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A square matrix is called line-sum-symmetric if the sum of elements in each of its rows equals
the sum of elements in the corresponding column. Let A be an n X n nonnegative matrix and let
X and Y be n Xn diagonal matrices having positive diagonal elements. Then the matrices XA,
XAX ™' and XAY are called a row-scaling, a similarity-scaling and an equivalence-scaling of A.
The purpose of this paper is to study the different forms of line-sum-symmetric scalings of square
nonnegative matrices. In particular, we characterize matrices for which such scalings exist and
show uniqueness of similarity-scalings and uniqueness of row-scalings, up to a scalar multiple of
the blocks corresponding to the classes of the given matrix.
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1. Introduction

Let A be an n X n nonnegative matrix. The matrix A is called line-sum-symmetric
if fori=1,...,n, the sum of the elements in the i-th row of A equals the sum of
the elements in the i-th column of A. An nXxXn matrix B is called a row-scaling,
similarity-scaling or equivalence-scaling of A if for some n X n diagonal matrices X
and Y whose diagonal elements are positive, B equals XA, XAX™' or XAY,
respectively.

This research was partially supported by National Science Foundation Grants MCS-81-21838, ECS-83-
10213, MCS-80-26132 and DMS-8320189.
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The purpose of this paper is to study the different forms of scalings of square
nonnegative matrices, i.e., row-scalings, similarity-scalings and equivalence-scalings,
which yield line-sum-symmetric matrices. We refer to such scalings as line-sum-
symmetric scalings of the given matrix. In particular, it is shown (Theorems 1, 2,
and 4) that a square nonnegative matrix has each form of line-sum-symmetric scaling
if and only if it is completely reducible, i.c., if and only if it is the direct sum of
irreducible matrices (see Section 2 for a formal definition of complete reducibility).
The above result concerning similarity scalings was established by Hartfiel (1971).
Hartfiel’s proofis based on the minimization of a function which cannot be computed
in practice. Our proof is simple and transparent, and is based on the minimization
of a function which can be computed practically. We also show that if A is a square
nonnegative completely reducible matrix, then the blocks of the line-sum-symmetric
row-scalings of A corresponding to the classes of A are unique up to a scalar
multiple. Also, the line-sum-symmetric similarity-scaling of A is unique (this result
is implicit in Hartfiel (1971)). Corresponding uniqueness results are established for
the diagonal matrices used to produce line-sum-symmetric row-scalings and similar-
ity-scalings. Moreover, we characterize diagonal matrices yielding corresponding
line-sum symmetric scaling (Theorems 1, 3 and 6). We conclude from the above
results (Theorem 7) that the matrix A has the different forms of line-sum-symmetric
scalings if and only if there exists a line-sym-symmetric matrix having the same
pattern of zero and nonzero elements as does A. Finally (Theorem 8) we use a
result of Dantzig, Eaves and Rothblum (1985) concerning the decomposition of
line-sum-symmetric matrices as the sum of simple matrices to obtain decompositions
of completely reducible matrices as the sum of matrices which can be scaled to
simple (i.e., scalar multiples of circuit) matrices by using the same diagonal matrices,
respectively.

We emphasize that our results suggest computational approaches for the explicit
computation of corresponding line-sum-symmetric scalings. In particular, we show
that the calculation of line-sum-symmetric row-scalings corresponds to the calcula-
tion of the eigenvectors of eigenvalue zero of corresponding M-matrices. Also, we
show that the calculation of line-sum-symmetric similarity-scaling and certain
equivalence-scalings corresponds to the minimization of a fractional funetion over
the positive orthant.

The computation of row scalings of square nonnegative matrices is used in Eaves
(1984) to compute equilibria for pure trade markets with Cobb-Douglas utilities.
Also, line-sum-symmetric similarity-scalings are used for the computation of social
accounting matrices (see, King (1981) or Pratt and Thorbecke (1976)).

The results described 1n the preceding paragraphs, in particular those concerning
similarity scalings, resemble known results concerning equivalence-scalings to
doubly stochastic matrices. Equivalence-scalings to a doubly stochastic matrix have
been studied extensively in the last twenty years. Initial work in this direction can
be found in Sinkhorn (1962, 1964) where it was shown that every square strictly
positive matrix has a unique doubly-stochastic equivalence-scaling. An alternative
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proof of this result was given by Menon (1967). Sinkhorn (1964) also demonstrated
that arbitrary square nonnegative matrices need not have doubly-stochastic
equivalence-scalings. Explicit characterizations of square nonnegative matrices for
which such scalings do exist were obtained by Brualdi, Parter and Schneider (1966),
and, independently, by Sinkhorn and Knopp (1967). Specifically, they showed that
a square nonnegative matrix has a doubly stochastic equivalence-scaling if and only
if it is the direct sum of fully indecomposable matrices i.e., matrices B for which
there exist permutation matrices P and Q such that PBQ has a positive main
diagonal and is irreducible (see Brualdi, Parter and Schneider (1966, Lemma 2.3)).
Another proof of this result appears-in Marshall and Olkin (1968). We note that
the proof of our Theorem 2 (and Lemmas 2 and 3) in Section 4 is related to their
arguments. The existence of equivalence-scalings having general predetermined row
and column sums which are not all equal to | has also been studied, see Berman
and Plemmons (1979, Chapter 4) for information and references.

