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PERMANENCE OF IDENTITIES ON ALGEBRAS

M. N. BLEICHER, HANS SCHNEIDER and R. L. WILSONY)

§1. Introduction

In our previous paper [1] we investigated under what circumstances the identities
of a partially ordered (universal) algebra remain valid when the algebra is completed
to a suprema preserving superior completion ([1], (2.6), (3.7), (5.11)). In general we
use the terminology and notation of [1], with some minor exceptions that will be
noted later. We there showed that if both sides of an identity contain no repeated
variables then the identity remains valid under the completion. Gautam [7] handled
the unordered case of the problem in [1] where T is the complex algebra including the
empty set, which causes certain changes. Fuchs® work [5], [6] also has considerable
overlap with [1], although our papers were written independently. (See also Clifford
[3]) In this paper we consider the converse problem; namely, if the identities on a
(finitary) algebra and its completion are the same what can be said about the identi-
ties of the original algebra. From another point of view we give conditions under
which the identities on an algebra can be determined by looking at the identities on
appropriate sub algebras. We maintain the former point of view in this paper.

In §2 we introduce the notions of split words and split pairs of words and give a
quasi ordering to the words of a free algebra (called polynomial algebra by Grétzer
[8]), in which the maximal words are the split words except when the cardinality
of the generating set is finite and the word is long. At the suggestion of the referee we
now use the term ‘linear’ where ‘split” was used in [1].

In §3, we prove two technical lemmas about homomorphisms and suprema of a
certain special collection of points in the completion 7 of an algebra S.

In §4, we prove the main results. These are simplest to describe when S is trivially
ordered (unordered) and free over itself with an infinity of generators and T is the
complex algebra. We show (4.17) that the identities on .S and T are the same if and
only if the identities on S considered as a fully invariant congruence on a free infinitely
generated (polynomial) algebra are generated by linear pairs of words. As a corollary
we obtain (4.10) that an equational class is closed under taking complex algebras if
and only if the smallest fully invariant congruence on an infinitely generated free
algebra containing the defining identities is generated by pairs of linear words. When
the order is non-trivial or the number of free generators of S is finite, then more
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technical hypotheses are given which are sometimes weaker and sometimes stronger,
(4. 15) and (4. 16). These hypotheses balance off the freedom given by more genera-
tors against the restriction required by the ordering. Various examples are given to
show on the one hand that the hypotheses are satisfiable in a non-trivial way and, on
the other hand, that if one of them is omitted the conclusion need not hold.

In §5, we give a sufficient condition for a particular identity to remain valid in a
completion (5.3). We show (5. 2) that the condition is equivalent to a condition relied
uponin [1]. These conditions are not necessary for the identity to remain valid.

All algebras considered in this paper are finitary.

We take this opportunity to point out an omission in §6 of [l], in which the
hypothesis that the algebra be finitary was not stated. The proofs use that hypothesis,
and examples in [2] show that it is in fact necessary.

For a fuller version of this paper containing additional proofs see [2] and for some
other details see Wilson [9].

The authors wish to thank G. Gratzer for his helpful suggestions in matters of
presentation.

§2. Linear words in free algebras

(2.1) Definitions and Remarks

(2.1.1) By {Q, X» we denote the free Q-algebra with generator set X, while (%2, )
denotes an Q-algebra with S as the set of elements. For each word w in the free algebra
{2, X and for each xeX, we denote by p,(w) the multiplicity of x in w, i.e., the
number of occurrences of x in w.

(2.1.2) Since p, (w) >0 for only a finite number of xe X, we may write

1(9) = X {1 ()i xe X}
(2.1.3) The support of wis defined to be

I'(w)y={xeX:pu.(w)> 0}
and

y(w) =T (W)l

(2.1.4) Intuitively u(w)—y(w) is the number of repetitions of variable symbols in
w, e.g., in the free groupoid (-, X> we have

u(x*y)=3,
y(x*y) =2,
p(x*y)—y(x*y)=1 (xis repeated once).

(2.1.5) A word welQ, X is called linear if u, (w)< 1, for each xe X.
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(2.1.6) Forall we W, u(w)>y(w)and the word w is linear if and only if

w(w) =7 (w).

(2.1.7) By convention ¢ will always denote a substitution of X into X. As is ob-
served in [1], every substitution ¢: X— X has a unique extension from {Q, X'} into
{Q, X >. We denote this extension again by ¢.

(2.2) More definitions and remarks

(2.2.1) Let w, w'e<Q, X)>. We define w' = w if there exists a substitution ¢: X —X
such that ¢ (w')=w.

(2.2.2) Itiseasy to see that > is a quasi ordering.

(2.2.3) If w, w'e<Q, X and both w'> w and w> w', we write w~w', (Clearly, ~
is an equivalence relation on {Q, X>.) If w' > w, but not w2z w’, we write w’' > w.

(2.2.4) If we W<<{Q, X, but there is no w’ e Wsuch that w' > w, we call w maximal
in W.

(2.2.5) Given w, w'e{Q, X, there exists a permutation n of X such that z(w') =w,
if and only if w’ ~w. Further w’ > w, if and only if w=¢n(w"), where = is a permuta-
tion on X, and ¢ is an idempotent substitution of X into itself.

(2.2.6) If w' =zwthen

(W) = (),
y(w)Zy (w).

(2.2.7) Let w' = w. Then w'>wif and only if

y (W) >y (w).
A formal inductive definition of y, (w) and proof of the above remarks can be found

in Wilson [9].

