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Necessary and sufficient conditions are proven for the existence of a square matrix, over an arbitrary
field, such that for every principal submatrix the sum of the elements in the row complement of the
submatrix is prescribed. The problem is solved in the cases where the positions of the nonzero elements
of A are contained in a given set of positions, and where there is no restriction on the positions of the
nonzero elements of 4. The uniqueness of the solution is studied as well. The results are used to solve
the cases where the matrix is required to be symmetric and/or nonnegative entrywise.

1. INTRODUCTION

Problems concerning the existence of nonnegative matrices with prescribed row and
column sums, often related to scaling problems, have been long studied, e.g. [1], [4], [5]
and many other paper. It is clear that the conditions for existence determined in these
papers force certain relations between the sums of the elements in the off-diagonal
submatrices. In this paper we solve a related problem, namely we find necessary and
sufficient conditions for the existence of a real matrix and of a nonnegative matrix with
the.sum of the elements in each off-diagonal submatrix prescribed.

We now describe the paper in some more detail.
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16 J. A. D. D. SILVA etal.

Our notation and definitions are given in Section 2. In Section 3 we study our
problem over an arbitrary field, and where the positions of the nonzero elements of 4
are contained in a given set of positions. As a corollary we also solve the problem in
the cases that we have no restriction on the positions of the nonzero elements of A
(the “graph-free” case). The proof of our main theorem yields a graph theoretic
characterization of those cases in which the existence problem has a unique solution.
In the case that the solution is not unique, we describe all possible solutions.

The results of Section 3 are applied in Section 4 to obtain a solution for the existence
problem of a symmetric matrix or even a nonnegative (entrywise) symmetric matrix
with the required properties. The paper is concluded with a solution for the harder case
where our matrix is required to be (not necessarily symmetric) nonnegative.

This paper is a companion paper to [3] where we solve the analogous problem for
maxima in place of sums.

2. NOTATION AND DEFINITIONS

This Section contains all the notation and definitions used in this paper.
NotaTioN 2.1 For a positive integer n We denote by {(n) the set {1,...,n}.
NoTATION 2.2 For a subset S of (n) we denote by S€ the complement of S in (n).

NorAaTioN 2.3 For a digraph D we denote by E(D) and V(D) the arc set and the
vertex set of D respectively.

DEFINITION 2.4 Let D = (V, E) be a digraph. A digraph D’ = (V’, E’) is said to be
a subdigraph of D if V' C V and E’' C E. We write I C D to indicate that D’ is a
subdigraph of D.

DerINITION 2.5 Let D be a digraph.

(1) A digraph D is said to be strongly connected if for every two vertices i and j of D
there is a path from i and j in D.

(ii) A subdigraph D’ of D is said to be a strong component of D if D’ is a maximal
strongly connected subdigraph of D.

DEeFINITION 2.6 The symmetric part of a digraph D is the subdigraph of D whose
vertex set is (D), and whose arc set consists of all arcs (i, j) of D such that (j,7) too
is an arc of D. A digraph D is said to be symmetricif it is equal to its symmetric part.
We denote the symmetric part of D by Sym (D).

DEFINITION 2.7 A set S of vertices in a digraph D is said to be D- loose if for every
i€ Sandeveryj € V(D)\S at least one of the arcs (7, j) and (j, {) is not present in D.
By convention, § and V(D) are D-loose sets.

Remark 2.8 1t is easy to verify that a set S of vertices in a digraph D is D-
loose if and only if S is a union of strong components of Sym (D).
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DEFINITION 2.9 The (undirected) graph G(D) of a digraph D is the simple graph
with vertex set V(D), and where {i, j} is an edge of G(D) if and only if (i, j) or (j,i) is
an arc of D.

DEFINITION 2.10 A graph G’ is said to be a subgraph of a graph G if the vertex set
and edge set of G’ are contained in the vertex set and the edge set of G respectively.

DEFINITION 2.11

i) A graph G is connected if for every two vertices i and j of G there is a path
between i and j in G.

ii) A subgraph G’ of G is said to be a component of G if G’ is a maximal connected
subgraph of G.

iii) A spanning tree G for a connected graph G is connected subgraph of G, with
the same vertex set as G, such that G has no cycles.

