SIAM J. MATRIX ANAL. APPL. © 1990 Society for Industriat and Applied Mathematics
Vol. 11, No. 4. pp. 565-574, October 1990 007

ON THE INERTIA OF INTERVALS OF MATRICES*

DANIEL HERSHKOWITZt aAND HANS SCHNEIDER®t

Abstract. The inertia of intervals and lines of matrices is investigated. For complex n X n matrices 4 and
B it is shown that. under mild nonsingularity conditions, 4 + 8 changes inertia at no more than »° real values
of ¢, Conditions are given for the constancy of the inertia of 4 + (B, where ¢ lies in a real interval. These
conditions generalize and organize some known results.
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1. Introduction. Bialas [1], Johnson and Rodman [4], Viliaho [7], and Fu and
Barmish [2], [3] have recently studied the inertia of intervals and lines of matrices. We
extend these investigations under nonsingularity conditions. Whiie some of our results
are not difficult and are related to known resuits, taken together they show interrelations
between various types of conditions, and as such they organize knowledge in this area
of inertia theory.

Let A and B be square compiex matrices and suppose there is a real ¢ such that the
Lyapunov matrix L(A + tB) associated with 4 + ¢B is nonsinguiar. We show that 4 +
tB changes inertia at no more than n? values of ¢. Let 7 be an interval, i.e., a connected
subset of the real numbers. Under the assumption that L (A4 ) is nonsingular, we state our
principal condition,

(CD) A + tB has constant inertia of type (m, », 0) forevery rin T,

and we compare several other conditions (some obviously equivaient) to (CI). Some of
these conditions involve the real eigenvalues of A7'B and of L(4)~' L(B). Each of the
conditions either implies or is implied by (CI). but not ail are equivalent in general. By
adding additional requirements on a single matrix or on the interval, such as stability,
the reality of all eigenvalues, or a condition we call Property X (which Z-matrices satisfy),
some implications in one direction become equivalences.

Section 2 of our paper contains notation, definitions, and some well-known results
stated for easy reference. Section 3 contains preliminary results on eigenvalues and results
on changes of inertia. Qur main resuits on intervals with constant inertia, summarized
above, may be found in § 4. In § 5 we give some applications to the convex hull of two
matrices. We derive results from [1]-[4] and [7].
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Our principal theorems are proved for the case of general complex matrices, and
we then apply the results to Hermitian matrices and Z-matrices.

Properties of the Lyapunov operator 4 — L(A) that are crucial to our results are
the following:

(1.1) If X is an eigenvalue of 4, then 2 Re (A) is an eigenvalue of L(A4).
(1.2) If ¢ is the maximal (minimal) eigenvalue of 1.(A4), then there is an eigenvalue
Aof Awith2Re (M) =t

Similar results may be proved for any real linear operator, from the space of complex
n X n matrices into a space of matrices, which satisfies (1.1) and (1.2). For spaces of
real matrices, another operator that satisfies these conditions is found in [1] and [3].
The results in [1] are proved for that operator, whereas in [3] results are proved for all
operators satisfying (1.1) and (1.2). The results in [2] are proved for the Lyapunov
operator, as in the present paper. Only real matrices are considered in [1]~[3]. In referring
to the results of these papers in the sequel, we do not distinguish between the various
operators involved. We also observe that the results in [7] deal with real symmetric
matrices (where there is no need to employ the Lyapunov operator), but some results
in [7] hold under weaker nonsingularity assumptions.

2. Notation and preliminaries. As usual, R and C denote the real and complex
fields, respectively, and C"” denotes the complex space of all complex matrices. By 4%,
we denote the real space of all n X n Hermitian matrices. In this paper, 4 and B will
always be n X n complex matrices that may be considered fixed throughout. The convex
hull of 4 and B is denoted by conv (4, B). The spectrum of a matrix 4 is denoted by
spec (A). The spectrum is considered to be a multiset, that is, every eigenvalue is counted
as many times as its multiplicity.

Notation 2.1. We denote the following:

7(A)—the number of eigenvalues of 4 in the open right halfplane,

v(A)—the number of eigenvalues of 4 in the open left halfplane,

6(A)—the number of eigenvalues of 4 on the imaginary axis.