(2.3) Definitions and remarks
(2.3.1) Let (wy, w,)e{Q, X D2, For xe X, we define

Hy (wla WZ) = max (:ux (w1)5 Hx (WZ))
and

[l(Wl, WZ) = z {:ux(wh WZ):XGX} .
(2.3.2) We define
I'(wy, wy) =T (w)uI'(w,)
and
Y (Wi, wa) = [I'(wy, wy)l.
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(2.3.3) A pair (w;, w,)e{Q, X>? is called linear if and only if each w, and w, is
linear.
(2.3.4) A pair (w,;, w,) s linear if and only if

#(Wl» Wz) =Y (W1: Wz)-
(2.3.5) Evidently
p(wy) + p(w),
Y (wi) + 7 (w2),

/J(Wl, WZ

‘Y(wh W,

)
)

V/AN/AN

and
Y (Wi, wa) < p(wy, wy).

(2.4) Yet more definitions and remarks

(2.4.1) In analogy with w'>w, we define for (w,, w,), (W}, wy)e<Q, X>?, that
(W}, W)= (wy, w,) if there exists ¢: X —X such that ¢(wi)=w; and ¢ (w)=w,.

(2.4.2) Evidently (w}, wj)>(w,, w,) implies wi >w,; and w)=>w,, but not con-
versely.

(2.4.3.) We define (w}, wy)~ (wy, w,), Wy, wy)> (w;, w,) and (wy, w,) is maximal
in Wed(Q, X>%asin (2.2.3) and (2.2.4).

(2.4.4) If (w}, wh) = (w,, w,) then

#(W’b le) Z #(WI’ Wz)
and

‘Y(wll’ WIZ) 2 ‘Y(wl’ WZ)'

(2.4.5) Let (w}, w3)=(wy, w,). Then

(w’l’ W,Z) > (wl’ WZ)

ifand only if

‘Y(wll’ WIZ) > Y(Wl’ WZ)‘

(2.5) LEMMA. Every ascending chain of pairs in {Q, X>? is finite.
Proof. Omitted.

(2.6) LEMMA. Let W<{Q, X% Then for each (vy, v,)e W there exists a pair
(wy, wy) such that (vy, v,)<(wy, wy) and (wy, w,) is maximal in W.
This is an immediate consequence of (2.5).

(2.7) LEMMA. Let (w;, w,)e{Q, X>* and suppose p(w;, w,)<|X|. Then there
exists a linear pair (wy, wy)e{, X )2 such that (w, w3) = (wy, w,).
Proof. Omitted.
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(2.8) COROLLARY. Let we{Q, X> and suppose u(w)<|X|. Then there exists
a linear word w' e{Q, X > such that w' =z w.
Proof. Put (wy, wy)=(w, w)in (2.7).

(2.9) Remarks

It is easy to show that if we{Q, X is linear, then w is maximal in {Q, X>. If w
is maximal and y(w)<|X|, then w is linear. Also if w is linear, and w’>>w, then w’ is
linear. However, there exists linear pairs (w;, w,) which are not maximal in (@, X).
For example, (xy, yx) is linear in the free groupoid (-, X, but not maximal.

§3. ¢ and s

We now prove a theorem which describes the effect of a homomorphism into a
suprema preserving ([1], (5.11)) superior completion ([1], (2.6) and (3.7)) of a par-
tially ordered algebra (2, S). If weQ is n-ary and ¢,e7T, i=0,1,..., n—1, we here
write w (%, ..., t,—;) Wherein [1] we wrote *w (o, ..., f,_;) or *w(t).

(3.1) Convention
Henceforth 8 (or 6;) will denote a homomorphism from (@, X to (£, S).

(3.2) THEOREM. Let (2, S) be a partially ordered universal algebra, and let
(R, T) be a suprema preserving superior completion of (Q, S). Let y be a homomor-
phism of {Q,X) into (Q,T). Let w,we{Q, X, where w' is linear, ¢:X—>X
and ¢p(W)=w. If I(W)S Y=< X, and, for all xeY, A(x) is a subset of S such that
supy A (x)=y ¢ (x), then

Yy (w)=supp{8(w):0(x)eA(x), if xeY}.

Proof. The proof is by induction on depth w’ (see [1], (5.25), and §7 for the prop-
erties of depth). If w' =we Q,, the result is obvious. If w'=yeX, then w=ze X and
¢ (y)=z. Hence

supr{0(»):0(x)eA(x), if xeY}=suprA(y)=yd(y)=y(2).

Hence the result is true if depth w'=1. Let depth w'>1, and suppose the result is
true for all words of depth less than depth w'. Then w’ must have the form

W = (Wgy oees Wiy ooy Wi q)
Since w=¢ (w"), we have

W= (Woy-eer Wiy evvs Wn_1)
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where w,=¢ (w}),i=0,..., n—1.

y(w)=v(w(.., w,...))
=w(..,¥w),...)
= w(..., supp {0;(w}):0,(x)eA(x) for xe¥Y},..)
= supr{@(..., 6;(w}),..):0;(x)e A(x) if xeY,i=0,..,n—1}
since w; is linear, I'(w;)< Y and (@, T) is suprema preserving. But the supports
r'(w;), i=0,..., n—1 are pairwise disjoint, since w’ is linear. Hence given 8, ..., 6, _;
there exists a substitution  such that
0(x)=0;(x) if xelI(w)
and
6(x)=0y(x) otherwise.

It follows that

Yy (w)=supr{o(..,0(w),...):0(x)eA(x) if xeY}
=supr{O(w (..., wj,...)):0(x)e A(x) if xeY}
=sup; {0 (w):0(x)edA(x) if xeY}.

The theorem follows by induction.

(3.3) Example

Theorem (3.2) need not hold if (2, T') is not suprema preserving as an extension of
(Q,8). As an example, let S={ay, a,, b, b,,0} with a,>a,>0,b,>b,>0, (see
Fig. 1) and define a binary operation by a3 =a,, b} =b,, and all other products are 0.
Let T=Su {u}, where u> s for seS. Then (s*)s = {0}, but in (Q, T),

u? = supy{sy, s,:5€S} =u,

u
B by ¥ by
azsz 3 b,
[4} 0
S T

Fig. 1
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0 (u*)u=u. Let X={x,, x5, x3} and let (-, X be a free groupoid. Let y: X — (-, T)
such that y (x)=u for all xe X. Then y ((x*)x) =u, but if

¢ (x1) = (x2) = ¢ (x3) = x,
supy {0((xyx;) x3)} =0 u.