Necessary and sufficient conditions that a matrix is a similarity-scaling or an
equivalence-scaling of another matrix were obtained by Saunders and Schneider
(1978, Theorem 2.1, Corollary 2.4, Theorem 3.1 and Remark 5.3) (see also, Golit-
schek, Rothblum and Schneider (1983, Corollaries 4.4 and 5.3)).

We note that the study of column scalings of a square nonnegative matrix A, i.e.,
matrices of the form AX where X is a diagonal matrix of appropriate size whose
diagonal elements are positive, is not conducted explicitly. It is easily seen that such
column scalings of a simply correspond to row scalings of A”.

We introduce some notation and preliminary results in Section 2 and prove our
main results concerning characterization of existence and uniqueness of line-sum-
symmetric row-scalings, similarity-scalings and equivalence-scalings in Sections 3,
4 and 5, respectively. Next, in Section 6, we characterize patterns of matrices having
corresponding line-sum-symmetric scalings. Finally, in Section 7, we obtain the
decompositions of square nonnegative completely reducible matrices.

2. Notation conventions and preliminaries

Let n be a given positive integer. We put N={l,..., n}. For J= N we denote
by |J| the number of elements of J. Let A be an n X n matrix and let J, K< N. We
denote by A, the corresponding |J| x| K| submatrix of rows indexed by elements
of J and columns indexed by elements of K. We use the notation A, for A,y

A matrix A is called nonnegative, written A = 0, if all of its entries are nonnegative.
A matrix A is called positive, written A > 0, if all of its elements are positive. Similar
definitions apply to vectors.

The identity matrix in R"*" will be denoted by I Also, the vector (1,...,1)" eR"
will be denoted by e.

The spectral radius of a square matrix A, denoted r(A), is defined to be the largest
modulus of an eigenvalue of A. A matrix AeR"™" is called an M-matrixif A=rI — P
for some nonnegative matrix P and scalar r where r(P)<r.
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A matrix X e R"*" is called diagonal if X;;=0 for all i, j€ N where i # j. The set
of all diagonal matrices in R"™" whose diagonal elements are positive will be denoted
by 9,. For a positive vector xeR", let D(x) be the diagonal matrix in 9, having
D(x);; = x; for each i € N. In particular, X = D(x) for X € @, if and only if x = Xe.
to A square matrix P is called a pattern if all the elements of P are either zero or
one. For a given n X n matrix A we define the pattern of A, written P(A), to be the
nxn pattern having P(A); =1 if A;#0 and P(A);=0 if A;=0. A property of
square nonnegative matrices is called a pattern property if it depends only on the
pattern of the matrices, i.e., the property holds for a given matrix if and only if it
holds for all matrices having the same pattern.

Let A be an n X n nonnegative matrix. Motivated by the theory of Markov chains,
we sometimes refer to the indices 1,..., n as states. We say that state i has access
to state j, or that state j has access from state i, if either i = or if there exist distinct
integers ip=1i,..., i, =j, such that for t=0,...,9—1, A;;,, #0. Two states i and j,
each having access to the other, are said to communicate. It is well known that the
communication relation is an equivalence relation. Hence, we may partition the set
N into equivalence classes. The states in an equivalence class are those which
communicate with each other. In the sequel a class will always mean a nonempty
equivalence class of communicating states. Evidently, the accessibility relation and
class structure depend on the matrix A. Whenever we use these concepts, the identity
of the corresponding matrix A will be clear from the context. Of course, the
accessibility relation and class structure are pattern properties.

A square nonnegative matrix is called irreducible if the communication relation
induces only one class. In particular, every 1 X1 matrix (including the 1 X1 zero
matrix) is irreducible. We note that if A is an n X n irreducible matrix where n> 1,
then no row of A vanishes. Also, for every class J of a square nonnegative matrix
A, A, is irreducible. An n X n nonnegative matrix is irreducible if and only if there
exists no set @ # K < N with Ax myx =0. Of course, reducibility is a pattern property.

An n Xn nonnegative matrix A is called completely reducible if ie N has access
to je N if and only if j has access to i In particular, every irreducible matrix is
completely reducible. An n Xn nonnegative matrix is completely reducible if and
only if for every §# K< N, An\kx =0 whenever Ag yyx =0. It follows that such
a (completely reducible) matrix is the direct sum of unique irreducible matrices,
i.e., there is a partition J(1),...,J(s) of N, unique except of the order of the
subscripts, such that A, is irreducible for g=1,...,s and A, =0 for p,
qg=1,...,s with p# g. Of course, complete reducibility is a pattern property.