DEFINITION 2.2, The inertia In(4) of A4 is defined to be the triple
(n(A4), (4), 8(4)).

DEFINITION 2.3. (i) The matrix A is said to be positive [ negative] stable if all its
eigenvalues are in the open right [left] halfplane.

(ii) The matrix A4 is said to be positive [ negative] semistable if all its eigenvalues
are in the closed right [left] halfplane.

(iii) The matrix 4 is said to be positive [ negative] near-stable if A is positive [ neg-
ative] semistable but not positive [negative] stable.

In this paper “‘stable,” “semistable,” and ““near-stable” may be interpreted consistently
to mean either “positive stable,” ‘“‘positive semistable,” and ‘“‘positive near-stable” or
“negative stable,” “negative semistable,” and “‘negative near-stable.”

DEFINITION 2.4. The Lyapunov operator (or Lyapunov matrix) L(A) of A is defined

to be the linear operator of 4, into itself given by

L(AYH=AH+ HA™*.

For reference, we collect some properties of the operator L(A4). We follow the notation
of [5] for the Kronecker (or tensor) product of matrices.
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PROPOSITION 2.5. We have
(1) LA =I®A+ADI.
(ii) The spectrum of L(A) is the multiset { A\ + j1 : X\, p € spec (4)}.

(iil) L(A) is nonsingular if and only if \ + p # 0 for \, u € spec (A).

(iv) A is stable [ semistable] (near-stable) if and only if L(A) is.

(v) The mapping A = L(A) is real linear, i.e., L(sA + tB) = sL(A) + tL(B),
Jor all real numbers s and ¢.

Proof. Parts (i) and (ii) are standard (e.g., see [5, Chap. 12]). Parts (iii) and (iv)
follow immediately from (ii). Part (v) follows from the definition of L(A). O

In our proofs (as in the proof of aimost any inertia theorem ) we use properties often
called “continuity of eigenvalues.” The basic result is stated as Lemma 3 in [6]. Here
we state consequences of this lemma in the forms needed for our applications.

LEMMA 2.6. (1) Let A(t) be a continuous matrix function of the real variable t. Let
X\ be an eigenvalue of A(0). Let S be a disc in the complex plane with center at ) such
that S does not contain any other eigenvalue of A(0). If there exists a positive & such that
forallt,0 <t <68, A(t) has an even number of eigenvalues in S, then the multiplicity of
X as an eigenvalue of A(Q) is even.

(i1) If A has no imaginary eigenvalues, then for all sufficiently small e, we have
In(A4 + ¢B) =In(4).

(iii) If In (A) # In (B), then there is a matrix C e conv (A, B) that has an imaginary
eigenvalue.

(iv) If A is stable but B is not stable, then there is a matrix C € conv (A, B) that
is near-stable.

Proof. Parts (i) and (ii) follow from Lemma 3 of [6]. Parts (iii) and (iv) follow
from (ii) using the completeness of the real numbers and the connectedness of the interval
[0, 1]. O

Convention 2.7. By the term “interval” we mean a connected subset of the real
line. That is, open intervals, closed intervals, half-open intervals, halflines and the whole
real line are intervals.

DEFINITION 2.8. Let T be an interval. The matrix interval S(A, B; T) of matrices
is defined to be the set {4 + tB: 1€ T}.

DEFINITION 2.9. Let f, €R. We say that t, is an inertia change point for
S(4, B;R) if for every £ >0 there exists ¢t €R such that |r— | <e and Inertia
(A + tB) # Inertia (4 + t,B).

DEFINITION 2.10. Let 7T be an interval.

(i) The interval T is called an interval of constant inertia (x, v, &) for S(A4, B; R)
if every matrix in S(A4, B; T) has inertia (, », 6).

(ii) The interval T is called an interval of semiconstant inertia (x,v,0) for
S(A4, B; R) if every matrix C € S(A4, B; T) such that (C) = 0 has In (C) = (=, », 0).