In this example Y= X and 4 (x)=3S, forall xeX.
If Y is a homomorphism of {©, X') into (2, T) let { be the mapping of {Q, X>
into (2, T') defined in [1] (5.23), viz.

Y(w) =supy {0 (w):0(x) <y(x) forall xeX}.

More generally:

(3.4) PROPOSITION. Let (2, T) be a suprema preserving superior extension of
(2, S). Let  be a homomorphism of {Q, X) into (2, T). If we{Q, X>, '(w)=Y<
cX, A(y)=SforyeYandsuprA(y)=y(y)forallyeY then

Y (w) =supr{0(w):0(y)ed(y), for yeY}.
The proofis along the same general lines as that of (3.2).
§4. Permanence of identities
For the sake of completeness, we include the following definitions.

(4.1) Definitions

(4.1.1) Let (2, S) be an algebra and let (Q, X be a free algebra. Let (w;, w,)e
€{Q, X>*. Then (wy, w,) is an identity on (2, S) from {Q, X if for all substitutions
9:X (2, S),0(w,)=0(w,) ([4], p. 162).

(4.1.2) The set of all identities on (2, S) from (@, X will be denoted by Id (S, X),
or Id(S) where no confusion is likely to arise. We may write w, =w, for (wy, w,)e
eld (S, X).

(4.1.3) As usual a non-empty subset 2 of (2, 4) x (2, A) is called a congruence if
it is an equivalence relation and in addition for each weQ and (u;, v,)e 2 for i=0, ...,
n—1, we have (0 (g, ..., Uy_1), ®(Vg,..., V,-1))E 2.

(4.1.4) A congruence 2 on an algebra (2, A) will be called a fully invariant con-
gruence if (uy, u,)e 2 implies (A(w;), 2(u,))€ 2 for each endomorphism A of (Q, 4).
(Grétzer [8], p. 70.)

(4.2) LEMMA. The set Id (S, X) is a fully invariant congruence on {Q, X ».
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Proof. Omitted.

The following illustrates the intuitive content of Lemma (4.2). Let (-, .S) be a
groupoid satisfying the identity (xy)z=x(yz) from (@, X>. Then (-, S) also must
satisfy such identities as (xy)x=x(yx), x*y=x(xp), and ((xy)z)x*=(xp) (zx)?, etc.

If the algebra (£, .S)is represented as a factor algebra of a free algebra, then the
maximal fully invariant congruence contained in the kernel is simply Id (S, X). More
precisely,

(4.3) LEMMA. Let 2 be a congruence on {Q,X>. If (2,S5)=(Q,X)>/2 then
Id (S, X) is the unique maximal fully invariant congruence contained in 2.
Proof. Omitted.

(4.4) DEFINITIONS. Let n be a cardinal. An algebra (2, S) is called free over
itself on n generators, if and only if there is a subset G of S, with |G|=#n, such that G
generates (2, S) and such that every mapping of G into S can be extended to a homo-
morphism from (2, S) to (2, S).

The equivalence of (1) and (2) of our next theorem is to be found in Grétzer (8],
except that in that result the cardinality of the generating set is not mentioned.

(4.5) THEOREM. Let (2, S) be an algebra with more than one element. Then the
following are equivalent:

(1) (2, S) isfree over itself on n generators;

(2) there exists X with | X | =n, such that

(2, 8) = (Q, X>/1d (S, X);

(3) there exists X, with | X|=n and a fully invariant congruence 2 on (Q, X>, such
that
(2, )R, X>/2.

Proof. Omitted.
We observe that if (€2, S) has just one element, then (£, S) is free over itself with
one generator, and

(2,8)=(Q, {x}>/2, where 2=(Q,{x}>.

However, if |X|=n>1, and 2={Q, X), then (2, S) has one element; hence the
restriction |(2, S)|> 1 in (4.5).

(4.6) LEMMA. Let 2 be a fully invariant congruence on {2, X and let Q be the
subset of 2 consisting of all (Wy, wy)e 2 which are maximal in 2 under <. Then Q
generates 9 as a fully invariant congruence.
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Proof. Omitted.

We observe that in general a proper subset of the set of elements maximal 1n 2
suffices to generate 2.

We now begin detailed investigation of the properties that force identities to
remain true for suprema preserving superior completions.

(4.7) DEFINITION. Let (£2,T) be a suprema preserving superior completion
of the partially ordered algebra (2, S). We call seT isolated in S by T if s<sup; B,
where B< S, implies that se B.

(4.8) Remarks

(4.8.1) Since T is a superior extension of S, rteT\S implies that t=sup;{seS:
s<t}. Hence if seTand sis isolated in S by T then se S.

(4.8.2) Evidently, every element sisolated in .S by T'is maximal in S.

(4.8.3) Let T=5(S). Then se S is isolated in S by #(S) if and only if s is maxi-
mal in S.

(4.8.4) S is trivially ordered, if and only if every seS is isolated in S by & (S).

(4.9) LEMMA. Let n be a homomorphism of (Q, X into the partially ordered
algebra (2, S), and let (@, T) be a suprema preserving superior completion of (, S).
Let wy, wy be linear words in {Q, X'y with n(w)) isolated in S by T. Let ¢:X->X and
¢ (w)=wy, i=1,2. If ¥ is a homomorphism of {Q, X into (Q, T) satisfying for all
xeY=I (W) ol (wh)

Vo (x) = suprnd ™" ¢ (x)
then Y (wy) =y (w,) implies that there exists wye{Q, X ) such that
Wy 3w,
(W, w3) = (wy, wy),
and
n(wi) =n(wz).
Proof. Let A(x)=n¢"" ¢(x), for xe X. By (3.2), we have fori=1, 2,
Y (w;) =supr{0(w;):0(x)ed(x) for xeY}.