Remark 2.12

i) Observe that the graph of a strongly connected digraph is connected.
il) As is well known, every connected graph G has a spanning tree. If G is not a
tree then it has more than one spanning tree.

DEFINITION 2.13 A4 leaf in a graph is a vertex with just one vertex adjacent to it.
We conclude this Section with a definition and notation that involve matrices.

DErFINITION 2.14 Let A be an n x n matrix. The digraph D(A) of A is defined as
the diagraph with vertex set (n), and where (i, /) is an arc in D(4) if and only if
aij :,é 0. '

NotAaTiON Let A4 be an # x 7 matrix, and let S be a nonempty proper subset of (n).
We denote

RS(A) = Z ajj.
1,j=1

i€$, /¢S

By convention, Ry = Ry, = 0.

3. THE GENERAL EXISTENCE AND UNIQUENESS PROBLEMS

In this Section we study the existence of a general matrix, over an arbitrary field, with
a given digraph, and such that for every principal submatrix the sum of the elements in
the row complement of the submatrix is given.

We start with three equivalent conditions on sets of numbers.

ProOPOSITION 3.1 Let {Xs:S C (n)} be a set of numbers such that Xy = Xy = 0.
The following are equivalent:

(i) For every subsets S1,T\,S2 and T, of {n) such that
SI\T1 = $2\T2; Th\S1 = T2\S2
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we have
XS] +XT1 _XS1UT) - XS]ﬂT] = XSz +XT2 ~‘X/52UT2 _'X520T2'

(ii) For every subsets S and T of (n) such that
S\T = {r; T\S = {1}
We have
Xs+ Xr — Xsur — Xsnr = Xy + Xy — Xy

(iii) For every nonempty subset S of (n) we have

X5 = 2 S: Xgy — Z;(X{,-} + Xy — X jp)-
H= i, J€.
1231

Proof
(i) = (i) is immediate, by applying (i) to the sets S, T, {r} and {¢}.

(3.2)

(ii) = (iii). We prove this implication by induction on |S|. It is easy to verify that (3.2)
holds for [S| = 1, 2. Assume that (3.2) holds for |S| < k where k > 2, and let |S| = k.
Let r, t € S. Define S; = S\{¢} and T = S\{r}. By (ii) we have

Xy + Xy — Xy = Xy + X1y — Xs — X\

and hence

Xs=Xs, + Xp, — Xs\(rry + Xry — Xy — Xy

Applying the inductive assumption to Xs,, X7, and Xg\(, 4 yields

Xs =Y Xuy— > (X +Xpjy — X)) + DXy — DXy + Xy — Xpip)

€S i, j€S i€s iJeS

it n;}jf i#r i,‘_jzjr
=2 Xy ) (X + Xy = X)) + Xy — Xy — Xy
g hyare
i<)
=3 Xy - _ (X + Xy — Xppp)-
ieS ijes

i<j

(iii) = (ii). Let S and T be subsets of (n). By (3.2) we have

Xs= Y Xo+ Y Xy — > Xy + Xy — X)),

iesnT i€S\T byes
Xp= Y X+ D> X — 2 (X +Xijy — X ),
ieSNT ieT\S i,{s/r
Xsor= ) Xy — > (X + Xy — Xiip)s
iesSnT hjesnt

<
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and

Xsor =D X+ D, X+ D> Xy — D (X + X0y — Xpip)-
iesnT i€S\T i€T\S uf(syr

It follows that
Xs + X1 — Xsor — Xsur = ) (X + Xy — Xapy) + O (X + Xy — X y)

IES\T i€T\S
JET\S JES\T
1<) <j

3.3)
Since the right hand side of (3.3) depends only on S\T and T\S, (i) follows. H
We continue with a lemma that involves matrices.