If T is an interval of constant inertia for S(4, B;R) we may also say that
S(A, B; T) has constant inertia or, when every matrix in S(A4, B; T') is stable [ semistable],
that S(A4, B; T) is stable [ semistable].

DEFINITION 2.11. We call (4, B) a regular pair of matrices if there existsa r € R
such that L(A4 + ¢B) is nonsingular.

PROPOSITION 2.12. If (A, B) is a regular pair of matrices, then the number of
complex numbers t for which L(A + tB) is singular is at most n*.

Proof. Since L(A + tB) is singular if and only if det (L(A4 + tB)) = 0, and since
p(t) = det (L(4 + tB)) is a polynomial of degree at most n?, it follows that either
(A, B) is a regular pair, in which case p(¢) has at most n? roots. or (4, B) is not a regular
pair, in which case p(¢) = 0. O
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COROLLARY 2.13. If(A, B) is a regular pair of matrices, then the number of complex
numbers t for which A + (B has an imaginary eigenvalue is at most n?.

Proof. The claim follows from Proposition 2.5(ii) and Proposition 2.12. O

Another corollary of Proposition 2.12 is the following,

COROLLARY 2.14. (A, B) is a regular pair of matrices if and only if (B, A) is a
regular pair of matrices.

Proof. If (A, B) is a regular pair of matrices then, by Proposition 2.12, there exists
a nonzero number ¢ such that L(A4 + tB) is nonsingular. Therefore, L(A/t + B) is
nonsingular, and so (B, A4) is a regular pair of matrices. a

Since for all complex n X » matrices A, (I, A) is a regular pair, it follows from
Proposition 2.12 and Corollary 2.14 that L(A + ¢I) is nonsingular for all but at most »n?
complex numbers ¢.

3. Observations on eigenvalues and inertia. We start with an immediate observation.
OBSERVATION 3.1. Let 4 be nonsingular, and let ¢ be a nonzero real number. Then
the following are equivalent:

(a;) —1/¢1is an eigenvalue of A™'B.
(a;) I+ t47'B is singular.
(a3) A + B is singular.

Accordingly, we label the three equivalent conditions in Observation 3.1 (under the
assumption that 4 is nonsingular) as condition (a).

If L(A4) is nonsingular then, applying Observation 3.1 to L(A4) and L(B), we obtain
the following equivalent conditions:

(la;) L(A) + tL(B) is singular.

(lay) I+ tL(A)™'L(B) is singular.

(laz) —1/tis an eigenvalue of L(4)™'L(B).

By Proposition 2.5(v), condition (la,) is equivalent to
(lag) L(A + tB) is singular.

We now label the four equivalent conditions (la;)-(las) (under the assumption that
L(A) is nonsingular) as condition (la).
A third condition we will discuss is

(ie) A + B has an imaginary eigenvalue.

THEOREM 3.2. Let A and B be n X n complex matrices, let t be a nonzero real
number, and assume that L(A) is nonsingular. Then we have

(a)—(ie)—>(la).

Proof. First observe that if L(A) is nonsingular then 4 is nonsingular, so both
conditions (a) and (la) are well defined. The implication (a) — (ie) follows from the
trivial implication (a;) = (ie). The implication (ie) — (la) follows from (ie) = (lay),
which follows from Proposition 2.5(ii). a

Clearly, the converses of the implications (a) — (ie) and (ie) — (la) do not hold
under the stated hypotheses.
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We now add three more conditions that relate to the previous eight.
(ic) t is an inertia change point for S(A4, B;R).
(ns) A+ B is near stable.
(us) A+ tBis not stable.

THEOREM 3.3. Let A and B be n X n matrices, let t be a nonzero real number, and
assume that L(A) is nonsingular. Then we have

(a)— (ie) <= (ic)—(la)—>(us).
(ns) ~

Proof. The implication (ns) = (ie) is clear by Definition 2.3(iii). The implication
(ic) — (ie) follows from Lemma 2.6(ii). The implication (ie) = (ic) follows from
Corollary 2.13. The implication (la) = (us) follows from (las) = (us), which follows
from Proposition 2.5(iv). O

The converses of the implications (ns) = (ie) and (la) = (us) do not hold. Also,
neither (a) = (ns) nor (ns) = (a) holds.