Since n(x)e 4 (x) for all xe X, we have

n(wh) <supp {0 (w)):0(x)ed(x), for xeY}

=y (w;) =y (w;) =sups {0 (w3):0(x)ed(x) for xeY}.
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But n(w}) is isolated in S by 7. Hence there exists 0,:X—S such 0,(x)eA(x)=
n¢ ' ¢ (x) for all xe X and

1 (wi) =0 (w2).

Thus there exists x'e¢ ~* 6(x) such that n(x") =0, (x). Define 6’ by ¢’ (x) = x’. We then
have

76" (x) = n(x") = 0o (x),

whence 76'=0,. Further ¢8' (x)=¢(x')=¢(x) whence ¢80 =¢. Thus if we define
wy =0 (w}), then

Wy = W)
and
(@ (W) & (w3)) = (¢ (W), $0" (w5))
= (p(Wh), ¢ (w2)) = (w1, wy),
whence
(W, w3) = (wy, wa).
Further

n(wh) =n0"(wh) = 0 (w3) = n(w}),

and the lemma is proved.

(4.10) Conventions and Definitions

(4.10.1) Henceforth, we shall assume that X is a countably infinite set X=
{xg, X1, X3, ...}, unless otherwise indicated.

(4.10.2) Ifnis a cardinal, we define

X,={xeX:i<n}.

Hence X, =X, if and only if n="%¥, and for finite n, | X,| =n.

(4.10.3) If (2, S) is an algebra free over itself with generating set G, we shall
suppose that G is well-ordered; G={go, £, &2,-.-}- This is an inessential notation
convenience.

(4.10.4) If G is as in (4.10.3), and |G|=n, the homomorphism of (€, X, into
(2, S) given by n(x,)=g;, i<n (or i<N,), will be called the natural homomorphism
of (@, X, into (22, G). Observe that7is 1 — ] on X, n<N,.

(4.10.5) If (2, S) is free over itself and # is the natural homomorphism of {2, X
into (2, S), then for (w;, w,)e{Q, X,>* we have (w,, w,)eld(S, X,) if and only if
n(wy)=n(w,). For, if §:X,— .S, then 8= An, where 1 is a homomorphism of (2, S)
onto itself. Hence (w; ) =7 (w,) implies that 0 (w, )=0(w,).

(4.10.6) If W<={Q, X>? then [W] will denote the smallest fully invariant congru-
ence on {£2, X' which contains W.
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(4.10.7) If W<<(Q, X,)?, then [W], denotes the smallest fully invariant congruen-
ce on {Q, X > containing W.
(4.10.8) Itiseasy to see that for We(Q, X,>?,

(W] <1d(S, X)
if and only if
(W], c1d(S, X,).

(4.10.9) If (@2, S) is free over itself on a finite number # of generators it is possible
that [W1],=1d(S, X,), but [W]<Id(S, X). For example, let (-, S) be the groupoid
with generator a satisfying @*> =a. Then, in fact S= {a}, and S is obviously free over
itself. Clearly (x, x*) generates Id (S, X,) but not Id (S, X). (A generator for 1d (S, X)
is (x, y).) Similar, but less trivial examples may be given.

(4.11) LEMMA. Let (2, S) be a partially ordered algebra free over itself with n
generators, and let (2, T) be a suprema preserving superior completion of (2, S). Let
(wy, wy)€ld (T, X,) and suppose there exists a linear pair (w}, w3)e{Q, X,>* such that
(Wi, wh) = (wy, wy) and n(w)) is isolated in S by T, where n is the natural mapping of
{Q, X, into (2, S). Then there exists (wy, w3 )= (wy, w,) such that (wi, wy)eld (S, X,).

Proof. Since (wi, wy)=(w,, w,) there exists a mapping ¢:X—X such that
¢ (wj)=w;, i=1,2. As in (4.9) with X, replacing X define Y=TI"(w})UT (w}). Define
Y :X,—T as follows:

(1) Ifze¢ (Y) with z= ¢ (x) then

¥ (z) =suprn(p " ¢ (x)).
() IfzeX,\$ (), define
¥(z)=n(z).

Since (wy, w,)eld(T, X,) we have ¢ (w,)=y (w,). Hence by (4.9) there exists wje
e Q, X,» with (w;, w")= (w}, wy) and 5 (w})=#n(w3). But since # is the natural map,
(wh, w3)eld (S, X,) (cf. (4.10.4)).

(4.12) Remark
1t follows from (4.8.4) that the isolation hypothesis in (4.11) is automatically
fulfilled when 7= (S) and §'is trivially ordered.

(4.13) THEOREM. Let (Q, S) be a partially ordered algebra, free over itself on an
infinity of generators. Let (Q, T) be a suprema preserving superior completion, and
suppose for each linear velQ, X, n(v) is isolated in S by T, where y is the natural
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mapping of {(Q, X) into (Q, S). Then if (w,, w,)eld (T, X) there exists a linear pair
(vy, v5) such that (wy, w,) < (vy, v,) and (v, v,)€ld (S, X).

Proof. Since X is infinite, there exists a linear pair (w}, wj) with (wy, w,) < (w}, w3)
(cf. 2.7), and also X,=X. Since n(w}) is isolated, it follows from (4.11? that there
exists (wy, wh)eld (S, X) with (w), w3)= (wy, w,). Since (wj, w})eld(S, X), we may
repeat this argument to obtain (v,, v,) such that v, is linear, (v,, v;)>(w}, wy) and
(vy, v2)€ld (S, X). But since v, >wj, and w) is linear it follows that v, is also linear,
and the theorem is proved.