Let A be an n X n nonnegative matrix. We say that A is line-sum-symmetric if

ZAU=ZA}U i:1,...,n. (2'1)

We note that (2.1) can be written in matrix notation by

Ae=ATe. (2.2)
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The following lemma shows that every square nonnegative line-sum-symmetric is
completely reducible.

Lemma 1. Let A be an n Xn nonnegative line-sum-symmetric matrix. Then A is
completely reducible.

Proof. Assume that §# K < N and Ag nx =0. We conclude from the line-sum-
symmetry of A that

Z ZAij:Z ZAU=Z ZA,'.'=Z ZAji+Z ZAjia

ieK jeK ieK jeN ieK jeN ieK jeK ieK je N\K
implying that ¥, . ik A =0. As A=0, we conclude that Ay\xx =0. This
proves that A is completely reducible. [

An nxn matrix 1 is called a circuit matrix if there exist g distinct integers in
{1,...,n}, say iy,..., i, such that

A“ :{ 1 lf (I)J) € {(il: iZ), (i25 i3), L) (iqa iq+l)}s anda
Y10 otherwise,

where i = i,. Evidently, such a matrix is a pattern and is line-sum-symmetric (and
therefore by Lemma 1, completely reducible).

Let A and B be n X n nonnegative matrices. We say that B is a row-scaling, a
similarity-scaling or an equivalence-scaling of A if B= XA, B=XAX ' or B= XAY,
respectively, for some matrices X and Y in 9,. Of course, each row-scaling and
each similarity-scaling of A is an equivalence-scaling of A. We observe that the
pattern of each equivalence-scaling of A (and therefore of each row-scaling and
each similarity-scaling of A) coincides with the pattern of A. Finally, the relations
of being a row-scaling, of being a similarity-scaling and of being an equivalence-
scaling are clearly equivalence relations.

3. Line-sum-symmetric row-scalings

We start with our main result concerning line-sum-symmetric row-scalings.

Theorem 1. Let A be an n X n nonnegative matrix. Then:
(a) A has a line-sum-symmetric row-scaling if and only if A is completely reducible,
(b) if Y and Z are in 9D,, where both YA and ZA are line-sum-symmetric, then for
every class J of A there exists a positive scalar y, such that Y, = y,Z,, and
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(c) if A satisfies the equivalent conditions of part (a) and B and C are two
line-sum-symmetric row-scalings of A, then for every class J of A there exists a positive
scalar y; such that B, = v,C,.

Proof. First assume that A has a line-sum-symmetric scaling B. Then A and B have
the same pattern. Also, by Lemma 1, B is completely reducible. Thus, as complete
reducibility is a pattern property, A is also completely reducible.

We next show that if A is completely reducible then A has a line-sum-symmetric
row-scaling. First consider the case where A is irreducible. Let

rEmax( 2 A"f') (3.1)
ieN je N\{i}
and let P be the n X n matrix having .
P, :{ Ay %f l:,]:E N where 1:7é]:, and 52)
r— Y Ay ifije N wherei=j.
te N\{i}

Evidently, P is nonnegative and irreducible (as A has these properties). Also, Pe = re.
It follows from Berman and Plemmons (1979, Corollary 2.1.12) that the spectral
radius of P is r and therefore the Perron-Frobenius Theorem (e.g., Berman and
Plemmons (1979, Theorem 2.1.4)) implies that for some positive vector x e R",
x"P=rx". In particular, for je N,

y xkAkj+xj(r— y Aj,) = rx;, (3.3)
ke N\{j} reN\{j}
implying that
L %A= L XA (3.4)
ke N te N

In particular, if X = D(x), then XA is line-sum-symmetric. The case where A is an
(arbitrary) completely reducible matrix follows directly from the (established) result
for irreducible matrices and the fact that each completely reducible matrix is the
direct sum of irreducible matrices.

We next establish parts (b) and (c) in the case where A is irreducible. Assume
that Y and Z are in &, where both YA and ZA are line-sum-symmetric. Let y= Ye
and z= Ze. It follows from the line-sum-symmetry of A that y and z satisfy (3.4)
and therefore (3.3) (with y and z replacing x, respectively). Thus, y"P =ry" and
z"P=rz", where P is defined by (3.2). As P is irreducible we have from the
Perron-Frobenius Theorem (e.g., Berman and Plemmons (1979, Theorem 2.1.4))
that for some positive scalar v, y = yz, i.e., Y = yZ. In particular, YA = y(ZA). This
establishes parts (b) and (¢) in the case where A is irreducible. The proof of these
results for the case where A is completely reducible follows from the fact that a
completely reducible matrix is the direct sum of irreducible matrices. [
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Our proof of Theorem 1 shows that the problem of computing a line-sum-
symmetric row-scaling of a square nonnegative irreducible matrix A corresponds
to the computation of a positive eigenvector corresponding to eigenvalue zero of
(the M-matrix) rI — P, where r and P are defined by (3.1) and (3.2), respectively.
Of course, for a completely reducible matrix A, one has to compute one such
eigenvector for each class of A.