Theorem 3.3 yields the following corollary.

COROLLARY 3.4. Suppose that (A, B) is a regular pair of matrices. Then the number
of inertia change points for S(A, B; R) is at most n?.

Proof. If (4, B) is a regular pair of matrices, then (ic) = (ie) holds even if L(4)
is singular. To see that, let A’ = 4 + ¢'B, where ¢’ € R is chosen so that L(4’) is nonsingular.
Let ¢ be an inertia change point for S(A4, B; R). Obviously, ¢ — ¢’ is an inertia change
point for S(A4’, B; R). By Theorem 3.3 (applied to 4'and B), 4’ + (t —t')B=A + (B

has an imaginary eigenvalue. Our claim now follows from Corollary 2.13. O
THEOREM 3.5. Let (A, B) be a regular pair of matrices and let t,, - - - , t,,, where

< -+ <t be the inertia change points of S(A, B; R). Let Ty = (—o0, ), T; =

(tiytich),i=1,--- , m,and T,, = (tm, ©). Then the intervals T;, i =0, - - - , m are max-

imal intervals of constant inertia for S(A, B; R) and the inertia of each matrix in
S(A, B; T;) is of the form (w;, v;,0),i=0, - -+ , m.

Proof. By standard results in analysis, T is an interval of constant inertia for
S(A, B;R) if and only if T contains no inertia change point for S(4, B; R) and so the
first part of the theorem follows. The second part of the theorem follows from the equiv-
alence of (ie) and (ic) in Theorem 3.3. O

4. Inertia of intervals. In this section we apply the observations made in the previous
section in order to study the relation between global conditions. The global conditions
correspond to the negations of the local conditions in the previous section. In these global
conditions as well as in the rest of the paper T denotes an interval.

The equivalent conditions

(A)) A~'B has no eigenvalue with negative reciprocal in T.
(Ay) I+ t47'B is nonsingular for every ¢ in T.
(A3) A + tB is nonsingular for every ¢ in T.

will be labeled condition (A).
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The equivalence of the following four conditions follows from the equivalence of
(la;)-(las):

(LA)) L(A)+ tL(B)is nonsingular for every tin T.
(LA,) I+ tL(A)"'L(B) is nonsingular for every ¢ in 7.
(LA3) L(A)™'L(B) has no eigenvalue with negative reciprocal in 7.
(LA,) L(A + tB) is nonsingular for every tin T.
These conditions will be labeled condition (LA).
We also consider the conditions
(IE) A + B has no imaginary eigenvalue for any ¢ in 7.
(CI) T is an interval of constant inertia (,»,0) for S(4, B;R).

THEOREM 4.1. Let A and B be n X n complex matrices, let T be an interval, and
assume that L(A) is nonsingular. Then we have

(LA)—(IE)«(CI)—(A).

Proof. In view of Theorem 3.3 it is enough to prove the equivalence (IE) <= (CI).
From Theorem 3.3 and the proof of Theorem 3.5 it follows that (IE) implies that
S(A4, B; T) has constant inertia. By (IE) it follows that the inertia is of type (=, v, 0).
The implication (CI) = (IE) is trivial. ]

By adding additional requirements, some of the implications in Theorem 4.1 become
equivalences, as we will show presently.

THEOREM 4.2. Let A and B be n X n complex matrices, let T be an interval , assume
that L(A) is nonsingular, and assume that A + (B is stable for some t in T. Then we
have

(LAY« (IE) = (CI)—>(A).

Proof. In view of Theorem 4.1 it is enough to prove the implication (CI) = (LA).
Observe that under our additional assumption, (CI) implies that 4 + ¢B is stable for
every tin T. By the implication (la) = (us) in Theorem 3.3 we now obtain (LA). a

The following theorem is found in [2] and [3] for real matrices.

THEOREM 4.3. Let A and B be n X n complex matrices, and assume that A is
positive stable.

(i) If L(A) ' L(B) has no real eigenvalue, then A + tB is stable for every real
number t.