(4.14) THEOREM. Let (Q, S) be a partially ordered algebra, free over itself on n
generators. Let (Q,T) be a suprema preserving superior completion. Suppose there
exists a subset W< {Q, X,>* such that [W]=1d (S, X) and which satisfies:

(4.14.1) for each (vy, v,)e W there exists a chain

(01, v2) < (wy, wa) < (W), wh)
such that

(1) (wy, wy) is maximal in1d (S, X,,),

2) (w}, w3)edQ, X,
(3) (wy, wh) is linear,

and

(4) both n(wy) and n(wy) are isolated in S by T, where 7 is the natural mapping of
(Q, X,> into (Q, S).

Then Xd (T, X)=1d(S, X) if and only if there exists a set Z of linear pairs in {Q, X,>*
such that [Z]1=1d (S, X).

Proof. Clearly 1d(T, X)<=1d(S, X) since (@, S) is isomorphically embedded
in (Q, T). Suppose Id (S, X) contains a set Z of linear generators with Z=<{Q, X »2.
Then by [1] Theorem (5.30) each (w,, w,)eZ is an identity on (@, T'), whence Id (S, X)
=[Z]<Id(7, X) and Id(T, X)=Id(S, X) follows. This proves the theorem in one
direction.

Conversely, suppose 1d (7, X)=Id(S, X). For each (v,,v,)e W choose a chain

(1)1, UZ) < (wl: WZ) < (wll, W’Z)

satisfying hypotheses (1)-(4) and let Z consist of all pairs (w,, w,) which belong to
one of the chosen chains. We shall show that (w,, w,) in Z is linear. Observe that
(wy, wy)eld (S, X,). Since #(w}) is isolated, by (4.11) there exists wj such that (wf,
w3 )eld (S, X,,) and (w}, w3 )= (w, w,). But by the maximality of (w,, w,)in Id (S, X,),
(wi, W)~ (wy, w,) whence w, =wj. Clearly (cf. (2.8)), w, is also linear. Since (w;, w,)
is maximal in Id(S, X,), so is (w,, w;). Further (w3, w}) = (w,, w,) and 7(w5) is
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isolated. A similar argument now shows that w, is linear. Hence (wy, w,) is a
linear pair. We have shown that Z consists of linear pairs. Since W< {[Z], and
Z<Id(S, X) we have

[Z]=[W]=1d(S, X).

(4.15) THEOREM. Let (Q, S) be a partially ordered algebra, free over itself on n
generators, and let (2, T) be a suprema preserving superior extension. Suppose there
exists a subset V of {Q, X>? such that [V1=1d (S, X), and which satisfies:

(4.15.1) For each (uy, u,)e V, we have

p(uy) + p(uz) < n.

(4.15.2) Suppose also that for each linear pair (wy, wy)e{Q, X,>* there exists
(w1, w3)e<8, X, D2, such that (wy, w3) = (wy, wy) and both n(w{) and (w5 are isolated.
Then 1d (T, X)=1d(S, X) if and only if there exists a set of linear pairs Z in {Q, X,»*
such that 1d (S, X)=[Z].

Proof. Let (uy, u,)e V. Since

Y(up, u) < puy) + pu(uy) < m,

there exists a permutation = on X such that n(I(uy, u,))= X,. Let v,=n(u,), i=1,2.
Then (vy, v,)eId (S, X,), and (v, v,)~ (4, u,). Hence we can find a set of generators
W for Id (S, X) such that

W <1d(S, X,) = {Q, X,>*
and
() + pu(v)<n,

for each (v, v,)e W. By (2.6), there exists (w;, w,)eld (S, X,) such that (wy, w,) is
maximal in Id (S, X,) and (w,, w,)> (vy, v,). Since w; > v;, i=1, 2, we have

t(w;) = u(v:),
(cf. (2.2.6)) whence A !

pw wy) Sp(wy) + u(wz) < u(oy) +u(v) < n.

Thus by (2.7) there exists a linear pair (wi, wh)e<Q, X>? with (wi, w3)= (W, wy).
By assumption, we can then find a linear pair (wy, wj)e<@, X,>2, such that (w{, w3)>
> (wi, wy) and 5 (w}) and #(w}) are isolated in S by 7. Thus Theorem (4.14) applies
and the conclusion follows.

(4.16) THEOREM. Let (2, S) be a partially ordered algebra, free over itself on n
generators, and let (Q, T) be a suprema preserving superior extension. Suppose there
exists a subset V of {Q, X>? such that [V]=1d (S, X), and which satisfies:
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(4.16.1) Each pair (uy, u,) in V is maximal in 1d(S, X) and satisfies p(uy, u,)<n.

(4.16.2) Suppose that for each linear pair (w}, w5)e<Q, X,>* there exists (w{, w; )€
e{Q, X,>? such that (w{, w3) = (w}, wh) and both n(w}) and n(w}) are isolated.

Then 1d(T, X)=1d(S, X) if and only if there exists a set of linear pairs Z in {Q, X »*
such that 1d(S, X)=[Z].

Proof. Similar to (4.15).

We may again observe that for trivially ordered S with T=.%(S) the hypotheses
involving isolation are trivially satisfied. We shall state an important special case of

(4.15).

(4.17) THEOREM. Let (Q, S) be a trivially ordered algebra, free over itself with
an infinite set of generators. Then 1d (£ (S), X)=1d(S, X) if and only if there exists a
set Z of linear pairs such that [Z]=1d (S, X).

