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We conlinue our series of papers on the graph theorelic spectral theory of matrices, Let 4 be an A~
matrix. We introduce the concepts of combinatorial vectors and proper combinatorial vectors in the gen-
eralized nullspace E(A4) of 4. We explore the properties of combinatorial bases for E(.4) and Jordan
bases for E(A) derived from proper combinatorial sets of vectors. We use properties of these bases to
prove additional new eonditions for the equality of the (spectral) height {or Weyr) characteristic and
the (graph theoretic) level characteristic of .4. We also explore the role of the Hall Marriage Condilion,
well struciured graphs and their anchored chain decompaositions m the study of the equality of the two
characteristics.

1. INTRODUCTION

With this paper we cantinue the series of papers [6], [4], [7], [S], and [&] on the
graph theoretic spectral theory of matrices. In these papers we put emphasis on
the relation between the combinatorial structure and the spectral structures of the
generalized nullspace of the eigenvalue 0 of an M -matrix (or, equivalently, of the
generalized eigenspace of the spectral radius of a nonnegative matrix). In this topic,
conditions for the equality of the height (Weyr) and level characteristics for the
eigenvalue O of an M -matrix are of particular interest. This question was raised
in Schneider [13], where conditions for the equality of the two characteristics are
proved under some special hypotheses on the singular graph of the matrix. In the
general case, necessary and sufficient conditions are found in Richman-Schneider
[11], and in our recent paper [8], see [8] and the survey [14] for further informa-
tion and references. Related results appear in Richman [10], Bru-Neumann [1], and
Huang [9].
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Let 4 be an M -matrix and let £{A4) be the generalized nullspace of 4. Let 5(A4)
and A(A) be the height and level characteristics of A4 respectively. In [11] it was
proved that 7(A4) = A(A) if and only if E(A) has nonnegative Jordan basis for — A4,
and several other equivalent conditions were proved. In [8] we introduced the con-
cepts of height and level bases for E£(A4) and, using these concepts, we proved a
number of other conditions equivalent to 5(A) = A(A). In this paper we give fur-
ther equivalent conditions bringing the total to 36. Some of the new conditions are
stated in terms of the concept of combinatorial bases for E(A4) which we introduce
here. Combinatorial bases are more general than the Rothblum bases found in [12]
and, for example, in [1], as well as the preferred bases, found in [11], [6] and many
other references. Later in this introduction we describe further main results of our
paper. These involve the Hall marriage condition (first used in this particular con-
text by [10]), well structured graphs and anchored chain decompositions of graphs
(both of which were introduced in [1], the Jatter under the name of covering strate-
gies).

We now describe our paper in more detail. Section 2 is devoted to notation and
definitions. Here we give the definitions of the height of a vector and of the level
of a vector in E(A). We define peak vectors and peak bases, height bases and level
bases for E(A4). We also define the height characteristic 7(4) and the level charac-
teristic A{A).

In Section 3 we introduce (proper) combinatorial vectors, and (proper) combina-
torial bases. We show that every combinatorial basis is a proper combinatorial basis
and alsc a peak level basis, see Corollaries (3.15) and (3.17).

In the graph theoretic Section 4 we explore the role of the Hall Marriage Con-
dition. In [10] it was shown that this condition (or equivalently the existence of
systerns of distinct representatives) for certain sets of predecessors in a graph § is
equivalent to a condition on the combinatorial dual of the level characteristic A(A4).
Here we show these conditions hold if and only if § is well structured, see Theorem
(4.13).

In Section 5 we apply the concepts and results developed in Sections 3 and 4 and
we link graph theoretic and spectral properties. We show that every Jordan basis
for E(A) derived from a proper combinatorial set of vectors comresponds to an
anchored chain decomposition such that the proper combinatorial set corresponds
to the final elements of the chains in the decomposition, see Theorem (5.9). We
show by an example that the converse is false.

In Section 6 we prove the conditions equivalent to f(.A4) = A(A4) that have been
mentioned earlier, see Theorem (6.6). One new equivalent condition, for example,
is the existence of a Jordan basis for £{A) derived from a proper combinatorial
set of vectors. Another is that some combinatorial basis for E{A4) is a height basis.
Other new equivalent conditions involve level bases, or height bases, and the linear
independence of the fundaments of Jordan sets derived from certain subsets of the
bases. We also show that some conditions that appear to have a similar flavor are in
fact not equivalent to n(A4) = A(A4). Our Theorem (6.6) proves a somewhat stronger
form of a theorem in [1] together with a converse that was conjectured there, see
Remark (6.13). At the conclusion of our paper another conjecture on well structured
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graphs in [1] is proved as a corollary to a result which extends a theorem in [10],
see our Theorem (6.14) and Corollary (6.15).

This paper and our paper [8] discuss conditions for the equality of the level char-
acteristic and the height characteristic of an M -matrix. A more general question
concerning the relation between the two characteristics for M-matrices is raised in
[14]. Some results for a similar question for general matrices over an arbitrary field
are found in [5] and [3]. We hope that the concepts of height bases, level bases,
peak vectors and bases, and combinatorial vectors and bases, defined in [8] and in
this paper, will prove useful in further study of these questions.

2. NOTATION AND DEFINITIONS

In this paper we always assume that 4 is an n x n matrix. Most of our results are
on M -matrices (see Definition (2.27)). However some of them and almost all the
definitions and notation in this section hold for general matrices over an arbitrary
field. Some definitions and notation are given in the rest of the paper. Almost all
the definitions and notation given in this section are given in [8], where some further
explanations may be found.

(2.1) Notation For a positive integer n we denote by (n) the set {1,...,n}.
(2.2) Notation For a set a we denote by |a| the cardinality of «.
(2.3) Notation For the matrix 4 we denote:

N (A)—the nullspace of A.

n{A)—the nullity of A4 (the dimension of N(A4).

E(A)—the generalized nullspace of A, viz. N(A™).

m{(.A)—the algebraic multiplicity of 0 as an eigenvalue of 4 (the dimension
of E(A)).

index(A)—the index of 0 as an eigenvalue of 4, viz., the size of the largest

Jordan block associated with 0.

(2.4) Definition  An mx n matrix is said to have fudl column rank if its rank
equals 7.

(2.5) Definition Let B and C be m x n matrices. We say that B and C have the
same zero pattern if b;; = 0 if and only if ¢;; =0 for all i € (m), j € (n}.