In general we do not have an explicit expression for the unique, up to scalar
multiple, line-sum-symmetric row-scaling of a given n X n, nonnegative, completely
reducible matrix A. However, in the special case where the pattern of A is a circuit
matrix, say P, P is a line-sum-symmetric row-scaling of A. Moreover, if {(i, j)e N X
N:P;=1}={(i,, iy), ..., (i i)} where i, ..., i, are distinct integers and where
I;+1 =1y, then, trivially, XA = P for any matrix X € 9, having

X, = (Ai,i,+,)_l, t=1,...,4q

Corollary 1. Let A be an n X n nonnegative matrix. Then there exists a nonzero n X n
diagonal matrix X whose diagonal elements are nonnegative, such that XA is line-sum-
symmetric. Moreover, whenever X is such a matrix, K ={ie N: X;; # 0} is a union of
classes of A and A, is completely reducible. [

Parts (b) and (c) of Theorem 1 can be used to obtain corresponding uniqueness
results in Corollary 1.

4. Line-sum-symmetric similarity-scalings

Before developing our main result concerning line-sum-symmetric similarity-
scalings, we state and prove two auxiliary lemmas.

Lemma 2. Let A be an n X n irreducible nonnegative matrix and let

a=min{A;: i, je N, A;# 0}. (4.1)
Also, let f be the real valued function defined on 2 ={xeR": x> 0} by
S0 =% T xA (42)
Then: o
(a) f is homogenous of degree zero, i.e.,
flyx)=f(x) for every xe 2 and y>0, (4.3)
(b) for every xe Q with Y, x;=1,
flx)= an_”"(r'_reli]\r} xi)_]/n, (4.4)

and
(c) the function f attains a minimum over (2.
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Proof. Part (a) is immediate from the definition of f. Also, part (b) is trivial in the
case where n=1. We next establish part (b) under the assumption that n> 1. Let
x € {2 satisfy ).;_, x; = 1. Then there exist integers p and k in N where p# k, x,=n""
and x, =min;cy X In particular, x, = x,. Now, as A is irreducible, p has access to
k. Thus, there exist distinct integers ip=p, i), ..., i; = ksuch thatfor r=0,...,9—1,
A;, . # 0. Using the fact that the arithmetic mean is larger or equal than the geometric

UUTA

mean we conclude that

q—1 l/q
f(x)?q_lf(x)? (Z xl, ll,+| 1,+|) (H xl, ‘:l,+1 ':+|)

=0

q-1 l/q
( I x,,ax,m) =a(xx )= a(x, x;)/ "= an™"xm
establishing part (b).

We finally establish part (c). Let §=n""[af(e)']", let

Q*E{xeﬂ: i x,»=l}

i=1
and let

NDE¥={xec0*: mmx = §}
For x € 2*\N2}, min;.n x; <8 and parts (b) and (a) imply that
f(x)?am_”"(milgl1 x)"V">an™V"87V " = fe) = f(n7e).

As A is irreducible no row of A vanishes. It follows that f(e)= na, implying that
d=<n"". In particular, n~'e e £2%. Tt follows that

inf f(x)= inf, f(x) = inf f(x) (4.5)

since the second equality is clear. As 2% is nonempty and compact and f is continuous
(on £2), we conclude that f attains a minimum over 2%, and therefore, by (4.5),
also over 2. O

We note that under the assumptions of Lemma 2, the function f tends to infinity
uniformly as x approaches the boundary of (2.

Our next lemma characterizes square nonnegative matrices A for which the
function f defined by (4.2) attains a minimum. Specifically, it is shown that these
matrices are precisely the completely reducible matrices.

Lemma 3. Let A be an n X n nonnegative matrix and let f be the real valued function
defined by (4.2) on the set 2 ={xcR": x> 0}. Then the following are equivalent:
(a) fattains a minimum over £, and
(b) A is completely reducible.
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Moreover, if f attains a minimum over {2 at X € {2, then, for each i€ N,

[N

A% = L BAE (4.6)
e

ji=1
Proof. If A is irreducible, part (¢) of Lemma 2 implies that f attains a minimum
over {2. The extension of this conclusion to the case where A is completely reducible
is straight forward. Next assume that f attains a minimum over {2 and let this
minimum be attained at x. Suppose A is not completely reducible. Then N may be
partitioned into two set I and J such that A; =0 for each i€ J and je J and where
there exist ke I and he J such that Ay, > 0. Let x€ (2 be defined by x; =¢x; if ie [
and x; =x; if jeJ where 0<¢ <1. Then

iel
JjeJ

S =D+ T (aAp ' —5AFZ) = f(£)+ (e - 1)(_; xAx) <f(D),

contradicting the minimality of X. This contradiction proves that A is, indeed,
completely reducible.