Let W be contained in {Q, X >? where X is countably infinite. The equational class
(variety) " (W) defined by W consists of all algebras (©, .S) with 1d (S, X)=2 W. Let
A=A (W) be an equational class. Then Id (2", X') is defined to be the set of pairs
(wq, w;) such that w; =w, holds on S, for each Sex". We include the following,
which must be known, but we cannot find it in the form needed.

(4.18) LEMMA. Let X be infinite, and let W={Q, X>*. Let X" be an equational
class. Then A=A (W) if and only if [ W] =1d (A, X).

Proof. Let A" =" (W). Let (Q, S)e (W). Then, since Id(S, X) is a fully inva-
riant congruence containing W, we have

(W]<1d(S, X).
But the algebra (2, S;)=<{Q, X>/[W e (W)and by (4.3),

d(S, X)=[W]=2W.
Thus
(W]=N{ld(S, X):Sex (W)}
=Id{x (W), X)=1d(X, X).

Conversely, let [W]=I1d(", X). Then Sex (W) if and only if Id(S, X)=[W]
=1d(#, X). But1d (S, X)21d (¢, X)if and only if Se2". Thus 24" =" (W).

We define (@, €(5)), the complex algebra to be the induced algebra on the set of
all non-empty subsets of S, i.e. if S is trivially ordered #(S)=.7(S). We define
% () to be the class of all €(S) with Set".

(4.19) THEOREM. Let o be an equational class. Then € (A=A if and only
if there exists a subset W of {Q, X>? consisting of linear pairs such that X =A"(W).
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Proof. Let A"=24"(W), where W consists of linear pairs and SeX". Let
(wy, w,)e W. Since wy =w, holds on S'and (w;, w,) is linear it follows by [1] Theorem
5.30 that w, =w, holds on € (S). Hence ¢ (S)eot". Thus € (A )= A"

Conversely, let € (") . Consider

(2, 8) =<Q, XH/1d (A, X).

If (Q, S) has one element, then 1d (", X)=<Q, X>* and hence Id (¢, X)=[W],
where W=/{(x, y)eX?}, a set of linear pairs. If |(2, S)|>1, then (2, S) is free over
itself with an infinity of generators, by Theorem (4.5). Hence, by (4.17) there exists
a set W of linear pairs with [ W]=1d (X", X). By Lemma (4.18) 2 =" (W), and the
theorem is proved.

(4.20) Examples

We shall show by means of two examples, one trivially ordered and one linearly
ordered, that we cannot omit the hypothesis in (4.11) that (w}, w3) be in (2, X,)*.

(4.20.1) Let S be the positive integers under two operations: a+b=the ordinary
sum and aAb=max(a, b). Then S is free over itself with generating set {1}, and
(+, A, S) satisfies the identity x Ax=x. Let S be trivially ordered. Then x Ax=x
also holds on (+, A, #(S)). The linear pair (xAy, x) is above (x A x, x). And up to
permutations of symbols, the only pairs (xAy, wy)2(xAx, x) are (xAy,x),
(xAy,y), (xAy,z) and none of them correspond to an identity on (+, A, S).
Observe that n=1 and (x Ay, x)¢<{Q, X,>?, if y#x.

(4.20.2) Similar remarks hold about x Ax=ux if S is ordered in reverse fashion
from the usual (e.g., 2>>3). Note that #(x,) =1 isisolated in S'by & (S) in this case.

(4.21) Examples

We now give two examples to show that the isolation hypothesis (4.15.2) ean be
satisfied for non-trivially ordered S, with (£, S) free over itself on an infinity of
generators.

(4.21.1) Let S be the multiplicative semigroup of all integers a, a2, and order
S thus: a<b if and only if

(1) b|a
and

(2) for some integer n, a | b".

(or, equivalently, (1) and (2)': @ and b have the same prime factors). Then, S is free
over itself, generated by the set of primes={p, p;, ...} and the maximal elements of S
are products of distinct primes. Since for each x€X, #(x) is a prime, it follows that
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any linear word w' in {©, X > maps onto a maximal element of S, and hence # (w’) is
isolated in & (S'). In this case Id (-, S) has a generating set {(xy)z=x(yz), xy=yx} and
hence

Id (@, S) =1d(Q, #(S)).

(4.21.2) Let S be the set of all cube free integers a, a>2. If a=[] p¥", b=]] pl¥,
0<a;<2, 0<B,;<2, define c=ach by c=][] p¥, where y,=min («;+f;, 2). It can be
shown that S is free over itself with generating set the primes {p, p;,.-.}. If we order
S by (1) and (2) of (4.21.1), then it again follows that # (w') is isolated by Sin & (S),
for any linear w'e(Q, X). In this case, however, (xox)ox=xox holds on (e, S), but
not on (o, #(S)). To see this, let I be the initial segment generated by {2, 3, 5}.)Then
30¢ o1, but 30e(lol)ol. Hence by (4.15), there exists no linear set of generators for
1d (S, X). We observe that 1d (S, X)= %, where we define

(421.2.1) & = {(wy, wo):min(2, u, (wy)) =min (2, u, (w,)) forall xeX}.

For future reference, we point out that if we adjoin 1 as an incomparable element of
S and also as a nullary operation, then all above remarks go through.

(4.22) Example

We give an example of a trivially ordered semigroup S satisfying all hypotheses of
(4.15), and such that Id(&(S), X)#Id(S, X). Let S be the square-free positive
integers a(a>2) under the composition aAb=Il.c.m. (a, b). Then S is free and is
generated by the primes. If S is trivially ordered, the hypotheses (4.15.2) and (4.15.3)
hold. Define 2 by:

(4.22.1) 2 = {(wy, wy)e<Q, XD (w,) =T (w,)}.

It follows from the identities xAx=x, (xAy)Az=xA (yAz) and xAy=yAx that
wy=w, holds on (A, S)if and only if (w,, w,)€ 2, thus 2=1d(S, X). If 4={2,3} <,
then {2, 3} A {2, 3}={2, 3, 6}, whence x A x=x does not hold on { A, & (S)). Thus by
Theorem (4.15), 1d(S, X)= 2 does not have a set of linear generators.