(2.6) Definition For a vector x in E(A4) we define the height of x, denoted by
height(x), to be the minimal nonnegative integer & such that 4%x = 0.

(2.7) Definition Let p = index(A4). For i € {p) let n;(A) = n(4’)— n(A1). The
sequence (m(A),...,np(A4)) is called the height characteristic of A, and is denoted
by 7(A). Normally we write #; for 7;(4) where no confusion should result,

We remark that in many references the height characteristic of a matrix 4 is
called the Weyr characteristic of A, e.g. [13].
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(2.8) Definition Let A4 be a square matrix and let index(4) = p.

(i) Let & be a set of vectors in E(A4), and let ;(S) be the number of vectors
in & of height k. We define the height signature 7(5) of & as the p-tuple

(M(S) (S, 1y(S5))-
(ii) A basis B for E(A) is said to be a height basis for £(A4) if 7(B) = n(A).

(29) Definition Let A4 be a singular matrix.

(i) A sequence (_x‘,...,x‘) of vectors in E(A4) is said to be a Jordan chain for
Aif Ax* = x*-1ie{2,...,1}, and Ax! =0. We call x* the fop of the chain
(x},..,xh).

(i) A basis for £(A4) that consists of disjoint Jordan chains for 4 js said to be a
Jordan basis for E(A).

As is well known, £(.4) always has a Jordan basis.

(2.10) Remark Observe that every Jordan basis for A4 is a height basis, but clearly
a height basis need not be a Jordan basis.

We continue with some graph theoretic definitions. All the graphs we dea! with
are simple directed graphs.

(2.11) Definition A graph G is said to be a subgraph of a graph H (GC H)if G
and H have the same vertex set, and if every arc of & is an arc of H.

(2.12) Definition Let G be a graph.

(i) Let i be a vertex of G. A vertex j is said to be a predecessor of i if j =i or if
there is a chain from j to i in G. The set of all predecessors of i is denoted
by Ag (D).
(i) Let T be a set of vertices in G. We denote by Ag(T) the set | J;.r Ag(f).
(iii) Normally we write A(i) and A(T) for Ag(i) and Ag(T) respectively where
no confusion should result.

(2.13) Notation Let G be a graph, and let T be a set of vertices in G. We denote
by top(T) the set {i € T : i ¢ A(T\{i})}.

(2.14) Definition Let G be an acyclic graph, i.e., a graph that contains no simple
cycle other than loops. Let i be a vertex of G. We define the level of i, level(Y), as
the maximal Jength (number of vertices) of a simple chain in G that terminates at i.
We call the set of all vertices of level j the jth level of G. Let G have g levels, and
let A; be the cardinality of the jth level of G. The sequence (Ay,...,A,) is called the
level chargcteristic of G.

Let 4 be a square matrix over some field. As is well known, after performing
an identical permutation on the rows and the columns of 4 we may assume that
A is in Frobenius normal form, namely a (lower) triangular block form, where the
diagonal blocks are square irreducible matrices.

(2.15) Convention We shall always assume that 4 is an # x # matrix in Frobenius
normal form (A;;)]. Also, every n-vector b will be assumed to be partitioned into r
vector components b; conformably with 4.

e o
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(2.16) Notation For an n-vector b we denote by supp(b) the set {i € {r) : b; # 0}.

(2.17) Definition The reduced graph R(A) of A is defined to be the graph with
vertices 1,...,r and where (f,) is an arc if and only if 4;; # 0. Note that R(A4) is
acyclic.

(2.18) Definition A vertex i of R(A) is said to be singular if A;; is singular. The
set of all singular vertices of R(A) is denoted by S.

(2.19) Definition The singidar graph S(A) of A is defined to be the graph with the
vertex set S, and where (4, ) is an arc if and only if { € Ag4)(f). Note that S(A) is
a transitive acyclic graph.

(2.20) Definition Let b be an n-vector. The level of b, denoted by level(b), is de-
fined to be the maximal level in S(A) of a singular vertex [ such that b; # Q.

(2.21) Definition A vector x € E(A) is said to be a peak vector if height(x) =
level(x). A subset of E(A) that consists of peak vectors is called a peak set of
vectors. A basis for E(A) that consists of peak vectors is called a pesk basis for
E(A).

(2.22) Definition The cardinality of the jth level of S(A) is denoted by A;(A). Let
S(A) have g levels. The level characteristic (A((A4),...,A7(A)) of S(A) is called the

level characteristic of A, and is denoted by A(A4). Normally we write }; for A;(A4)
where no confusion should result.

(2.23) Convention We shall always assume that the levels of S(A4) are Ly,...,Lg.
The level characteristic of A4 will be assumed to be (Ay,...,A;). The height charac-
teristic of A4 will be assumed to be {71,...,7,).

(2.24) Definition
(i) Let & be a set of vectors in E(A), and let A (S) be the number of vec-

tors in & of level k. We define the level signature A(S) of § as the g-tuple

(AI(S)! '\2(3)! vy Aq(s))-
(i) A basis B for E(A) is said to be a level basis for E(A) if A(B) = A(A4).

(2.25) Remark Usually we order a level basis such that the levels of the vectors
are non-increasing.

(2.26) Definition A basis B for E(A4) is said to be a heiglt-level basis for E(A4) if
B is both a height basis and a level basis for E(A4).

(2.27) Definition A Z-matrix is a square matrix of the form A = af — P, where a
is a real number and P is a (entrywise) nonnegative matrix. Such a Z-matrix is an
M-matrix if a is greater than or equal to the spectral radius of P,

{2.28) Remark It is well known that for an M -matrix A we have p = g, see [12],
[11].

(2.29) Definition A vector b is said to be (strictly) positive (b 0) if all its entries
are positive.
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(2.30) Definition Let H be a set of vertices in R(A4), and let & = |H|. A set of
vectors {x',i € H} is said to be an H-preferred set (for A) if

xj- >0 if fe AR(A)(i)

; e } ieH, je(r)h
x;=0 if J ¢ Areay(i)

and
—Axt = Zc,-kx", i€ H,
ied

where the ¢ satisfy

e > 0 if keA PN
Cik > i E' rea (N }} icH.
ci =0 otherwise
(2.31) Definition Let H be a set of vertices in R(A4). An H-preferred set that
forms a basis for a vector space V is called an H-preferred basis for V. An §-
preferred basis for E(A4) (if exists) is called a preferred basis for A.