LEMMA 3.4 Let A-be an n x n matrix, let {Xg:S C (n)} be a set of numbers such
that Xy = X,y = 0, and let T be a subset of (n). If

ag+aji=X{i}+X{j}—X{i,j}; LjeT, i#]

Ry(4) = X, ieT, (3.5)
Xr=2her Xy = 2 (X + X3 — Xup),
%
then
Rp(4) =

Proof Rr(A) is equal to the sum of all off-diagonal elements in the rows of 4
indexed by T, minus the sum of the off-diagonal elements in the principal sub-
matrix of A whose rows and columns are indexed by T. Thus, in view of (3.5), we
obtain

Rp(4) =) Rp(4) = (ag+a) =) Xi - > (X + Xy — X)) = Xr

ieT i,JeT ieT IJET
i<

proving our assertion. ]
We now prove our main result.

TaEOREM 3.6 Let {Xs:S C<n>} be a set of numbers such that Xy = Xy =0,
and let D = ({n), E) be a digraph. The following are equivalent:

(1) There _;gxists an n X n matrix A, with D(A) C D, such that

Rs(4) =Xs, SC{n). (3.7
(ii) Any of the equivalent conditions of Proposition (3.)) holds, as well as
Xuj =Xu + Xy, whenever (i, ), (j,i) ¢ E, (3.8)
and
X5 = Z (X + X(jy — X4ijy),  forevery D — looseset S. (3.9)

(i, )ESXSENE
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(ii1) Any of the equivalent conditions of Propostion (3.1) holds, as well as (3.8) and

he S is the vert t
Z (X{i} + X{j} _ X{,‘)j}), wnenever D\ 1§ verlex se Of (3‘10)

Xg =
S acomponent of G (Sym(D))

(i,)ESxSCNE

Proof (i) = (ii). We prove that (i) implies Condition (i) of Proposition (3.1), as
well as (3.8) and (3.9). Let S and T be subsets of {r). It is easy to verify that

Rs(A) + Rr(A) — Rsur(A) — Rsnr(4) = Z aj + Z aj.
i€S\T,jeT\S i€T\S,jeS\T

In view of (i) we have

Xs+ X7 — Xsur — Xsnr = Z aj+ Z aj. (3.11)
ieS\T,jeT\S i€T\S,jeS\T
Since the right hand side of (3.11) depends only on S\7T and T\S, Condition (i) of
Proposition (3.1) follows. Next, observe that
a; + aqj = R{,}(A) + R{j}(A) - R{i,j}(A)a L j€ <n>u i 7é]
Therefore, if (i, j), (J,i) # E then it follows that
0= R{,} (A) + R{j} (A) - R{,',j} (A)

In view of (i), (3.8) follows. Finally, let S be a D-loose set, and let
(i, j) € § x §° N E. By Definition (2.7), we have (j, i) ¢ E. Therefore, it follows that

aj = aj + aji = Ry (A) + Ry (4) — Ry 5y (4).
In view of (i), (3.9) follows.
(ii) = (iii) is immediate, in view of Remark (2.8).
(iii) = (i). Here we prove that Condition (iii) of Proposition (3.1), together with (3.8)
and (3.10), implies (i). We construct a matrix satisfying (i), using the following
algorithm.

ALGoORrITEM 3.12

Step 0 We assign arbitrary values to the diagonal elements of A4, and we let

i = ., ., 3.13
4y {X{i} + Xy - Xuyy () €E,(J,0) ¢ E. G.13)

Observe that in view of (3.8), (3.13) does not yield a contradiction in the case that
(i, 7), (J,))EE.
Let C, ..., C,, be the strong components of the symmetric part of D.

Step k,k=1,...,m
We choose a spanning tree G! for G(Cy). We assign arbitrary values to the elements
in the positions {(i,j) € E(Ci):{i,j} ¢ E(G"),i </}, and we assign the
symmetrically located elements values using the formula a; = X + X(;—
X5y — ay. Let pr = |[V(Cy)] — 1 be the number of edges in G'.
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Step k.t,t =1,...,px
Take a leaf u in G*, with the vertex v adjacent to u in G*. Observe that a,, is the only
element in the u-th row of 4 that has not yet been determined. We define a,, to be

@ =Xy — D ay (3.14)
j=1

J#uy

and we let a,, = Xpu) + X(1) — X(4»} — u. Finally we define G'*! to be the graph
obtained by removing the edge {u, v} from G’.

