k). (3.11)
Since by (3.2) we have

{bij} = {ai5} = p,

max max
(4,7)ESX S<NE(D(B)) (4,7)€SXSNE(D(A))

it now follows from (3.11) that we necessarily have ag; = byy. |

We conclude this section with a description of all possible solutions to
the existence problem of matrices with off-diagonal block element maxi-
mum.

DEFINITION 3.12. Let X = {Xg : 5 C (n),S # 0,(n)} be a set of
numbers, and let D = ({n), E) be a digraph. Let A be the matrix defined
by (2.12). A set P of arcs in D is said to be X-complete if for every relevant
subset S of (n) there exists (z,7) € S x SN P such that a;; = Xg.
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THEOREM 3.13. Let X = {Xg : S C (n),S # 0,(n)} be a set of
numbers, and let D = ((n), E) be a digraph. Let A be the matriz defined
by (2.12). The following are equivalent:

(i) An n x n matriz B satisfies

bij} =X l .
(i,j)gg?()écﬁE{ ij } s for every relevant subset S of (n)
(i) There exists an X'-complete set P of arcs in D such that bj; = ay;
whenever (1,7) € P and b;j < a;; whenever (3,5) € E\P.

Proof. (i) = (ii): Let (i,7) € E, and let S be a subset of (n) such that

(1,7) € Sx 8¢ and Xg= Trgi(n) {Xr}.
(4. /)E(T XT)NE

We have a;; = Xg = max yesxseng{br} > bij. Also, for every relevant
subset S of (n) there exists (ig,js) € S x S°N E such that b, ;s = Xg,
and since Xg > aizjs 2> bisjs = Xg, we have a5, = byyjs. Therefore,
P ={(is,7s) : S is a relevant subset of (n)} is an z-complete set.

(ii) = (i): Let S be a relevant subset of (n). It follows from (ii) that

{bi} <

- (i,j)eSxIE?ri(E(D(A)){a”} o

max
(4,4)ESXS<NE(D(A))
Furthermore, since P is an z-complete set, there exists (4,7) € S x S NP

such that a;; = Xg. By (ii) we have b;; = a;; = X5, and so max(; jyesxsene{bij} =
Xs.- ||

4. DIGRAPHS WITH ROWE INDEX 1

Motivated by Theorem 3.7, we include here a short discussion of di-
graphs with ROWB index 1. Note that a digraph has ROWDB index 1 if
and only if every arc in the graph is a one-way bridge.

DEFINITION 4.1. Let D be a digraph.

(i) A digraph D is said to be strongly connected if for every two vertices
7 and j in D there is a path from 7 to 7 in D.

(ii) A subdigraph S of D is said to be a strong componentif S is a maximal
strongly connected subdigraph of D.
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(iii) A digraph D is said to be minimal strongly connected if D is strongly
connected and no digraph obtained by removing an arc from D is
strongly connected.

DEFINITION 4.2. The condensation D* of a digraph D is a digraph
whose vertices are the strong components Si,...,S,, of D, and where
(S;,S;) is an arc in D* with multiplicity & if there are exactly k arcs
from vertices in S; to vertices in S;.

THEOREM 4.3. Let D be a digraph. The following are equivalent:

(i) D has ROWB indeed 1.
(ii) The strong components of D, as well as the condensation D*, have
ROWRB index 1.

Proof. (i) = (ii): Clearly, if D has ROWB index 1,then every subdi-
graph of D has ROWB index 1, and, in particular, the strong components
of D have ROWB index 1. Now, let (S;, S;) be an arc in D*. By Definition
4.2, there exist a vertex u in S; and a vertex v in S; such that (u,v) is an
arc in D. Since D has ROWB index 1, (u,v) is a one-way bridge, and by
Proposition 3.4, the digraph obtained by removing (u,v) from D has no
path from u to v. It follows that (S;,S;) is a simple arc in D* and that
the digraph obtained by removing (S;, S;) from D* has no path from S; to
S;. By Proposition 3.4, D* has ROWBE index 1.

(ii) = (i): Let (u,v) be an arc in D. If u and v belong to the same strong
component of D, then, since the strong components of D have ROWB index
1, it follows that the digraph obtained by removing (u,v) from D has no
path from u to v, and by Proposition 3.4, (u,v) is a one-way bridge in D.
Assume now that u and v belong to two different strong components S; and
S; of D respectively. Since D* has ROWB index 1, (S;,S;) is a one-way
bridge in D*, and it follows that (u,v) is the only arc in D from a vertex
in S; to a vertex in S, and that the digraph obtained by removing (S;, S;)
from D* has no path from S; to S;. It follows that the digraph obtained
by removing (u,v) from D has no path from u to v, and by Proposition
3.4, (u,v) is a one-way bridge in D. [ |

Theorem 4.3 reduces the problem of characterizing digraphs of ROWB
index 1 to the problem of characterizing strongly connected digraphs with
ROWRB index 1 (the strong components of D) as well as acyclic digraphs
with ROWB index 1 (the condensation D*). We conclude the paper with
a proposition that handles the strongly connected case.
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PROPOSITION 4.4. A strongly connected digraph D has ROWB index
1 if and only if D is minimal strongly connected.

Proof. Let D be a minimal strongly connected digraph, and let (3, 7)
be an arc in D. Observe that, since D is strongly connected, if the digraph
D’ obtained by removing (%, ) from D has a path from i to 7, then D’ too is
strongly connected. Thus, since D is minimal strongly connected, it follows
that D’ has no path from ¢ to j, and by Proposition 3.4, (4, ) is a one-way
bridge in D. Hence, D has ROWB index 1. Conversely, assume that D
has ROWB index 1, and let (7, 7) be an arc in D. By Proposition 3.4, the
digraph obtained by removing (4, ) from D has no path from ¢ to j, and so
it is not strongly connected. Therefore, D is minimal strongly connected.

| |
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