Finally, assume that f attains a minimum over {2 at X. Since f is differentiable
over the open set {2, we conclude that the gradient of f at x vanishes, i.e., for
k=1,...,n

implying that

n n

~ ~—l __ ~ ~—]

xkAk' ;= Z x,-A,-kxk . O
i=1 =1

J

We are now ready for the two main results concerning line-sum-symmetric
similarity-scalings. The first result (Theorem 2) characterizes square nonnegative
matrices having line-sum symmetric similarity-scalings. The second (Theorem 3)
characterizes the diagonal matrices which yield such scalings (for a given square
nonnegative matrix). The first result appears in Hartfiel (1971). Our proof is simple
and our approach suggests a practical method for computing the corresponding
line-sum-symmetric similarity-scalings.

Theorem 2. Let A be an n X n nonnegative matrix. Then:

(a) A has a line-sum-symmetric similarity-scaling if and only if A is completely
reducible.

(b) if Y and Z are in @, where both YAY ™" and ZAZ™" are line-sum-symmetric,
then for every class J of A there exists a positive scalar vy, such that Y, = y,Z,, and

(c) if A satisfies the equivalent conditions of part (a), then A has a unique line-sum-
Symmetric similarity-scaling.
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Proof. The fact that if A has a line-sum-symmetric similarity-scaling then A is
completely reducible follows from the arguments used to prove the corresponding
result concerning row-scalins in Theorem 1. We next show that if A is completely
reducible then A has a line-sum-symmetric similarity-scaling. Suppose A is com-
pletely reducible. Lemma 3 shows the existence of positive elements x,, ..., x, for
which (4.6) holds. In particular, for X = D(X), we have that XAX ™' is line-sum-
symmetric.

We next establish parts (b) and (c) in the case where A is irreducible. Assume
that Y and Z are two matrices in &, where B= YAY ™' and C=ZAZ™' are
line-sum-symmetric. Evidently, as A is irreducible so are B and C. Let W= YZ™".
Then We%, and B=WCW™' Let y=max{W;:i=1I,...,n} and J=
{i=1,...,n: Wy;=1v}. Evidently, J #@. Let i€ J. By the line-sum-symmetry of B,

> M;CUWEIZ > B; = > Bji:_ZN W;jC}iW;l,
JE€

jeN JjeN jeN

implying that

7=wi=( g, wa) /( 5, ams)
(z0e)/(nor)=(5e)/(5e)-"

where the last equality follows from the line-sum-symmetry of C. It follows that if
Jje N\J, i.e.,, W; <y, then C;= C;; =0. We next show that J = N. If this is not the
case and J< N, then §# J< N with C, N, =0 and Cy,,; =0, contradicting the
irreducibility of C. It follows that YZ~'= W=yl i.e., Y= yZ In particular, B=
YAY '=ZAZ ' = C. Finally, the proof of parts (b) and (c) for reducible matrices
follows directly from the (established) corresponding results for irreducible
matrices.

We next combine part (a) of Theorem 2 with Lemma 3 to characterize existence
of line-sum-symmetric similarity-scalings of square nonnegative matrices in terms
of the minimization problem considered in Lemmas 2 and 3.

Corollary 2. Let A be an n X n nonnegative matrix and let f be the real valued function
defined on 2 {x€R": x>0} by (4.2). Then the following are equivalent:

(a) A has a line-sum-symmetric similarity scaling,

(b) A is completely reducible, and

(c) fattains a minimum over (2.

Proof. The equivalence of (a) and (b) follows from part (a) of Theorem 2 and the
equivalence of (b) and (c) follows from Lemma 3. O
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We next obtain a characterization of the set of diagonal matrices yielding line-sum-
symmetric similarity-scalings of square nonnegative matrices in terms of the minimiz-
ation problem considered in Lemmas 2 and 3. We then use this corollary to obtain
a characterization of line-sum-symmetric matrices.

Theorem 3. Let A be an n Xn negative matrix and let f be the real valued function
defined on 2 ={xeR": x>0} by (4.2). Consider the following properties of a vector
xef2:

(a) X minimizes the function f over 0, and

(b) the matrix D(X)AD(X)™" is line-sum symmetric.

The X satisfies (a) if and only if X satisfies (b). Moreover, if there exists a vector X
satisfying (a), or equivalently (b), then for each class J of A there exists a vector
x’ eR" with (x’),>0 and (x’), =0 for ie N\J such that the set of vectors % satisfying
(a), or equivalently (b), has the form {Y,y,x’: v, >0 for each class J of A}.

Proof. The arguments of the proof of Lemma 3 show that if X € £ satisfies (a) then
X must satisfy (b). Next assume that X satisfies (b). Then, by Corollary 2, A is
completely reducible and there exists a vector x* € {2 which minimizes f over {2.
By the established implication (a)=>(b), D(x*)AD(x*)™} is line-sum-symmetric. It
now follows from part (b) of Theorem 2 that for every class J of A there exists a
positive number v, such that D(X), = y,D(x*),. Thus, x, = v,x¥ for each class J of
A. Tt now follows immediately from the complete reducibility of A that f(x) = f(x*),
implying that x, like x*, minimizes f over {2, i.e., X satisfies (a).