(ii) If L(A)™'L(B) has real eigenvalues, then let r, and r, be the greatest and the

least real eigenvalues of L(A)™'L(B). Define

1
- rl>0’
r

-0, r,éO,

1
] r2<0’

L= r
O, r2%0.

Then the interval T = (t,, t;) is the maximal interval of constant inertia (n, 0, 0) that
contains the point t = 0.
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Proof. Part (1) follows immediately from the equivalence (LA) < (CI) in Theo-
rem 4.2.

(i) Observe that L(4)~!L(B) has no real eigenvalue in 7, = (—w, —1/#;), nor
in T; = (=1/t,, o). Therefore, L(A4) ' L(B) has no real eigenvalue with negative re-
ciprocal in (0, £;) or in (z,, 0). By Theorem 4.2 it follows that (z;, 0) and (0, ) are
intervals of constant inertia (, », 0) for S(4, B; R). Since A is stable, it follows from
Theorem 3.3 that zero is not an inertia change point for §(4, B; R). Hence, it follows
that T = (¢,, #;) is an interval of constant inertia (#n, 0, 0) that contains the point ¢ = 0.
If t; # —co, then it follows that —1/¢, is an eigenvalue of L(4) ' L(B), and by Theorem
4.2 [1,, 1) is not an interval of constant inertia (n, 0, 0). Similarly, if 7, # co, then it
follows that —1/1, is an eigenvalue of L(A4) ™' L(B), and by Theorem 4.2, (,, £2] is not
an interval of constant inertia (»n, 0, 0). The maximality of T follows. O

DEFINITION 4.4. A square matrix A4 is said to have Property X if the minimal real
part of an eigenvalue of A is an eigenvalue of 4.

For example, Hermitian matrices and Z-matrices have Property X.

THEOREM 4.5. Let A and B be n X n complex matrices, let T be an interval, assume
that L(A) is nonsingular, assume that A + B is positive stable for some t in T, and
assume that A + tB has Property X for evervt in T. Then we have

(CI)«(LA)<(IE)<(A).

Proof. Since A + tB is positive stable for some ¢ in 7, and since 4 + ¢B has Property
X for every ¢ in T, it follows, using continuity arguments (see Lemma 2.6(iv)) that
(A3) = (IE). So (A) = (IE), and our claim follows from Theorem 4.2. O

THEOREM 4.6. Let A and B be n X n complex matrices, let T be an interval, assume
that L(A) is nonsingular, and assume that all eigenvalues of A + (B are real for every t
in T. Then we have

(LA)=>(IE) <= (CI) < (A).

Progf. The implication (A;) = (CI) follows immediately by continuity (see Lemma
2.6(1ii)). So (A) = (CI), and the claim follows from Theorem 4.1. a

We now consider matrix intervals with the same inertia except for a finite number
of points.

First, we restate the implications (ic) — (la) and (a) = (ic) of Theorem 3.3 ina
somewhat different form together with a partial converse.

PROPOSITION 4.7. Let A and B be n X n complex matrices and assume that L(A)
is nonsingular. Let G be the set of inertia change points for S(A, B; R), and let t be a
nonzero number.

(i) Ifte G, then —1/t is an eigenvalue of L(A) ' L(B).

(i1) If —1/tis an eigenvalue of A™'B, then t € G.

The converses of Proposition 4.7(i) and (ii) do not hold in general. We give a
counterexample to the converse of Proposition 4.7(i).

Example 4.8. Consider the matrices

(o ) 27l )

Observe that L(A4) is nonsingular, and that 4 + ¢B has the inertia (1, I, 0) for all ¢ in
[—0.5, o) except 1 = —0.5. However, it is easy to verify that L(A + B) is singular and
hence, by the equivalence of conditions (la;) and (lay), —1/¢ 1s an eigenvalue of
L(A)™'L(B) also fort = 1.
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Proposition 4.7 does not give necessary and sufficient conditions for a point ¢ to
belong to the exceptional set G of inertia change points for S(A4, B; R). However it does
lead to a finite algorithm for finding these points.