(4.23) Examples

We now show that none of the hypotheses of Theorem (4.15), viz., that S be free
over itself, (4.15.1), or (4.15.2) can be omitted.

(4.23.1) Let S be the positive integers with a A b=max (a, b). The only generating
set for Sis S itself, and S is not free over itself. (To see this, observe that any mapping
with 1 =2 and 21 cannot be extended to a homomorphism.) If S is trivially ordered,
(4.15.1) and (4.15.2) are satisfied. We note that xAx=x, (xAy)Az=xA (yAZ),
xAy=yAaxallholdinboth S and & (S). It follows that Id (S, X)=Id (¥ (S), X)= 2,
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where 2 is given by (4.22.1). But as was shown in (4.22), there is no set of linear
pairs generating 2.

(4.23.2) We next show that hypothesis (4.15.1) cannot be omitted from Theorem
(4.15). Let S={1, a, 0} have a multiplication where | and O are the identity and zero
elements and a>=0. Also let | be a nullary operation. Thus Q={-, 1}, and Sis free
over itself with generator a. It can be proved that 1d(Q, S)=2, where Z is defined
by (4.21.2.1).

Let Sbetrivially ordered. Itis straightforward to check that Id (S, X ) =Id (< (S5)), X.
Since we have already shown Id (S, X) is not generated by linear pairs we see that
hypothesis (4.15.1) is essential.

(4.23.3) We may generalize the example of (4.23.2). For each positive integer n,
we may construct the trivially ordered algebra S={l,a,d?,...,a" !, 0} with an
associative, commutative multiplication and a nullary operation |. The algebra is free
over itself and satisfies x"*1=x" where x" may be associated in any fashion. As in
(4.23.2), we prove that Id (S, X)=Id (& (S), X), but that Id (S, X) is not generated by
linear pairs.

(4.23.4) Let S be the semigroup of (4.22) and order S by a<b if and only if b | a.
Then S is free over itself with an infinity of generators, whence also (4.15.2) must hold.
In Example (5.4) we shall show that Id (S, X)=Id (< (S), X ). We have already seen
in (4.22) that Id (S, X') has no set of linear generators.

(4.25) More examples and remarks

(4.24.1) Let S be a trivially ordered algebra free over itself on » generators, where
n is finite. In view of (4.23.2), it is tempting to conjecture that if (w,, w,) is a maximal
element of 1d (S, X,), then also (w;, w,)eld(Z(S), X,). However, this is false, as
shown by the following example:
Let S be the positive integers with two operations + and o where + is ordinary
addition and for a, be.S define

dob = a if a=5
" la+ b otherwise.

Then S is free over itself with generator 1. Consider .S under the trivial order. Then
(x°ox, x) is maximal in Id (S, X;), but (xox, x)¢Id (£ (S), X;).

(4.24.2) A final example shows that if S=<{Q, X,>/[V],, it may happen that
[V]#Id(S, X). For example, let S be a groupoid, free over itself on one generator
a, satisfying

x(x*)=x* and (x*)x=x?, ie.,

V = {(xx*, x*), (x’x,x*)} and n=1.

Then S={a, a*}. Clearly x (yz)=xy holds on (e, §) (so that (x(x?), x*) can be replaced
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by a linear pair). However, the congruence [ ¥] does not contain (x (yz), xy), since the
semigroup of (4.21.2) satisfies [ ¥], but not xyz=xy.

§5. Local conditions

We now find a local condition on the partial order which for each w is equivalent
to the condition ¢ (w)=1\(w). This latter condition was the main criterion for the
permanence of identities in the paper [1]. After proving the theorem we give an example
to show that this condition is, in fact, not necessary for the permanence of identities
under extension of the algebra to a given superior completion.

(5.1) Definitions

Let w, w'e(Q, X). Let (2, S) be a partially ordered algebra with suprema pre-
serving superior completion (2, T').

(5.1.1.) We say w covers w' in S by T if and only if there exists ¢: X —X with
¢ (w')=w and for each 6: X —S we have

(5.1.1.1) 0(w") < supp{0% (w):0%¢ (x)e0¢ "' ¢ (x)}.

(5.1.2) Letw'e{Q, X). Wesay that w' is fotally coveredin S by T'if every we{Q, XD
with w<w’ covers w' in S by T.

(5.2) THEOREM. Let (Q, S) be a partially ordered algebra with suprema pre-
serving superior completion (Q,T). Let w be a word in {Q,X). Then for every
Y X—T, Y (w)=\(w) if and only if there exists a linear w' €{Q, X such that w covers
win SbyT.

Proof. Suppose i (w)=1\y(w), for all y: X—T. By (2.8) there exists w'>w where
w' is linear. Suppose ¢ (w')=w. Let 6: X — S be given. We define

_ (supr66™'(y) for ye¢(X),
v )“{o(y) for yeX\¢(X).

Thus, for xe X, 0(x)e0¢ ™" ¢ (x), whence 0(x)<y¢(x). Hence

O(w) <y (w) =y (w) =y (w)
= supy {0 (w): 0" (w) < ¥ (x)}
supy {0% (w): 0% (»)€06 ™" (»), yed (x)},
where the last equality holds by (3.2), with A(y)=0¢""'(y) for yed(x), and the

previous one from the definition of y(w). Hence w covers w’ in S by T.
Now conversely, assume w covers w' in S by T. Let ¢:X—X be a mapping
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satisfying (5.1.1.1). Then by Theorem (3.2), with 4 (x)={s<y¢(x)}, we have

¥ (w) = supr {0 (w'): 6 (x) < ¥ (x)}.
Hence, by (4.1.1),

¥ (w) < supy {sup; 6% (w):0%¢ (x)e0¢ ™' ¢ (x) and 0(x)< Yo (x)}.
= supy {0% (w): 6% (x)€6¢ ™' $(x) and 0(x) <ye(x)}.