(2.32) Remark By the Preferred Basis Theorem (see paper [6] and the references
there), if 4 is an M -matrix then there exists a preferred basis for E(A4).

3. COMBINATORIAL BASES

(3.1) Definition Let A4 be an M -matrix, and let { be a singular vertex in R(A4).

(i) A vector x in E(A) is said to be an i-combinatorial vector if supp(x)C
Dgeay(d).
(i) An i-combinatorial vector x is said to be a proper i-combinatorial vector if
x; #0.
(ifi) A vector in E(A) is said to be a combinatorial [proper combinatorial] vector
if it is an i-combinatorial [proper i-combinatorial] vector for some singular
vertex I.

We remark that an i-combinatorial vector x is defined in (5] to be a weak i-
combinatorial extension.

(3.2) Definition Let A be an M-matrix, and let T be a set of singular vertices in
R(A).

(i) Aset {x' :igeT} of vectors in E(A) is said to be a T-combinatorial set if x*
is an {-combinatorial vector, i € T.
(i) A set {x':ieT} of vectors in E(A) is said to be a proper T-combinatorial
set if x* is a proper i-combinatorial vector, i ¢ T
(iti) A set of vectors in E(A) is said to be a combinatorial {proper combinatorial]
set of vectors if it is a T-combinatorial [proper T-combinatorial] set of vectors
for some set T of singular vertices.
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(3.3) Remark Observe that every weakly preferred basis for E(4), as defined in
[5], is a proper S-combinatorial set of vectors.

(3.4) Observation Let x be an i-combinatorial vector. If x is a proper i-combina-
torial vector then we have level(x) = level(¥). Otherwise we have level(x) < level(Z).

(3.5) Observation Let x be a proper i-combinatorial vector. Then the vector x; is
a nonzero vector in E(A;) = N(A4;;). Therefore, since N(4;;) is one dimensional,
it follows that x; is a nonzero scalar multiple of the unique unit (length 1) positive
nullvector of A4;;.-

(3.6) PROPOSITION Every proper combinatorial vecior is a peak vector.

Proof Let x be a proper i-combinatorial vector. Let B be a preferred basis for
E(A). By Remark (3.3), there exists a proper i-combinatorial vector y in 5. Denote
by k the level of i. By observation (3.5) we can find a scalar ¢ such that the vector
z; = (x + cy); = 0, and hence the vector z = x + ¢y is an i-combinatorial vector but
not a proper i-conibinatorial vector. By Observation (3.4), the level of z is less than
k, and by Corollary (4.17) in [8], height(z) < k. Since height(y) = k, it follows that
height(x) = height(z —cy) = k = level(x). | |

(3.7) COROLLARY Every proper combinatorial set of vectors is a peak set.
The following elementary lemma is proven as Lemma (3.1) in [7].
(3.8) LEMMA For every vector x we have supp(Ax) C Agcqy(supp(x)).

(3.9) PROPOSITION Let T be a set of singular vertices in R(A), let T =(x* : i € T}
be a proper T-combinatorial set of vectors, let c;, i € T, be nonzero scalars, and let

y= Zc;xi.

i€T
Then:

(i) y; # 0 for every j € top(T).

(i) level(y) = max(level(x*): i € T}.
(iif) (Ay); = 0 for every j € top(T).
(iv) level(Ay) < level(y).
Proof )

(i) Clearly, y; =c ,-xj # 0 for every j € top(T).

(i) follows from (i).
(iit) follows from Observation (3.5).

(iv) follows from Lemma (3.8) and (iii). |

(3.10) THEOREM Every proper combinatorial set of vectors is linearly independent.

Proof Let T be a proper T-combinatorial set of vectors. It follows from Propo-
sition (3.9) that every nontrivial linear combination of elements of 7 is not equal to
zero. Our claim follows. L
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(3.11) Definition A basis for E{A) which is a combinatorial [proper combinatgrial]
set of vectors is said to be a combinatorial {proper combinatorial] basis for E(A).

(3.12) PROPOSITION Every proper combinatorial set of vectors can be completed to
a proper combinatorial basis for E(A).

Proof let TCS, and let T be a proper T-combinatorial set of vectors. By
Lemma (3.2) in [5], for every i € S there exists a proper i-combinatorial vector x' in
E(A). Let S be a proper S-combinatorial set of such vectors. Observe that the union
B of T and the proper (S\T)-combinatorial subset of S is a proper S-combinatorial
set of vectors. Since the cardinality of B is m{A4), it follows from Theorem (3.10)
that B is the required basis.

(3.13) PROPOSITION Every combinatorial basis for E(A) is an S-combinatorial set
of vectors.

Proof Let B be a combinatorial basjs for E(A). By Definition (3.11), B is a 7-
combinatorial set of vectors for some 7 C S. By Definition (3.2), the cardinality of
B is |T|. Since the cardinality of a basis for E{A) is m(A) = |5|, it now follows that
T=S8. L

(3.14) THEOREM Let B = {x' : i € 8} be a combinatorial basis for E(A). Then x*
is a proper i-combinatorial vector, i € 8.

Proof letic S be of minimal level k such that the i-combinatorial vector x7 is
not a proper i-combinatorial vector. It follows from Observation (3.4) that

k-1 k-1
D AAY <D A(B),
j=1 j=1

which contradicts (4.27) in [8]. |
(3.15) COROLLARY A combinatorial basis {x' : i ¢ §} for E(A) is a proper combi-
natorial basis.

(3.16) Remark Tt follows from Theorem (3.14) and Corollary (3.15) that combina-
torial bases and proper combinatorial bases are the same. Therefore, in general we
use only the term “combinatorial basis”.

(3.17) COROLLARY Every combinatorial basis for E{A) is a peak level basis.