Next assume that x* satisfies (a), or equivalently (b). In particular, it follows
from Corollary 2 that A must be completely reducible. Now for each class J of A,
let x” be the vector in R" having (x”), =(x*), and (x”); =0 for ie N\J. By the
complete reducibility of A we have that if xe{Y, y,x’: y,> 0 for each class J of
A} < Q then f(x) = f(x*), assuring that such x minimizes f over . Then our earlier
arguments imply that D(x)AD(x)™" is line-sum-symmetric. As D(x*)AD(x*)™" is
also line-sum-symmetric we have from part (b) of Theorem 2 that for each class J
of A there exists a positive number vy, such that D(x), = D(x*),, or equivalently,
x; = yxF. It immediately follows that x =Y, y,x’ where J ranges over the classes
of A. This completes our proof of the desired representation of the set of vectors
in £ satisfying (a) or equivalently (b). O

Theorem 3 shows that the problem of searching for a line-sum-symmetric similar-
ity-scaling of a given square, nonnegative matrix can be transformed to the problem
of minimiiing a (nonlinear) function over the positive orthant. Corollary 2 shows
that these problems have a solution if and only if the underlying matrix is completely
reducible. In this case, Lemma 2 shows that the objective function of the correspond-
ing minimization problem is uniformly unbounded near the boundary of the non-
negative orthant. In particular, since setting x; = e’ transforms f(x) into a convex
function g(y), methods of nonlinear programming can be used for computing
line-sum-symmetric similarity-scalings whenever such scalings exist.
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We next use our results to characterize line-sum-symmetric matrices.

Corollary 3. Let A be an n X n nonnegative matrix. Then A is line-sum-symmetric if
and only

ST xAx = é.

i=1j=1

Y Ay (4.8)
j=1

for all x> 0. Moreover, if A is irreducible and line-sum-symmetric, equality in (4.8)
holds if and only if all the coordinates of x coincide.

Proof. Evidently, (4.8) holds for all x> 0 if and only if the function f defined by
(4.2) on 2 ={xeR": x>0} attains a minimum at e. By Theorem 3, this occurs if
and only if A=IAI"'=D(e)AD(e)™" is line-sum symmetric. Next assume that A
is irreducible and line-sum-symmetric. Then A has a single class and Theorem 3
implies that the set of vectors minimizing the function f over {2 has the form
{yx*: y> 0} for some x* e 2. Our earlier arguments show that e is in this class. It
immediately follows that {yx*: y> 0} ={8e: § >0}, implying that the set of vectors
minimizing f over (2 is the set of vectors all of whose coordinates coincide. It
follows that equality holds in (4.8) if and only if all the coordinates of x coincide.
0

In general we do not know of an explicit expression for the unique line-sum-
symmetric similarity-scaling of a given nXn nonnegative completely reducible
matrix A. However, in the special case where the pattern of A is a circuit matrix,
say P, with {(i,j)e NXN: P;=1}={(i}, i), ..., (iz, ig+1)}, where i, ..., i, are dis-
tinct integers and where i,., = i;, the unique line-sum-symmetric similarity scaling
of A is the matrix aP where a = ([[7_, A;; )% Moreover, XAX ' = aP for any
matrix X € &,

T+

t—1
Xi,i, = a_lﬂl: I1 Ai,,i,,+,:|, t=1,...,¢q
u=]
Verification of this assertion can be done by direct substitution (cf., Engel and
Schneider (1973, Theorem 4.1, and 1975, Theorem 7.2) where a more general result
is given).
5. Line-sum-sy"mmetric equivalence-scalings
We next consider line-sum-symmetric equivalence-scalings.
Theorem 4. Let A be an n X n nonnegative matrix. Then

(a) A has a line-sum-symmetric equivalence-scaling if and only if A is completely
reducible, and
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(b) if X, Y and Z are matrices in 9, where both YAX and ZAX are line-sum-
symmetric, then for every class J of A there exists a positive scalar y; such that Y; = v;Z,,
and

(¢) if A satisfies the equivalent conditions of part (a) and X is a matrix in 9, then
there exists a matrix Y € @, for which YAX is a line-sum-symmetric; moreover, if for
Y, Ze 3, both B= YAX and C=ZAX are line-sum-symmetric, then for every class
J of A there exists a positive scalar I'; such that B, = y,C,.

Proof. The fact that if A has a line-sum-symmetric equivalence-scaling then A is
completely reducible follows from the arguments used to prove the corresponding
result concerning row-scalings in Theorem 1. Alternatively, assume that A is com-
pletely reducible. Let X be any matrix in &%,. Then AX is completely-reducible and
therefore, by Theorem 1, there exists a matrix Y in @, for which XAY is line-sum-
symmetric. This completes the proof of (a). The remaining parts (b) and (c) follows
from the above arguments and corresponding (uniqueness) results in Theorem 1. [

The following example demonstrates that a square nonnegative matrix can have
many line-sum-symmetric equivalence-scalings. Let

{11 g (1 0
A—(l l) and X —-(0 .3)’ BeR.