ALGORITHM 4.9. For the sake of simplicity, we assume that L(A) is nonsingular.

Step 1. Find the real nonzero eigenvalues of L(A4) ! L(B).

Step 2. Take the negative reciprocals ¢,, * - - , ¢, of the numbers found in Step |.
The inertia change points for S(4, B; R) are those ¢;, i€ {1, - -+, m}, for
which 4 + ¢;B has an imaginary eigenvalue.

Necessary and sufficient conditions for a point ¢ to be an inertia change points for
S(A, B; R) may be obtained under additional assumptions, as will be demonstrated in
the sequel.

First we consider intervals of semistability.

THEOREM 4.10. Let A and B be n X n complex matrices, and assume that L(A) is
nonsingular. Let T be an interval of semistability for S(A, B; R). Then

(i) Forte T, A+ B is near-stable if and only if t + 0 and —1/1t is an eigenvalue
of L(A)"'L(B).

(i1) All the eigenvalues of L(A) ™' L(B) whose negative reciprocals lie in the interior
of T have even multiplicity.

(iii) IfA and B are real, then all the eigenvalues of A~' B whose negative reciprocals
lie in the interior of T have even multiplicity.

Proof. (i) If T consists of one point & then, since A + ¢, B is semistable, it follows
by Proposition 2.5(1i) that 4 + £, B is near stable if and only if L(A + # B) is singular
(so tp # 0 since L(A) is nonsingular), which is true if and only if —1/4 1s an eigenvalue
of L(A)~'L(B). If T consists of more than one point, then it consists of infinitely many
points. By Theorem 3.3, every ¢ for which 4 + ¢B is near stable is an inertia change point
for S(A, B;R). In view of Corollary 3.4, A + tB is stable for all ¢ € T except for a finite
number of ¢’s. Part (i) now follows immediately from the equivalence (LA) <= (CI) in
Theorem 4.2.

(ii) Let X be an eigenvalue of L(A)~'L(B) whose negative reciprocal lies in the
interior of T, and let m be its multiplicity. Let I" be a disc with center at A that contains
no other eigenvalue of L(A4) ™' L(B), and such that the negative reciprocals of real numbers
in I lie in T. Without loss of generality assume that A + ¢B is positive semistable for
every tin T. Since L(A) is nonsingular, it follows that for all sufficiently small positive
8, L(A + &I) is nonsingular. For such 6, (4 + 8I) + ¢B is positive stable for all ¢ in T,
By Theorem 4.2, the operator F(8) = L(A + 8I)~' L(B) has no eigenvalue with negative
reciprocal in T Since F(4d) is an operator on the real space 3 ,, its complex eigenvalues
appear in conjugate pairs. Consequently, F(4) has an even number of eigenvalues in T'.
By Lemma 2.6(i) it now follows that the multiplicity of A as an eigenvalue of L(A4)™' L(B)
is even.

(ili) Let & be a positive number. If A and B are real then C(8) = (4 + 6I)"'Bis
real, and hence the complex eigenvalues of C(§) appear in conjugate pairs. By
Theorem 3.2, if —1/t is an eigenvalue of (A4 +8I)"'B, then —1/t¢ is an eigen-
value of L(A+ 6I)"'L(B). As in the proof of part (ii), for & sufficiently small,
L(A+8I)7'L(B) has no eigenvalue with negative reciprocal in T. Therefore,
(A + 8I)7' B has no eigenvalue with negative reciprocal in 7. Since the complex eigen-
values of C(§) appear in conjugate pairs, it follows that C(4) has an even number of
eigenvalues in . By Lemma 2.6(i) it now follows that the multiplicity of X as an eigenvalue
of A™'B is even. 0O
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Remark 4.11. In general, if 4 + ¢B is near stable then the multiplicity of —1/¢ as
an eigenvalue of L(A4)™'L(B) is not necessarily even. For example, take 4 to be an
identity matrix of odd order, and let B = 4. Then L(4)~'L(B) is an identity matrix
of odd order and hence its only eigenvalue, 1, has odd multiplicity. Yet, 4 — B is
near stable.