Btlllt if 0*¢ (x)e0¢ ™! ¢ (x) and 8(x)< ¢ (x) then 6*¢ (x)=0(z), where ¢ (z)=¢ (x),
0%¢ (x)=0(2) <Y (2) =¥ (x).
Thus
¥ (w) < supy {6% (w):0%¢ (x) < Y6 (x)}
= supr {0" (w): 0% (») <Y (»), ye o (X)}
=y (w),

where the last equality holds by (3.3)if ye ¢ (X). Hence y (w) < W (w). But Y (w) <y (w)
by [1](5.27), whence ¥ (w)=1(w), and the theorem is proved.

(5.3) THEOREM. Let (Q, S) be a partially ordered algebra, and let (2, T) be a
suprema preserving superior completion. If every linear word in {Q, X is totally
covered in S by T then 1d (T, X)=1d(S, X).

Proof. Let (wy, w,)eld (S, X), and let : X —T. It follows from the definition of
V that Y (w;)=¥(w,). Hence by Theorem (5.2), also ¥ (w,)=y(w,), whence
(wy, wy)eld (T, X). We have proved 1d (S, X)<Id (7, X). Since S is embedded in 7,
the converse inclusion is trivial and the theorem follows.

(5.4) Remark and examples

(5.4.1) If (2, §) is linearly ordered, then it is easy to see that every linear word in
{Q, X is totally covered in S by every superior completion 7. Hence Theorem (5.3)
implies Theorem (6.2) of [1].

(5.4.2) We now give an example of an algebra (2, ) which is not linearly ordered,
and every linear word in {Q, X is totally covered in S by every superior completion 7.

Let S be the groupoid free over itself on a countable infinity of generators
{Po> P1> P2>---}, Which satisfies the identities (xy)z=x(yz), xy=yx, x*=x. Thus for
every aeS we have a canonical representation

a=[]pf,e=1 or &=0,

where only finitely many ¢;#0. (A natural model is given by the square-free integers
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a(a>2) with ab=1.c.m.(a, b), (cf.(4.22)), where we write a A b.) We partially order
S by
a < b if and only if b divides a.

Let w’ be linear and suppose w< w'. There exists a ¢: X — X such that ¢ (w')=w and
such that for x¢I' (w') we have ¢ (x)¢ I (w). Then if yeI'(w),

() (w).

Suppose 6* ()¢ ~!(y). Then for some xeI' (w"), 6*(y)=06(x). Hence it follows that
6* (w)=11 {0*(p):yeI' (w)} which divides 0 (w')=] {6 (x):xel (w')}. Thus 8*(w)>
=0(w')in S. It is immediate that w covers w’ in every superior completion 7. Hence
for every such completion (2, T') which preserves suprema, we have

1d (S, X) = 1d(T, X).

(5.4.3) We now give an example of a groupoid (e, §) such that there exists a
suprema preserving superior extension (o, T) in which every linear w'e{o, XD is
totally covered in .S by T, but not every linear w’ is totally covered in § by & (S). Let
S be the real numbers, trivially ordered. Define

acb=4%4(a+b) for a,beS.

Let T=Su {u}, where u is adjoined as an element satisfying a<u for all aeS. Then
in (o, T)
aou=uyoa=you=u, forall aes,

and (o, T") is a suprema preserving superior extension of (o, §). Let w’ be a linear word
in (o, X and let w w', say w=¢p (w"). We claim that (5.1.1.1) holds. For suppose that

10~ ¢p(x)] =1 forall xel (w). (@)

Then if 0*¢(x)ef¢p~* ¢(x), we have 6*¢(x)=0¢p"* ¢(x)=06(x), for xeI'(w'),
whence 8 (w')=0*$(w')=6* (w). On the other hand, suppose that

80~ ¢ (y)| >1 forsome yel(w'). (b)
Let a,be0p™! ¢(p), a#b. Let 0*¢(x)ebp~! ¢ (x) for all x and let 6*¢ (y)=a.
Define 67 on ¢(X) by 0¢(»)=b, and 67¢(x)=0%¢p(x) otherwise. Then 6*(w)=

=07 (w), whence

supy {8* (w):6%p (x)€bp ™" ¢ (x)} = u.

It follows that (5.1.1.1) holds, as claimed, and that every linear w'e (e, X is totally
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covered in S by T. However, xox=x holds in S but not in & (), whence by Theorem
(5.3) there must exist a linear w' e {o, X> which is not totally covered in S by & (S).

(5.5) Examples

We shall now give two examples of a semigroup (o, ), one trivially ordered and
one non-trivially ordered, such that Id(Q, §)=1d(Q, & (S)) but ¢ (w)#\(w) for
some welQ, X>. In fact, w may be chosen to be w, or w, where w, =w, holds
on (e, S).

(5.5.1) Let S={1, @, 0} be the semigroup of (4.23.2) (that is, the nullary operator
is now omitted). Then

1d (S, X) = Id(£(S), X) = %

where Z is given by (4.21.2.1). Let ¢: X — & (S) satisfy ¥ (x)={1, a}, for some xeX.
Then y (x*)=y ((x*)x)={1, @, 0} =S. On the other hand,

U (x*) = {0(x*):0 (x)e{L, a}}
={1,0}
and similarly

U (") x) = {1, 0}
(5.5.2) Let S={1, @, 0} be ordered as in Fig. 2 and let T=Su {u}, (2 £ (S)).

Fig. 2

If  : X —T with  (x)=u, then

Y (") =y ((x*) x)=u,
while

W) = ()0 = 1.
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