Step m+1: STOP
First, note that Algorithm (3.12) constructs a matrix A4 satisfying

aj+aj =Xy + Xy — Xy, Lj€n, i#]. (.13)

Let i € (n). Observe that the i-th row of A4 is completely determined in Step 0 of
Algorithm (3.12) if and only if {i} is a D-loose set, that isif and only if the singleton {i} is
a.component of G(Sym(D)). By (3.10) and (3.13) we have

h
Rg() = ) (X +X() — Xy = Xy
stieeE

We complete the assignment of each of the other rows of 4 in one of the Steps k.7,
t=1,...,p,k=1,...,m Ineach such step we determine two elements: @,, and a,,.
The element a,, is the last to be determined in the u-th row, and is determined so that
R{,)(4) = X(,)- The element a,, is the last to be determined in the v-th row if and only if
t = pg, and it is the last element to be determined in the rows indexed by the set
S = V{(Cx). So, let us assume that ¢ = p;. It follows that

R{,-}(A) = X{i},i S S\{V} (316)
Since we have (3.2), (3.15) and (3.16), it follows from Lemma (3.4) that
Rs\(} (4) = Xs\(v). (3.17)

Since Cy is a strong component of Sym (D), it follows from (3.10) that
Xs= ). (Xp+Xy5—Xup)

(i,/))ESXSCNE

Asis observed in Ramark (2.8), S is a D-loose set. Therefore, all the elements in the
rows indexed by S and the columns indexed by S€ are determined by (3.13) and so

Rs(d)= Y  (Xy+ Xy —Xep) =Xs. (3.18)

(i,))eSxSCNE
It follows from (3.15) that

Yo (aytan)= Y X +Xp—Xpp)= Y (Xpy+Xp) — Xppp)- B19)
JES\T) jes\{» _ i=v'on ey
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Observe that

R\ (A4) + Ry (4) — Rs(A) = ) (ay +ap).
jes\{v}

It now follows from (3.17), (3.18) and (3.19) that

Ry (4) = Xs = Xoypy + >, (Xpy + Xpjp — Xiopp)-
ijes
i=vor j=v

i<y
Using (3.2) we obtain

Rpp(A) =) Xy =) (X + Xy — Xup) — Y, Xg

icS '/f,s ieS\{v}
+ ) (X + Xy — X p)
i,jels\(v}
i</
+ Y (X + X0 — Xpp) = Xy
ijes
'=v1‘°<rll_
It now follows that

Since we have (3.2) for every subset of S of (n), as well as (3.15) and (3.20), it follows
from Lemma (3.4) that (3.7) holds. |

Our proof of Theorem (3.6) also yields an answer to the uniqueness question.

TueorREM 3.21 Let {Xs5: S C (n)} be a set of numbers such that Xy = X,y =0, and
let D = ({n), E) be a digraph. The following are equivalent:

(i) There exists a unique nx n matrix A, with D(A) C D, such that Rs(A) = X,
S C'(n).

(i) Any of the equivalent conditions of Theorem (3.6) holds, and the graphs of the
strong component of the symmetric part of D are all trees.

Proof

(i) =(ii). If the graph of some strong component of the symmetric part of Disnota
tree then, using Algorithm (3.12), at least one of the elements of 4 can be assigned an
arbitrary value, and hence there exist infinitely many matrices satisfying our
requirements.

(ii) =(i). If the graphs of the strong component of the symmetric part of D are all trees
then, for every such a component Cy,, G(Cy) is the (only) spanning tree G for itself, and
the set {(i, j) € E(Cy) : {i, j} ¢ E(G"),i < j} is empty. In view of (3.15), Algorithm
(3.12) constructs the unique matrix A4 with D(A4) C D, satisfying (3.7). [ |

Theorem (3.6) provides a necessary and sufficient condition for the existence of a
* matrix 4, with D(4) C D, satisfying (3.7). Theorem (3.21) provides a necessary and
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sufficient condition for the uniqueness of such a matrix. The following theorem
essentially describes all solutions of this problem.

THEOREM 3.22 Let A and B be nxn matrices. The following are equivalent:

(i) For every subset S of (n) we have Rg(A) = Rs(B).
(i) A — B= C + D, where D is any diagonal matrix and C is an anti-symmetric
matrix satisfying Rs(C) = 0,8 C (n).
(iii) A — B = C+ D, where D is any diagonal matrix and C is an anti-symmetric
matrix with zero row sums.