Proof let B be a combinatorial basis for E{A). It follows from Theorem (3.14)
and Corollary (3.7) that B is a peak basis. It follows from Theorem (3.14) and
Observation (3.4) that B is a level basis. |

(3.18) PROPOSITION Let B = {x' : i € S} be a combinatorial basis for E(A), and
let x € E(A). The coefficients c; in the expression

x= E c,—x'
ies

satisfy ¢; = 0 whenever i ¢ Apgqy(supp(x)).
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Proof LetT ={i€ S :¢;# 0}. By Proposition (3.9.i), top(T) C supp(x). Hence,
T C Ageay(top(T)) C Bregy(supp(x)), and the result follows. [ |

(3.19) THEOREM Let B = {x' : i € §} be a combinatorial basis for E(A), and let
j € S. The coefficients ¢; in the expression

Ax! = Zc,-xi

I€T
satisfy ¢; = 0 whenever i = j or i ¢ Ageay(J)-

Proof Let T ={i €S :c; #0}. By Proposition (3.18) we have T C supp(Ax/).
Since, by Lemma (3.8), we have supp(Ax/} C Ageay(supp(x/)) = Ageyy(j), it now
follows that T C Agey(f).- We now show that j € T. Assume that j € T. Then, since
T C Apeay(J), it follows that j € top(T"). By Proposition (3.9.i) it implies that (Ax/);
# 0. However, it follows from Proposition (3.9.ii) that (Ax/); = 0. This contradic-
tion yields that j ¢ T. | |

(3.20) Remark In view of Remark (3.3), Theorem (3.19) proves that for M -ma-
trices, combinatorial bases and weakly preferred bases coincide.

We continue with the definition of induced matrices, as defined in Definition (7.1)
in [8]. Induced matrices occur in [11] under the name of S-matrices. We shall use
this definition in the sequel.

(3.21) Definition Let A be an nx n matrix and let 8 = {x',...,x™)} be a basis
for E(A).

(i) We define the corresponding basis matrix to be the n x m(.4) matrix whose
columns are x!,...,x™), We normally denote this matrix by B.

(i) Clearly there exists a unique m(A) x m{4) matrix C such that AB = BC. W
call this matrix the induced matrix for 4 by B, and we denote it by C(A, B).

(3.22) Observation (see Observation (6.6) in [8]) Let (A,...,A;) be the level char-
acteristic of an M -matrix 4, and let B be a level basis for 4. We partition C into
a p x p block matrix where the ith diagonal block is a Ap+1_; X Aps—; matrix. By
Lemma (4.13) in [8], for every nonzero element x of E(.4) we have level(4x) <
level(x). Therefore, C in its block form appears as

Co1p O 0
C= '.'
0
Cp - Cg O

Observe that our indexing of blocks is unusual. However, it is natural for this prob-
lem and it is consistent with the indexing used in [11] and [8]. It follows from
the definition of a preferred basis that if B is a preferred basis then the biocks
12,44+, Cp1,p have no zero columns.
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We conclude the section with a corollary that follows immediately from Theorem
(3.19) and from the definition of induced matrices.

(3.23) COROLLARY Let B be a combinatorial basis for E(A) and let C = C(A,B).
Then G(C) is a subgraph of S(C), which is a subgraph of S(A) (after relabelling of
vertices).

4. THE HALL CONDITION

In this section we show the relation of the Hall Marriage Condition to the con-
cept of a well structured graph as defined in [1], and to an equivalent condition in
[10].

We first state Hall’s marriage Theorem essentially as it is found in [2, p. 155].
(4.1) THEOREM Let Ei,...,Ey be subsets of a given set E. Then the following are
equivalent:

(i) We have

>lal, forall oC(h). (42)

s

iEa

(i) There exist distinct elements ey,... ey of E such that e; € E;, i € (h).

The condition (4.2) is often referred to as the Hall Marriage Condition. We re-
fer to the equivalent condition (ii) as the SDR (systern of distinct representatives)
Condition.

(4.3) COROLLARY Let Q be an mx n maurix, and define the sets Ej, j € (n), by
E; = {i€ (m): g # 0}. Then the following are equivalent:

(i) There exists a nonnegative matrix C of full column rank which has the same
zero pattern as .
(i) There exists a matrix C of full column rank which has the same zero pattern
us Q.
(i) The sets Eu,..., E, satisfy the Hall Marriage Condition.

Proof

(i) =(ii) is obvious.

(ii) =(iii) Let C be a matrix satisfying (ii). Then C has a nonsingular n x n sub-
matrix, which implies that there exist distinct ey,...,e, in (m) such that
Cej # 0. Hence also ge;j # 0, and the sets E),..., E, satisfy the SDR
Condition. Our claim follows by Theorem (4.1).

(iii) = (i) If the sets E\,..., E, satisfy the Hall Marriage Condition, then by The-
orem (4.1) we can find distinct ey,...,e, in (m) such that ¢.; # 0. We
set ¢p;; =1, j €(n), we set ¢;; =€ >0 whenever gi; # 0 and { # ¢,
i € (m), j € (n), and we set all other entries of C equal to 0. If € is suf-
ficiently small, then it is clear that C has a nonsingular n x n submatrix,
and hence C has full column rank. o
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{(4.4) Definition Let § be an acyclic graph. A chain (f,...,i;) is called an anchored
chain if the level of iy, is k, k € {r).

(4.5) Definition Let S be an acyclic graph.

(i) A set k of chains in § is said to be a chain decomposition of § if each vertex
of § belongs to exactly one chain in &.
(if) A chain decomposition k of S is said to be an anchored chain decomposition
of § if every chain in & is anchored.
(iii) S is said to be well structured if there exists an anchored chain decomposition
of S.

We comment that the term “well structured” is essentially due to [1]. An an-
chored chain decomposition of § is called there a covering strategy for S.
In view of Definition (2.11), the following proposition is clear.

(4.6) PROPOSITION Let G be a subgraph of a G'. If G is well structured then G'
is well structured. Furthermore, every anchored chain decomposition of G is an an-
chored chain decomposition of G'.

(4.7) THECREM Let S be an acyclic graph with levels L,,...,Ly, and let L} be a
subset of Ly, k € (g — 1). The following are equivalent:

(i) The sers El = A(Q)N Ly, i € Ly, satisfy the Hall Marriage Condition for all
ke{g-1).

(1) S is welf structured, and there exists an anchored chain decomposition k for S
such that all the elements in IL4\L;, k € (g — 1), are final elements of chains
in K.

Proof

(i) =(U) It follows from (i) that the sets E; = A({) N Ly, i € L4y, satisfy the Hall
Marriage Condition, for all k € {g ~1). We prove our assertion by in-
duction on g. For ¢ =1 there is nothing to prove, Assume our claim
holds for ¢ < h, > 1, and let g = h. Let §' be the acyclic graph ob-
tained from § by removing the level L;. By the inductive assumption
there exists an anchored chain decomposition ' for §* such that all
the elements in Ly\L}, k € {g—2), are final elements of chains in x'.
Clearly, all the elements in L;_; are final elements of chains in x’. Since
the sets Ef = A({)NL;_;, i € Ly, satisfy the Hall Marriage Condition,
it follows from Theorem (4.1) that we can find distinct predecessors in
Lg_, for the elements of L,. Accordingly, we append the elements of
Ly, to the corresponding chains in k' and we obtain an anchored chain
decomposition x for § which satisfies the conditions in (ii). By Defini-
tion (4.5), § is well structared.