Next we assume that all eigenvalues of 4 + ¢B are real for ¢ in an interval T. The
following result is essentially due to Viliaho [7], where it is stated for Hermitian matrices.
It is stated here for the sake of completeness.

THEOREM 4.12. Let A and B be complex n X n matrices and assume that A is
nonsingular. Assume that all eigenvalues of A + tB are real forallt € R. Let —1/t;, i =
1,---,m, wheret, < --+ <, be the distinct nonzero eigenvalues of A~'B. Let T, =
(—oo, ), Ti=(t, ticy),i=1,--+,m,and T,, = (1, ). Then the intervals T;, i =
0, -, m are maximal intervals of constant inertia for S(4, B; R) and the inertia of
each matrix in S(A, B; T;) is of the form (w;, v;, 0),i =0, -+, m.

Proof. Asin Theorem 3.5, by standard results in analysis, T is an interval of constant
inertia for S(A4, B; R) if and only if T contains no inertia change point for S(A4, B; R).
By Theorem 3.3, if —1/t¢ is an eigenvalue of 4 ™' B, then ¢ is an inertia change point for
S(A4, B; R). Our claim now follows from Theorem 4.6. O

5. Stable convex hull of matrices. The results of the previous section can be applied
in several directions. We conclude the paper by demonstrating a sample of such appli-
cations.

The following result was proved for real matrices in [1] and [2].

THEOREM 5.1. Let A and B be n X n complex matrices. Then the convex hull
conv (4, B) is stable if and only if A is stable and L(A)™' L(B) has no nonpositive real
eigenvalue.

Proof. If A is stable, it follows from the equivalence (LA) <+ (CI) in Theorem 4.2,
applied to the matrices 4 and B — 4 and the interval T = [0, 1], that conv (A4, B) is
stable if and only if L(4)™'L(B — A) has no real eigenvalue less than —1, which is.
equivalent to saying that L(4)~'L(B) has no nonpositive real eigenvalue. Since the
stability of conv (4, B) of course implies that A is stable, the result now follows. O

THEOREM 5.2. Let A and B be n X n complex matrices, and assume that all the
matrices in conv (4, B) have Property X. Then the following are equivalent .

(1) The convex hull conv (A, B) is stable.
(ii) A is stable and L(A)~' L(B) has no nonpositive real eigenvalue.

(iii) A is stable and A™'B has no nonpositive real eigenvalue.

Proof. Our claim follows from the equivalences (A) < (LA) <+ (CI) in Theorem
4.5, applied to the matrices 4 and B — A and the interval [0, 1]. (]

The following theorem is found in [4], where it is stated for Hermitian matrices.

THEOREM 5.3. Let A and B be n X n complex matrices, and assume that all the
matrices in conv (A, B) have all eigenvalues real. Then the following are equivalent,

(i) A is nonsingular and A™' B has no nonpositive real eigenvalue.
(ii) All matrices in conv (A, B) are nonsingular.

(iii) conv (A, B) has constant inertia of type («, v, 0).

Proof. (i) <= (ii) follows from the equivalence of conditions (A,) and (A;) applied
to the matrices 4 and B — A and the interval T = [0, 1].

(i) = (iii) by Lemma 2.6 (iii), since all matrices in conv (4, B) have all eigenvalues
real.

(i1i) = (ii) is trivial. O

We end with an example that illustrates Theorem 5.2 and the analogue for the
convex hulls of Theorem 4.10(iii).
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Example 5.4. Let

A=( 2 3)=BT.
-1 2

Then it is easy to show that all matrices in conv (4, B) are M-matrices and hence are
semistable. Furthermore, each matrix in conv (A4, B) is stable, except for (4 + B)/2.
Note that —1 is an eigenvalue of 47'B of multiplicity two. For every positive e,
conv (A4 + eI, B) is stable, and hence, by Theorem 5.2, (4 + &/)~'B has no non-
positive real eigenvalue. Indeed, the eigenvalues of (4 + .11)"'B are approximately
—.8 + .8775i. Note also that every matrix in conv (4 + .1/, B) has Property X, but
(A + .11)7' B does not.
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