Proof

(i) = (ii). We let D be the diagonal matrix with the same diagonal elements as
A —B, and let C = A — B— D. The matrix C has zero diagonal elements. Also,
(i) implies that Rg(C) = 0, S C (n). Therefore, it follows that

Cij + Cji = R{,}(C) + R{j}(C) - R{x,j}(C) =0 )i7j € <n>1i7éj1

which means that C is an anti-symmetric matrix.

(i) = (i). We have Rg(A4) = Rs(B)+ Rs(C)+ Rs(D),S C (n). Since D is a
diagonal matrix, we have Rg(D) =0,S C {n). Thus, it follows from (ii) that
Rs(A4) = Rs(B), S C (n).

(i) = (iii) is immediate.

(iii) =(ii). Let S be any subset of {n). Note that Rs(C) is equal to the sum of all
row sums of the rows of C indexed by §, all are given to be 0, minus the sum of the
elements in the principle submatrix of C whose rows and columns are indexed by S.
Since C is an anti-symmetric matrix, the latter sum is equal to 0, and it follows that
Rg(C) =0. ||

We conclude this Section with the following *“graph-free” version of the Theorem
(3.6), obtained from Theorem (3.6) by choosing D to be the complete digraph with »
vertices.

ToEOREM 3.23 Let {Xs:S C (n)} be a set of numbers such that Xy = Xy = 0. The
Jollowing are equivalent:

(i) There exist an nxn matrix A such that Rs(A) = Xs,S C (n).
(ii) Any of the equivalent conditions of Proposition (3.1) holds.

4. THE SYMMETRIC AND THE NONNEGATIVE CASES

Clearly, when looking for symmetric matrices 4 to satisfy Theorem (3.6.1), we may
assume, without loss of generality, that D is a symmetric digraph. The following
theorem is a corollary of Theorem (3.6) in the symmetric case.

THEOREM 4.1 Let {X5:S C (n)} be a set of numbers such that Xy = X,y =0, and
let D= ((n), E) be a digraph. The following are equivalent:

() There exists a symmetric nxn wmatrix A, with D(A) C D, such that
RS(A) = Xs,S - (n)
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(ii) Any of the equivalent conditions of Theorem (3.6) holds, and Xs = Xs:, S C (n).
Proof

(i) = (ii). Since 4 is symmetric, we have Rg(4) = Rs(AT) = Rgc(A4), S C (n). Thus,
(i) yields that Xs = Xgc, S C (n). The rest of the implication follows from Theorem
(3.6).

(ii) = (i). By Theorem (3.6), there exists a (not necessarily symmetric) » X # matrix
B, with D(B)C D, such that Rg(B)= Xs5,SC(n). The symmetric matrix
A =1(B+ BT) satisfies

(Xs + Xsc) = X5, 8 C (n).

B —

(Rs(B) + Rsc(B) =

ST

Rs(4) = %(RS(B) + Rs(B")) =

Also, since D is a symmetric digraph it follows that D(BT) C D, and hence
D(4) C D. n

We remark that, in general, unless D is given to be a symmetric digraph, Conditions
(i) and (iii) of the Theorem (3.6) together with X5 = Xsc, S C (n), are not sufficient for
the existence of a symmetric matrix 4, with (D(4) C D, satisfying (3.7). This is
demonstrated by the following example. '

ExaMmpLE 4.2 Let D be the digraph

A

and let X{l} = X{z} = X{3} = X{l,z} = X{l,3} = X{2,3} = ]. The matrix

0 0 1
A=|1 0 0O
010

has digraph D and satisfies (3.7). Furthermore, since Sym(D) has no arcs, it follows
by Theorem (3.21) that A4 is the unique matrix with digraph D satisfying (3.7).
Therefore, although X = X, S C (n), there exists no symmetric matrix satisfying
our requirements.