()= (i) This implication follows very easily by induction on the number g of
levels of S, by use of the equivalence of the Hall Marriage Condition
and the SDR Condition. The details are omitted.

(4.8) Definition Let g = (yy,...,44) be a non-increasing sequence of positive inte-
gers. Consider the diagram formed by ¢ columns of stars, such that the jth column



32 D. HERSHKOWITZ AND H. SCHNEIDER

(from the left) has p; stars. The sequence p* dual to p is defined as the sequence
of row lengths of the diagram (read upwards).
The following observation and proposition are well known.

(4.9) Observation Two equivalent definitions of u* are the following:

() Let p = (y1,...,44;) be a non-increasing sequence of positive integers, and let
s = p1. The sequence u* = (u7,..-,47) dual to p is defined by

pp =max{i € {f) : i > k}, k¢ {s).

(i) Let g = (p,,...,4;) be 2 non-increasing sequence of positive integers. The
sequence pu* dual to p 1s the non-increasing sequence of positive integers
contained in (¢}, where for every k € (r}, the number of elements of u* that
are equal to k is equal to the difference pg — pg4y (where p,41 is defined to
be 0).

(4.10) PROPOSITION Let p* = (u},..-, ;) be the sequence dual to = (...t}
Then

() pr+ b= p o+ py

(i) (1) = g

(4.11) Definition The length signature h(x) of a set & of chains in § is defined to
be the sequence of the lengths of the chains in &, ordered in a non-increasing order.

(4.12) THEOREM Let § be an acyclic graph with lgvel characteristic A = (Ay,..., A4}
and let k be a chain decomposition of S. Then the following are equivalent:

() & is an anchored chain decomposition of 3.
(ii) A is a non-increasing sequence, and h{K) = A*.

Proof

(1) =(i1) If x is an anchored chain decompasition of § then, in view of Definition
(4.8), it is easy to verify that A(k)* = A. Hence, A is non-increasing. By
Proposition (4.10.ii) it now follows that A(x) = A*,

{(ii) =(3) Clearly all chains of length g are anchored. Since A(k) = A*, it follows
that the number of such chains is A,. Therefore, the other chains form a
chain decomposition for an acyclic graph with level characteristic A’ =
(A1~ Agy. - A — Ay), where k is the greatest index such that Ag > A,.
Since A = h(k)*, it follows from Definition (4.8) that A’ is the dual of
the sequence obtained by eliminating the first A, elements of (k). Our
assertion now follows using induction.

(4.13) THEOREM Let S be an acyclic graph with levels Ly, ..., L, Then the following
are equivalent.

(i) § is well structured.
(ii) The sets E; = A({)N Ly, i € Ly, satisfy the Hall Maniage Condition, for all
ke(g-1).
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(iti) The level characteristic A of S is a non-increasing sequence, and there exists a
chain decompoaosition k of S such that (k) = A*.

Proof

(i) < (ii) follows from Theorem (4.7) with L} = Ly, k € (g — 1}.

(i) =(iii) By Definition (4.5), (i) means that there exists an anchored chain de-
composition of S, and (ifi) follows by Theorem (4.12).

(iii) = (i) Let « be a chain decomposition of § snch that A{x) = A*. By Theorem
{4.12), & is an anchored chain decomposition of §, and by Definition
(4.5), § is well structured. n

We note that the equivalence of conditions (i) and (iii) is already proven in [10].
Thus, Theorem (4.13) also follows from our Theorem (4.12) and Theorem 4.4 in
[101, without the use of Theorem (4.7). However, the general case of Theorem (4.7)
in full strength will be applied in the sequel, and it does not follow from Theorem
(4.13).

5. JORDAN BASES DERIVED FROM PROPER COMBINATORIAL SETS

In this section we apply the graph theoretic tools developed in the previous sec-
tion in order to obtain a necessary condition on the tops of the chains in a Jordan
basis, provided the set of tops is a proper combinatorial set of vectors.

(5.1) Definition Let W and W), be subspaces of a vector space 7. We say that a
vector z in V is in W) modudo W, if z can be written as z = x + y, where x € W)
and yE Wz.

(5.2) LEMMA Let yl,...,y™ be elemenis of a Jordan basis B for A, all of same
height 1, all tops of chains. Then no nontrivial linear combination of y!,...,y™ is in
Range(A) modulo N{A'™1).

Proof Assume that there exists a nontrivial linear combination y of y!,...,y™
which is in Range(4) modulo N(A'~!). Then y = Ax + w, where w € N(4'1).
Since B is a height basis, it follows from Proposition (3.14) in [8] that the expres-
sion of w as a linear combination of elements of B does not involve elements of
height greater than or equal to #, and therefore it involves none of y2,...,y™. Note
that x € E(A4). So x can be expressed as a linear combination of elements of 3.
Consequently, Ax is a linear combination of elements of B, none of which is a
top of a chain. Therefore, the expression of Ax involves none of y!,...,y™. Hence,
the expression of Ax + w involves none of y!,...,y™, which contradicts the equality
y=Ax+w.

(5.3) PROPOSITION Ler B be a height basis for an M-matrix 4, and let t be a
positive integer, 1<t < p. Let x,...,x™ be the elements of B with height !, and let
yL, ...,k be the elements of B with height t — 1. Furthermore, assume that y™*1, . yk
are tops of chains in some Jordan basis 7 for E(A). Suppose that
k
Axt = chiyj + wy, where w; € N(A™2), i {m).
j=1
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Then the mairix C = (c;;)7" is nonsingular.

Proof Suppose that C is singular and let d be a nonzero m-vector such that
Cd = 0. Define the n-vector x by

m
X = Zd,‘l’l.
i=1

Then x # 0. Also, by Proposition (3.14) in [8], x ¢ N(A~') and hence
Ax ¢ N(A'H). (5.4)
Note that

Axr = ZZd;cj,-yf +v, where v € N{A'~%). (5.5)
i=1 j=1

Since Cd = 0 it now follows from (5.5) that

m
Z Z ﬂy.f + v, where ve N(A"’z). (5.6)

':] i=m+

By (5.4) it now follows that

m k )
D05 dicqy!

i=1 j=m+l

is a nontrivial linear combination of y™¥1,..., y", and hence (5.6) is a contradiction
to Lemma (5.2). ||

We continue with the definition of Jordan set derived from a given set of vectors
in E(A).

