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The Bauer Fields of Values of a Matrix*

By
NICHOLAS NIRSCHL and HANS SCHNEIDER **

1. Introduction

Let V be a finite dimensional unitary vector space over the real or complex
number field with inner product (y, x). If A is a linear transformation of V
into itself the classical field of values F[A] of the transformation A is the set
of all complex numbers (x, 4x), with (x, ) =1. Here F[4] contains P[4],
the convex hull of the eigenvalues of A (ToerriTz [10]), and is a convex set
(Hauspor¥F [6]).

In 1952 W. GivEns [4] showed that P[A] is the intersection of certain
transforms of the field of values. More precisely, setting

Fy[A]={(x, HA%): (x, Hx) =1},
for a positive definite hermitian H, he proved the following:

Theorem A. P[A]= () F;[A], where the intersection is taken over all positive
definite hermitian H.

Theorem B. There exists a positive definite hermitian H such that F;[4]=
P[A] if and only if all the eigenvalues of A lying on the boundary of P[4] have
simple elementary divisors.

Since the quadratic forms (x, x) and (x, H %) are really the squares of vector
norms, F[A] and F,;[4] depend not only on the transformation 4 but also on
these norms. Recently F. L. BAUER [2], generalized the concept of field of values
for norms not necessarily related to an inner product. Independently G. LuMER[9]
has made a closely related generalization for operators on a general Banach
space. It is the purpose of this paper to extend to Bauer fields of values the
results of GIVENS.

2. Bauer Fields of Values

A vector norm ||-| is said to be weakly homogeneous if |y x| =y|x| is required
only of scalars y=0, and stricily homogeneous if |y x| =|y| |¥| is required of all
complex scalars . In this paper we shall be interested only in strictly homo-
geneous vector norms.

If |-| is any vector norm the dual vector norm |-| is defined by
(1) [yl = sup [ (v, %)
z+0

Then we immediately have the inequality
(2) |, 2 =l »
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Since in a finite dimensional vector space the unit sphere is compact, for every
non-zero x<V there exists y€V such that

(3) (v, 2) =l || =1
Definition. If x and y satisfy (3) we say they are dual veciors and write y|x.

We should point out that the definition of a dual norm usually used by
HouseHOLDER [§], BAUER [2], and others would have |(y, x)| replaced by Re(y, x)
in {1). The latter definition is natural when n-dimensional complex space is
considered as 2#-dimensional real space. Also, BAUER’s definition of dual vectors
would have (y, x) replaced by Re(y, x) in (3). He calls vectors satisfying (3)
strictly dual vectors. However, since in the case of a strictly homogeneous
vector norm (as he points out in [2]), dual vectors are also strictly dual, we
shall not make the distinction.

Remark. As the notation y|x suggests, the duality relation generalizes the concept

of parallel vectors. We give a geometric interpretation for real spaces, which is
well known, but which is included because later in paragraph 4 we have an appli-

K’ the convex body belonging to the dual norm, and let » be on the boundary of
K. If S is any support plane of K at x, let y be the vector on the boundary of K’
orthogonal to S (i.e. (y, u—x=0 if u€S), on the same side of the origin as S.
Then y|x. For proof simply note that (y, z) <(y, #) for all z€ K, and (y, z)=1 for
some z€XK, Hence (y, x)=1. It is easy to see that every y dual to x is given by this
construction, and of course x is also ortho-
gonal to the support plane S’ of K’ at y.

\ Suppose y|x. If we set yo= ﬁ y
and xp=—

x 7 E

¥, and x, boundary vectors of K’ and K.
Since our principal concern will be with
complex numbers of the form (y, 4x) and

. A
since (30, 42) = P = (7,42, w

may restrict ourselves to dual pairs lylng
on the boundaries of K and K’ when-
ever this is convenient. In this case
Il = flxll = 1.