The graph-free corollary of Theorem (4.1) is the following.
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TueOREM 4.3  Let {X5:8 C (n)} be a set of numbers such that Xy = Xy = 0. The
Following are equivalent:

(i) There exists a symmetric nxn matrix A such that Rs(4) = Xs,8 C (n).
(i) Any of the equivalent conditions of Proposition (3.1) holds, and Xs =
Xsc, S C (n)

In the nonnegative symmetric case we obtain

THEOREM 4.4 Let {X5:S C (n)} be a set of numbers such that Xy = X,y =0, and
let D = ({n)), E) be a digraph. The following are equivalent:

(1) There exists a symmetric nonnegative n xn matrix A, with D(A) C D, such that
Rs(A4) = Xs, S C (n).
(ii) Condition (1) in Theorem (4.1) holds, as well as

Xip <X+ Xy, Li€n), i#). 4.5
Proof
() = (). Since 4 is nonnegative, we have a;+a;= Ryy(4)+ Ry;(4)—
R{i’j}(A) >0,

Thus, (i) yields (4.5). The rest of the implication follows from Theorem (4.1).
(i) = (i). By Theorem (4.1), there exists a symmetric » X n matrix A4, with
D(A4) C D, such that Rg(4) = X5, S C (n). Since

1 1

aj = 5 (R (4) + Rijy(4) = Ry, jy(4)) =

=5 Xy + Xy = Xy,

it follows from (4.5) that 4 is nonnegative. |
The graph-free version of Theorem (4.4) is

THEOREM 4.6  Let {Xs: S C (n)} be a set of numbers such that Xy = Xy = 0. The
Jollowing are equivalent:

(i) There exists a symmetric nonnegative nx n matrix A such that Rg(A4) =
Xs, A - (n)
(i1) Condition (ii) in Theorem (4.3) holds, as well as (4.5).

The relation between Theorems (4.1) and (4.4), that is the fact that the only
additional condition needed in the nonnegative symmetric case is (4.5), raises the
question whether the following satements are true:

(i) Let {Xs:85C (n)} be a set of numbers such that Xp = X,y =0, and let
D = ((n),E), be a digraph. Then there exists a nonnegative » x » matrix 4,
with D(A4) C D satisfying Rg(4) = X5,S C (n), if and only if any of the
equivalent conditions in Theorem (3.6), as well as (4.5), holds.

(i) Let{Xs:S C (n)}beasetof numberssuch that X = X, = 0. Then thereexists
anonnegative n x n matrix A satisfying Rs(4) = X5, S C (n), if and only if any
of the equivalent conditions in Propositoin (3.1), as well as (4.5), holds.
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The answer to this question is negative as demonstrated by the following example.

ExaMPLE 4.7 Let n=3, let X{l} = X{z} =X{3} = I,X{I,Z} = X{1,3}= 2,X{213}
= —1, and let D be the complete digraph with three vertices. It is easy to check
that this set satisfies the equivalent conditions in Theorem (3.6). Indeed, the matrix

0 10
A=|-1 0 2
0 10

satisfies Rg(4) = Xs,S C (n). Also, we have (4.5). Nevertheless, there exists no non-
negative matrix 4 satisfying (3.7), since X{33; < 0.

Example (4.7) suggests that another necessary condition for the existence of a
nonnegative matrix 4 satisfying (3.7) should be

Xs>0, SCn). (4.8)

Indeed, we shall prove that in the graph-free case, Condition (4.8), together with
(4.5) and any of the equivalent conditions in Proposition (3.1), forms a necessary and
sufficient condition for the existence of a nonngeative matrix A4 satisfying (3.7), see
Corollary (4.14). However, under pattern restrictions, Condition (4.8), together with
(4.5) and any other of the equivalent conditions in Theorem (3.6), does not form a
necessary and sufficient condition for the existence of a nonnegative matrix 4
satisfying (3.7), as demonstrated by the following example.

ExaMpLE 49 Letn=3,let Xy =0, X3y =3, Xoy = X33 =3, X2y =3, X3
=2, X3y = 0and X{(;333 =0 and let D be the digraph.