(5.7) Definition Let A be a matrix.

(i) Let x be a vector in E(.4), and let £ = height(x). The Jordan chain (x, Ax,...,
A'"2x, 4*~1x) is said to be the Jordan chain derived from x. The vector
A*1x is said to be the fundament of x.

(if) Let S be a set of vectors in E(A). The multi-set which consists of the umon
of the Jordan chains derived from the elements of S is said to be the Jordan
set derived from &. The multi-set which consists of the fundaments of the
elements of S is said to be the fundament of S.

(iti) Let & be a set of vectors in £(A4), and let 7 be the Jordan set derived from
S. If J is a (Jordan) basis for A then we say that 7 is the Jordan basis for
A derived from S.

(5.8) Observation 1t is easily shown that the Jordan set derived from & is linearly
independent if and only if its fundament is linearly independent. A related resolt is
proved in Lemma 2.1 in [1].
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(5.9) THEOREM Let A be an M-matrix and assume that 7(A) = A(A) Let T be a
set of singular vertices. If there exists a Jordan basis J for A derived from a proper
T-combinatorial set of vectors, then there exists an anchored chain decomposition &
of S(A) such that T is the set of final vertices of the chains in &,

Proof Let J be a Jordan basis derived from a proper T-combinatorial set 7.
Let k € (p), and let Ty be the set of k-level vertices in T. Since 7 is the set of
the tops of the chains in 7, and since 5{4) = A(A4), it follows that the cardinality
of Ty s e — M1 = A — Ags1, Where 9,41 = A4 = 0. Let L) = Ly \T;. Without
loss of penerality we assume L is indexed by the first Az, elements of L;. By
Proposition (3.12), T can be completed to a combinatorial basis B. Let C be the
induced matrix C(A4,B). By Proposition (5.3), the first Mgy rows of Cpe4y form
a full column rank matrix for all k € {p — 1}. This implies, by Corollary (4.3), that
the sets E; = Agcy(§)N Ly, § € Lg+y, satisfy the Hall Marriage Condition, for all
k € {p—1). By Theorem (4.7), there exists an anchored chain decomposition & for
G(C) such that the elements in Ty = Li\L}, k € (p), are final elements of chains
in K.

We must still show that 7 is the set of all final vertices in the chains in &, and
that & is an anchored chain decomposition for S(A4). The first statement follows
since the number of the Jordan chains in 7 is A, and the number of chains in & is
Ar. The second statement follows by Proposition (4.6), since by Propaosition {3.23),
G(C) is a subgraph of S(A4). ||

The converse of Theorem (5.9) is false in general. In the following example we
give an M-matrix A with n{4) = A(A), and a set T of singular vertices, such that
there exists no Jordan basis derived from a proper T-combinatorial set of vectors,
although there exists an anchored chain decomposition & of ${4) such that T is the
set of final vertices of the chains in &.

(5.10) Example Let

0 000

0 000
A=1-1 -1 0 0 0
-1 -1 000

-1 -2 0 00

We have 77(A4) = A(A4) = (3,2). It is easy to see that (3,1), (4,2) and (5) form an
anchored chain decomposition & of S{A4), where the set of final vertices of chains
in & is T = {1,2,5}. However, every proper S-combinatorial vector is of the form
[0 0 0 0 c]", where ¢ # 0. Since this vector is in Range(A), it follows from Lemma
(5.2) that it cannot be a top of a Jordan chain in a Jordan basis.

6. EQUALITY OF THE HEIGHT AND THE LEVEL CHARACTERISTICS

In this section we add twenty three statements equivalent to the conditions in
Theorem (8.1) in [8]. The section in concluded with an affirmative answer to a
conjecture in [1].
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(6.1) Definition Let A be a square matrix and let B be a height basis for E(A). A
Jordan basis for A that is derived from a subset of B is called a Jordan basis linked
1o B.

(6.2) Observation Let J be a Jordan basis linked to a height basis B, and let §
be the subset of B such that J is derived from S. Then & is the set of the tops
of the Jordan chains in 7, and hence nu(S) = Me+1(A) — n(A), k € {(p — 1), and
1p(8) = 7p(A).

(6.3) Remark Jordan bases Jinked to height bases are defined in Definition (6.7) in
[8). Proposition (6.1) in [8] proves that for every height basis B, there exists a Jordan
basis 7 that is linked to 3. The proof of that propasition describes the construction
of sucha 7.

{(6.4) Definition Let & be a set of vectors in E{A). We define the level sum of S
to be the sum of the levels of the elements of S.

(6.5) PROPOSITION If x € E(A) is a peak vector then Ax is a peak vector.

Proof By two results in [8], Lemma (4.13) and Corollary (4.17), we have level(x)
—1 = height(x) — 1 = height{A4x) < level(Ax) < level(x), which yields that height
(Ax) = level(Ax). [

We now come to the main result of the section, which adds 23 Conditions to
Theorem (8.1) in [8].

(6.6) THEOREM Ler A be an M -matrix. The following are equivalent:

1. 9(A) = A(A).
2. Every vector in E(A) is a peak vector.
3. Every basis for E(A) is a peak basis.
4. Every height basis for E{A) has a peak subsei S with level sum m{.A) such that
the fundament of 8 is linearly independent.
5. Every height basis for E(A) has a peak subset S such that the Jordan set derived
Jrom & is a Jordan basis for A.
6. Some height basis for E(A) hus a peak subset S with level sum m(A) such that
the fundament of 8 is linearly independent.
7. Some height basis for E(A) has a peak subset S such that the Jordan set derived
from S is a Jordan basis for A.
8. Every level basis for E(A) has a peak subset § with level sum m{A) such that
the fundament of 8 is linearly independent.
9. Every level basis for E(A) has a peak subset S such that the Jordan set derived
from S is a Jordan basis for A.
10. Every level basis for E(A) has a subset § with level sum m(A) such that the
fundament of 8 is linearly independent.
11. Every level basis for E(A) has a subset § such that the Jordan ser derived from
& is a Jordan basis for A.
12. Every combinaturial basis for E(A) has a subser & w:th level sum m(A) such
that the fundamenit of S is linearly independent,
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Every combinatorial basis for E(A) has a subset S such that the Jordan set
derived from § is a Jordan basis for A.