XBAX"z(l B)
B B

is line-sum-symmetric for every B €R.

Then,

Corollary 4. Let A be an n X n nonnegative matrix. Then for every n xXn diagonal
matrix Y whose diagonal elements are nonnegative, there exists a nonzero, nXn
diagonal matrix X whose diagonal elements are nonnegative, such that XAY is
line-sum-symmetric. Moreover, when X is such a matrix, K ={ie€ N: X;; =0} is a union
of classes if AY and (AY )y is completely reducible.

Parts (b) and (c) of Theorem 4 can be used to obtain corresponding uniqueness
results in Theorem 3 and 4 Corollary 4.

We next study line-sum-symmetric equivalence-scalings for which the correspond-
ing diagonal matrices satisfy certain constraints. We first establish a simple lemma
that relates such (constrained ) equivalence-scalings to similarity-scalings of a related
matrix.

Lemma 4. Let A be an n X n nonnegative matrix and let d be a positive vector in R".
Also, let X, Ye®, where XY =D(d). Then B=XAY if and only if B=
X[AD(d)]1X " and Y=D(d)X".
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Proof. The result is immediate by direct substitution. [

Theorem 5. Let A be an n X n nonnegative matrix and let d be a positive vector in R".
Then:

(a) A has a line-sum-symmetric equivalence-scaling XAY where X, Ye @, and
XY = D(d) if and only if A is completely reducible,

(b) if X, Y, X', Y' are in 9, where XAY and X'AY' are line-sum-symmetric and
XY =X'Y' = D(d), then for every class J of A there exists a positive scalar vy, such
that X, = y,X, and Y, =(y,)"'Y,, and

(¢) if A satisfies the equivalent conditions of part (a), then A has a unique line-sum-
symmetric equivalence-scaling XAY for which XY = D(d).

Proof. The conclusions of our theorem are immediate from Lemma 4, Theorem 2
and the observation that A is completely reducible if and only if so is AD(d). O

We next obtain a characterization of the diagonal matrices yielding line-sum-
symmetric equivalence-scalings of square nonnegative matrices in terms of certain
minimization problems.

Theorem 6. Let A be an n X n nonnegative matrix and let d be a positive vector in R”".
Let g be the real valued-function defined on

A?={(x,y): x,yeR", x, y>0 and xy,=d, fori=1,...,n}
by

g(x, y)=x"Ay. (5.1)

Consider the following properties of pair of vectors (%, 5)e A?:

(a) (%, ) minimizes the function g over A®, and

(b) the matrix D(X)AD(y) is line-sum-symmetric.

Then (X, y) satisfies (a) if and only if (X, y) satisfies (b). Moreover, if there exists
a pair of vectors (%, J) satisfying (a), or equivalently (b), then for each class J of A
there exists pairs of vectors (x”, y’)eR" xR with (x”);(y”)i=d, forie Jand (x”);=
y?);=0 for ie N\J, such that the set of pairs of vector (%, 7) € A? satisfying (a), or
equivalently (b), has the form {3, (s,x”, v7'y”): v,> 0 for each class J of A).

Proof. Conditions (a) and (b) are equivalent, respectively, to the following condi-
tions:

(a') X minimizes the real valued function of defined on 2= {xeR": x>0} by
f(x)=3 ¥ x[AD(d)]x;!
i=1j=1
and y;=dx;' fori=1,...,n, and
(b") the matrix D(X¥)AD(d)D(%)™" is line-sum-symmetric and y; = d,%;"' for i =

1,...,n

2
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(See Lemma 1.) It was shown in Theorem 3 that (a’) and (b’) are equivalent and
a representation of the set of vectors satisfying (a’) and (b’) was given there. The
conclusion of our theorem now follows easily by direct substitution. O

Observe that condition (b) of Theorem 6 states that for i=1,...,n
xi(Ay)i=(xTA)y, (5.2)
or equivalently,
(Ay)i yi=(ATx)i/ x;. (5.3)

We next use Theorem 5 to obtain a number of inequalities that are associated
with certain line-sum-symmetric matrices.

Corollary 5. Let A be an n X n nonnegative matrix and let u and v be positive vectors
in R". Then D(u)AD(v) is line-sum-symmetric if and only if

xTAy=u"Av (5.4)
for all pairs of positive vectors (x, y)eR" XR" for which x;y;=uwp; for i=1,...,n.

Further, if D(u)AD(v) is line-sum-symmetric and A is irreducible, the equality holds
in (5.4) if and only if x = yu and y = y~'v for some y>0.