1

\)

) 3
I >

2

It is easy to verify that Condition (ii) of Theorem (3.6) holds (for this purpose check
Condition (iii) of Proposition (3.1)). Also, we have (4.5) and (4.8). Indeed, the matrix

01 2
A=]11 0 1
210

satisfies (3.7). Nevertheless, there exists no 3 x 3 matrix 4, with D{(4) C D, satisfying
(3.7). For such a matrix we would have a13 + a3 = X{1} + X33 — X(133 = 4. Since
(3,1) ¢ E(D), it would follow that aj3 = 4, implying that X{;; > 4, while X{;; = 3.
Under pattern restrictions we therefore need a modified version of (4.8), that is
Condition (4.11) below.
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THEOREM 4.10 {Xs:S C(n)} be a set of nomnegative numbers such that
Xy = Xy =0 and let D = ((n), E) be a digraph. The following are equivalent:

(i) There exists a nonmnegative nxn matrix A, with D(A) C D, such that
Rs(4) = X5,8 C (n).
(ii) Any of the equivalent conditions in Theorem (3.6) holds, as well as (4.5) and

Xsz Y (Xy+Xyy—Xgy SS @) (4.11)
(1./)esxsC
UEE(D)

Proof (i) = (ii). Since 4 is nonnegative, we have a; + a; = R(;(A)+ Ryj(4)—
Ry j3(4) > 0.Thus, (i) yields (4.5). Also, if (j,i) ¢ E(D) then a; =ay+ a; =
Ry (A) + Ryjy — Ry j3(A4) = Xy + X5y — X5, jy. It now follows that for every sub-
set S of (n) we have

Xs= Y a2z Y ay= Y (Xy+Xy-Xpp)

(i,j)eS=SC (i.)esxs€ (i, JesxsC
G.)¢E(D) G/E(D)

(ii) = (i). Define a nonnegative symmetric matrix C, with zero diagonal elements, by
X+ Xy — Xy Lj€m)i#]
c”:{o, e i)
It follows by (3.2) and (4.11) that for every subset S of (n) we have
DX 2) Xy +X -Xuh+ Y Xu+X5 - Xup)

€S ijeS (i./)eSxSC
< (.NEE(D)
1
iJjes (1./)esxSC i,jeS (i/)esxSC
Y (DR E(D) (J¢E(D)

By (3.2) and (3.9), for every D—loose set S we have

Xy = (Xy+Xp—Xep)+ D, Xuy+Xy—Xup)

icS '{(Els (i,/)eSxSCNE
1
ijes (i,J))eSxSCNE

In view of (4.12) and (4.13), it follows from Theorem (3.3) in [2] that there exists a
nonnegative n x n matrix 4, with D(4) C D, with row sums X[y} ..., X{,, and such
that 4 + 47 = C. We have

a,-j+aj,-=c,j=X{,-}+X{j}—X{,-,j}, i,jE(n),i;éj.
Also, since 4 has zero diagonal elements it follows that Ry;y (4) = X}, 1 € (n). Since

we have (3.2) for every subset S of (n), it now follows from Lemma (3.4) that the
nonnegative matrix 4 satisfies (3.7). [ |
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If we choose D to be the complete digraph with n vertices then we obtain the
following graph-free corollary of Theorem (4.10)

CoRrOLLARY 4.14 Let {Xs:S C (n)} be a set of nonnegative numbers such that
Xg = Xy = 0. The following are equivalent:

(i) There exists a nonnegative n x n matrix A such that Rg(A) = Xs, S C (n).
(ii) Any of the equivalent conditions in Theorem (3.6) it holds, as well as (4.5) and
(4.8).

Finally, one may ask whether we can drop Condition (4.5) from Theorem (4.10.i1)
and Corollary (4.14.11). The answer to this question is negative, as demonstrated by the
following example.

ExampLe 4.15 Let n=3, let Xp=0, X3, =2, X5 =4, X353 =4, Xy =
1, X33 =5, X3 =2, and X{153) =0, and let D be the complete digraph with
three vertices. It is easy to verify that Condition (ii) of Theorem (3.6) holds (for this
purpose check Condition (iii) of Proposition (3.1)). Also, we have (4.11), which is
equivalent to (4.8) in this case. Indeed, the matrix

0 4 -2
A=(1 0 3
11 0

satisfies (3.7). However, by Theorem (4.10) there exists no nonnegative matrix
satisfying (3.7), since X{])3} =5>4= X{]} + X{3}.
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