Some combinatorial basis for E(A) has a subset § with level sum m(A) such
that the fundament of S is linearly independent.

Some combinatorial basis for E(A) has a subset & such that the Jordan set
derived from S is a Jordan basis for A.

Some level basis for E(A) has a peak subset § with level sum m(A4) such that
the fundament of S is linearly independent.

Some level basis for E(A) has a peak subset S such that the Jordan set derived
from & is a Jordan basis for A.

Some peak basis for E(A) has a subset S with level sum m(A) such that the
fundament of S is linearly independent.

Some peak basis for E(A) has a subset S such that the Jordan set derived from
§ is a Jordan basis for A.

There exists a peak set S with level sum m(A) such that the fundament of S is
linearly independent.

There exists a Jordan basis for A which is derived from a peak subset of E(A).
Some height basis for E(A) is a peak basis.

Every height basis for E(A) is a level basis for E(A),

Every level basis for E(A) is a height basis for E(A4).

Some preferred basis for E(A) is a height basis for E(A).

Some combinatorial basis for E(A) is a height basis for E(A).

There exists a Jordan basis for A which is derived from a proper combinatorial
set of vectors,

There exists a nonnegative height-level basis for E(A).

There exists a nonnegative height basis for E(A).

There exists a nonnegative Jordan basis for — A.

For all j, j € (p), there exists a nonnegative basis for N(A)).

For every level basis B for E(A) with induced matrix C = C(A,B), the block
Cix+1 has full column rank for all k € (p—1).

There exists a level basis B for E(A) with induced matrix C = C(A,B), such
that for all k € {p — 1) the block Gy +1 has full column rank.

For every combinatorial basis B for E(A), there exists a proper T-combina-
torial subset of B with linearly independent fundament, where T is the set
of final vertices of the chains in some anchored chain decomposition of
S(A).

There exists a proper T-combinatorial set of vectors with linearly independent
fundament, where T is the set of final vertices of the chains in some anchored
chain decomposition of S(A).

There exists a proper T-combinatorial set of vectors with linearly independent
Jundament, where the sum of the levels of the vertices in T is m(A).

Proof The equivalence of Conditions (1), (2), (3), (22), (23), (24), (25), (28),
(29), (30), (31), (32), and (33) is proven in Theorem (8.1) in (8], Therefore, it is
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enough to prove the implications:

@DeG); O« ®<<O); (16 (17); (18) e (19).
@)= @)= ()= 0= (21) = (22),
(&2 = (8)= (10)= (12) = (14 = (16) = (20),
= (11)=(13)= (15)= (17),
(14) = (18) = (20),
(25) = (26) = (27) = (21),
(13)= (34) = (35) = (36) = (20),

(4) 2 (5); (6) = (7); (8) « (9); (16) & (17); (18) & (19). All these equivalences fol-
low from Observation (5.8).

(3)= (4). Let B be a height basis for £(A4), and let 7 be a Jordan basis linked to
B. Since by (3) B is a peak basis, it follows from Observation (6.2) that the set &
of the tops of the chains in J satisfies the conditions of (4).

{(4) = (6) = (20) is trivial.

(20) = (21). Let S satisfy the conditions in (20). By Observation (5.8), the Jordan
set J derived from & is a linearly independent set. Furthermore, since J is de-
rived from the peak set & with level sum m(A), the cardinality of 7 is m(.A), and
hence 7 is a Jordan basis for A4,

(21) = (22). Let J be a Jordan basis for A which is derived from a peak subset of
E(A). By Proposition (6.5), J is a peak basis, and (22) follows.

(4)&(24) = (8) = (10) are all immediate.

(10) = (12) follows since every combinatorial basis is a level basis.

(12) = (14) is trivial.

(14) = (16) follows since every combinatorial basis is a peak level basis.

(16) = (20) is immediate.

(9) = (11) is trivial.

(11) = (13) follows since every combinatorial basis is a level basis.

(13) = (15) is trivial.

(15) = (17) follows since every combinatorial basis is a peak level basis.

(14)= (18) follows since every combinatorial basis is a peak basis.

(18) = (20) is trivial.

(25) = (26) is wwivial since a preferred basis is a combinatorial basis.

(26) = (27). Let B be a combinatorial basis for 4 which is a height basis. Clearly,
every Jordan basis linked to B satisfies (27).

(27) = (21) follows since every proper combinatorial set is a peak set.

(13) = (34). Let B be a combinatorial basis for £(A4), and let & be a proper T-
combinatorial subset of B such that the Jordan set derived from & is a Jordan
basis for 4. Then the fundament of S is linearly independent. Furthermore, by
Theorem (5.9) there exists an ancbored chain decomposition k of S(A4) such that
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T is the set of final vertices of the chain in .

(34) = (35) is trivial.

(35) = (36). Clearly, if T is the set of final vertices of the chains in some chain de-
composition of ${.A) then the sum of the levels of the vertices in T is m(A).

(36) = (20) follows since a proper combinatorial set is a peak set, and since the
level of a proper i-combinatorial vector is equal to the level of i. ||

(6.7) Remark The following four conditions hold for every M -matrix 4, and hence
they are not equivalent to the conditions in Theorem (6.6).

{a) Every height basis for £{A4) has a subset § such that the Jordan set derived
from & is a Jordan basis for 4.

(b) Some height basis for E{A) is a level basis for E(A).

(c) Some level basis for E{A4) has a subset § such that the Jordan set derived
from & is a Jordan basis for A.

(d) Every combinatorial basis for £(A) is a level basis for £(A4).

Condition (a) holds for every M-matrix A, since by Proposition (6.1} in {8], for
every height basis B for E(A) there exists a Jordan basis linked to 5.

Condition (b) holds for every M -matrix, as proven in Corollary (5.6} in [8].

It follows from Conditions (a) and (b) that Conditien {c) holds for every M-
matrix.

Condition (d} is proven in Corollary (3.17).

(6.8) Remark By Theorem (6.6), the following condition follows from Condi-
tion (1).

(e) Some level basis for E(A) has a subset § with level sum m(A4) such that the
fundament of § is linearly independent.