Proof. Let d be the vector in R” having d;=uyv; for i=1,..., n. Then

(u,v)eA?={(x,y): x, yeR", y,y>0and x;y,=d; fori=1,..., n}h

It now follows from Theorem 6 that D(u)AD(v) is line-sum-symmetric if and only
if (u, v) satisfies (5.4) for all pairs of vectors (x, y) € A% Further, it follows from
Theorem 6 that if the above two equivalent conditions hold and A is irreducible
then the set of minimizers of the corresponding minimization problem defined in
Theorem 6 has the form {(yu, y~'v): y> 0} implying that equality in (5.4) holds if
and only if x=+yu and v=9""v for some y>0. O

Corollary 6 (Fiedler, Johnson, Markham and Neumann (1985)). Let A be an nXn
nonnegative matrix and let u and v be positive left and right eigenvectors, respectively,
of A corresponding to r(A). Then

xTAy=uTAv (5.5)
for all pairs of positive vectors (x, y)eR" XR" for which x;y;=uwu; fori=1,...,n
Proof. If u and v are positive left and right eigenvectors, respectively, of A corre-
sponding to r(A), then for i=1,...,n

(uTA)ivi =uyr(A)v; = u;(Av),

implying that D(u)AD(v) is line-sum-symmetric (see the paragraph following
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Theorem 6). It now follows directly from Corollary 5 that (5.5) holds for all
corresponding pairs of vectors (x, y). O

The converse of Corollary 6 is false even for irreducible matrices. For example, let

() ) ()
par=(3 (0 9 9-C )

is line-sum-symmetric and therefore, by Corollary 5,

Then

uTAv=<x"Ay

for all (x, y)eR" xR"” where x, y>0 and x;;,=uv; fori=1,..., n. But u and v are
not eigenvectors of A.

Corollary 7 (Dantzig, Eaves and Rothblum (1985)). Let A be an n X n nonnegative
matrix and let u and v be two positive vectors in R" where D(u)AD(v) is line-sum-
symmetric. Then

uTAv=v"Au (5.6)

Proof. As uv,=vu; fori=1,..., n, (5.6) follows immediately from Corollary 5. O

6. Patterns of matrices having line-sum-symmetric scalings

Recall that complete reducibility is a pattern property. Hence, Theorems 1, 2 and
4 (part (a) in each) imply that the property of having a corresponding line-sum-
symmetric scaling is a pattern property. We next characterize such patterns.

Theorem 7. Let A be an n X n nonnegative matrix whose pattern is P. Then the following
are equivalent:

(a) P is completely reducible,

(b) there exists a line-sum-symmetric matrix whose pattern is P,

(c) A has a line-sum-symmetric row-scaling,

(d) A has a line-sum-symmeitric similarity-scaling, and

(e) A has a line-sum-symmetric equivalence-scaling.

Proof. Evidently, P is completely reducible if and only if so is A. Hence, Theorems
1,2 and 4 (part (a) in each) imply that (a) is equivalent to (¢}, (d) and (e) respectively.
We next show the equivalence of (b) and (a). Assume that P is completely reducible.



140 B.C. Eaves et al. [ Line-sum symmetric scalings

Then, Theorem | implies that P has a row-scaling, say B, whichis line-sum-symmetric
and, of course, the pattern of B is P. Next assume that B is a line-sum-symmetric
matrix whose pattern is P. As IB= B is a row-scaling of B, Theorem I implies that
B is completely reducible, and therefore so is P. [

The equivalence of parts (a) and (b) of Theorem 7 appears in Saunders and
Schneider (1979, Theorem 2.5). Additional characterizations of patterns admitting
nonnegative line-sum-symmetric matrices are given there.

7. Decompositions of completely reducible matrices

We next show that a square nonnegative completely reducible matrix can be
decomposed into the sum of matrices which can be uniformly scaled into scalar
multiples of circuit matrices.

Theorem 8. Let A be an n X n nonnegative, completely reducible matrix. Then:

(a) there exist n X n nonnegative matrices A',..., A? whose patterns are circuit
matrices such that A =Z}’=l A’ and for some matrix X in D,, XA’ is a scalar multiple
of a circuit matrix for allj=1,...,q;

(b) there exist n Xn nonnegative matrices A',..., A® whose patterns are circuit
matrices such that A=Y | A’ and for some matrix X in 9,, XA’X™" is a scalar
multiple of a circuit matrix for allj=1,...,q; and

(c) for every matrix Y in 9, there exist n X n nonnegative matrices A', ... A% whose
patterns are circuit matrices such that A =Zf=l A’ and for some matrix X in 9,, XA'Y
is a scalar multiple of a circuit matrix forj=1,...,q.

Proof. We establish only part (a) as the remaining parts follow from similar argu-
ments. We first observe that Theorem 1 implies the existence of nxn diagonal
matrix X in %, for which XA is line-sum-symmetric. By Dantzig, Eaves and
Rothblum (1985, Theorem 1), every line-sum-symmetric matrix is a linear combina-
tion with positive coefficients of circuit matrices (see also Saunders-Schneider (1979,
p. 532)). Thus, there exist circuit matrices E', ..., E? and positive integers ay, . . ., a,
such that XA=Y1_, oE’. It follows that A=Y7 | A, where for j=1,...,9, A=
a;X ' E’. In particular, XA’ = o;E’.
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