However, we do not have () =-(1) in general, as demonstrated by the matrix

¢ 00
A= 0 00
-1 -1 0

Here we have A(A)=(1,2) and 7(A) = (2,1). The vectors [1 0 0]", [1 —1 0],
and [0 0 1]7 form a level basis B for E(4). The last two vectors have level sum 3
(= m{A)) and have a linearly independent fundament. Yet, A(4) # 7(A).

(6.9) Remark The following condition implies Condition (19) in Theorem (6.6).

(f) Every peak basis for E(A) has a subset § such that the Jordan set derived
from § is a Jordan basis for A.

However, Condition (f) is not implied in general by the conditions in Theorem
(6.6), as follows from Theorem (6.12) below.

(6.10) PROPOSITION Every basis for E(A) has a subset S of 1p, but no more, p-
height vectors, such that the fundament of S is linearly independens.
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Proof Clearly, every set S of p-height vectors in E(A) is linearly independent
modulo N(AP~!) if and only if the fundament of § js linearly independent. Let B
be a basis for E(A). Since the p-height vectors in B span E(4) modulo N(4271),
and since the dimension of E(A) modulo N(4?71) is 1, it now follows that we can
find a set S of 7,, but no more, p-height vectors such that the fundament of S is
linearly independent. |

(6.11) LEMMA There exisis a peak basis B for E(A) such that all the elements of B
are of height p.

Proof Take a preferred basis for E(A) and then add one of the p-level vectors to
all the others to obtain a new basis 8 for E(A). Then B contains only nonnegative
vectors, and hence, by Corollary (4.11) in [8], B is a peak basis. Also, all the vectors
in B are of level p. |

(6.12) THEOREM Let A be an M-matrix, and let /i = m(A)/p. The following are
equivalent:

(i) Every peak basis for E(A4) has a subset § such that the Jordan set derived
from & is a Jordan basis for A.
(ii) Some peak basis 5 for E(A4), such that all the elements of B are of height p,
has a subset S such that the Jordan set derived from & is a Jordan basis
for A.
(iu) o =7
(iv) 7(A) = MA) = (A7, ., 7).
@) n, =7
Proof

(i) =(ii) is trivial, in view of Lemma (6.11).

(i) =(iii) Let B be a peak basis for E(A4), such that all the elements of B are
of height p. If there exists a subset S of B such that the Jordan set 7
derived from S is a Jordan basis for A, then clearly the number 7; of
Jordan chains in 7 is equal to m(A4)/p =m.

(iii) =>(iv) Let 5; = 7. Since 5(A) is a non-increasing sequence, and since 7y +
e+, = m(A) = pm, it follows that n(A) = (m,77,..., 7). By Theo-
rem (3.7) in [3] we have max{A; :i € (p)} <. Since Ay +.--+ A, =
m(A) = pm, it follows that A(A) = (M, 7,...,m).

(iv) =-(v) is trivial.

(v) =(i) Assume that n, =m. Let B be a peak basis for E(A). By Proposi-
tion (6.10) let § be a set of 7 p-height vectors in B such that the
fundament of S is linearly independent. Since the level sum of & is
mp = m(A), it follows from Observation (5.8) that the Jordan set de-
rived from § is a Jordan basis for A. |

We now explain the relation of Theorem (6.6) (and Theorem (5.9) used in the
proof of Theorem (6.6)) to the results in [1].

{6.13) Remark The paper [1] investigates Rothblum bases, which are a special case
of combinatorial bases. Using our terminclogy, Theorem 3.4 in [1] can be stated as:
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() If there exists an anchored chain decomposition of S(A) such that for some
Rothblum basis R for E(A), the fundament of the subset of R that corresponds
to the final vertices of the chains in x is linearly independent, then there exists
a nonnegative Jordan basis for —A.

(i) If there exsts a nonnegative Jordan basis for — A4, then there exists a set T of
singular vertices with level sum m(A) and a proper T-combinatorial set T of
Rothblum vectors with lincarly independent fundament.

The converse of part (i) is also conjectured in [1].

Observe that part (i) follows immediately from the more general implication
(35) =(30) in Theorem (6.6). Part (ii), as well as the converse of part (i), follows
from the stronger result (30) =(34) in Theorem (6.6).

Let S be a transitive acyclic graph. In [11] the authors prove necessary and suffi-
cient conditions on S such that all M-matrices 4 with $(4) = § satisfy 7(4) = A(A4),
see also [14]. We conclude the paper with a companion result.

(6.14) THEOREM Let S be a transitive acyclic graph. Then the following are equiva-
lent:

(i) There exists an M-matrix A with S(A) = § such that 7(A) = A(A).
(i) The graph S is well structured.
(iil) The sets E; = A(I)N Ly, i € Ly, satisfy the Hall Marriage Condition for all
ke(g—1).

Proof
(1) = (i) By the implication (1) =(35) in Theorem (6.6), if (i) holds then there

exists an anchored chain decomposition of S.

(ii) e (iii) follows from Theorem (4.7) with L}, = L.

(i) = (i) Let § be a well structured graph with level Ly,...,L,. Let Q be a
matrix such that G(Q) is equal to § with its loops removed. Then Q is
a strictly lower triangular matrix. Let |Lg| = A, k € (p), and partition
Q in the same manner as the matrix C in Observation (3.22). Let k €
(g —1) and let F be the matrix Q41 Define

Ei={ie (A} : fi; 70} =ANNLy,  JE€Lps.

Since § is well structured, it follows by Theorem (4.7) with L} = L,
that the sets Ej, j € Ly,4, satisfy the Hall Marriage Condition. By
Corollary (4.3) there exists a nonnegative matrix 7, which has the
same zero pattern as Qy k.41, such that fy is of full column rank. Let
A be any nonpositive matrix partitioned conformably with @ such that
G(A) = G(Q) and Agx+1 = —H; for all k € (p — 1), Observe that A4 is
an M -matrix, that the standard basis B of unit vectors is a level basis
for A4, and that C(A4,B) = A. By the implication (33) =(1) in Theorem
(6.6) we obtain (i). |

We note that the equivalence of conditions (i) and (iii) is already proven as The-
orem (3.2) in [10}. We have provided a proof for the sake of completeness, and as
an application of Theorem (6.6).
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As a corollary we obtain the following affirmative answer to the conjecture that
concludes [1]. The corollary follows immediately from Theorems (6.6) and (6.14)
above,

(6.15) COROLLARY Let A be an M-matrix. If there exists a nonnegative Jordan ba-
sis for — A then S(A) is well structured.
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