Definition. The Bauer ficld of values of a linear transformation A with
respect to a norm |-|| defined by

F[A,|-N={(y. 4 %): 5]}

x we still have y,|x,, with

Fig. 1

|| and the matrix 4, and not on the inner product defined on V. For suppose
7(y, x) is any other unitary inner product defined on V. Then it is well known
that 7 (y, x)=(y, Hx)=(H y, %) for some positive definite hermitian H. Denote
by ||| the norm dual to |- || with respect to (v, ) and by y|*» a pair of vectors
dual with respect to s (y, x). Since
@ HA _ qup [H 2|

R el

#%0

[7(y, #)] = sup

9" = sup
R T
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it follows that y[*» if and only if Hy[x. Let D be the set of all vector pairs
y =0, % ==0 such that y|x, and let D, be the set of all vector pairs y £0, x =0
such that y[*x. We have

nly, A%) _j (Hy, A% _ (.42
pr lyIFl«l — bx IHYIIl D y[ [«

C

From this it now follows that F[4,|-|] is independent of the unitary inner

product defined on V.
It will be convenient for us throughout the rest of this paper to assume that

V is an #z-tuple space with inner product (y, x Zy, x;. Thus once and for
all we pick out a preferred basis ¢,=(1, 0, . 0), e=1(0,1,...,0), ..., ¢,=
(0,...,0,1) and a preferred inner product. Instead of linear transformations

we may consider matrices.
As BAUER pointed out in [2], F[A4,]-|] is not necessarily convex. We give
an example when it is not. Let

I A
1 , 1—1

and let us choose the norm ||x[|,, =max ( ), with dual norm |ly|, =%, | + | v,|
(e.g. HOUSEHOLDER [8]). It is easy to show (cf. Theorem €), that F[4,
contains ¢ and —7 but no other point on the imaginary axis.

However, F[A4,|-|] does always contain the eigenvalues of 4. To show this,
let A be any eigenvalue of 4, and let x be any right eigenvector corresponding
to it. We can choose y so that y|x and write (y, 4 x)={(y, A2)=2A(y, x)=2.
Hence if we denote the convex closure of F[4,|-|] by F°[4,|-|] we can say
that P[

3. The Givens Field of Values as a Special Case of the Bauer Field of Values

In [7] HOUSEHOLDER pointed out that if ||-| is any vector norm and G is
any non-singular matrix, then

(4) I+le=0G |

is also a vector norm called the G-fransform of ||-|. He pointed out further that
*| then

(5) [yl =1G=* I

is dual to ||+||z. This follows from the definition of a dual (1) and the fact that
for non-singular G the sup over all x==0 is the same as the sup over all Gx 5=0.
For

, %) [(y, #)| |(y, G1G x))
su — su = sup 1P T Al
Il = *13 ” T~ olbeA TR e
— [(G1*y, G #)| G2 *y, ) _ -1 o
=su = su = |G .
S Ter s S 7/ el L L

We shall need the following lemmas for the proof of theorem 1.
25*
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Lemma 1. The relation y|x with respect to |-|s is equivalent to G*y||Gx
with respect to |||

Proof. We have y|x with respect to |||z if and only if (y, x)=|y[s|*|c=1.
But from (4) and (5) this is equivalent to (G™*y, Gx)=(y, G1Gx)=
|G=**y|'|G %] =1, which is necessary and sufficient for G™*y|Gx with respect
to |

Lemma 2. If C=GAG™ then F[4,|-|:]=F[C, |-|]-

Proof. Let peF[A4,|-|s]- Then o= (y, 4 ), where y|x with respect to |-|;.
Let é=Gx and n=G'*y. By lemma 1, |é with respect to |-|. Hence

0=(y,GIGAGIGx) = (1, GAG™E) = (n, CE ¢ F[C,|[],

so that F[4,|-|c]<F[C,|-|]- The reverse inclusion follows in the same way.
Now we recall two well known facts. First, the Euclidean vector norm
|#] = (%, %)? is self dual, that is, || =|-|/. In this case y|x if and only if y= Hx—x”z

Next, a hermitian matrix H is positive definite if and only if there exists a non-
singular matrix G such that H=G*G.

Theorem 1. Let ||-| be the Euclidean vector norm and H=G*G be any
positive definite hermitian matrix. Then F;[A]=F[4,]"|¢]-

Proof. By definition Fy[4]= U 0%. Set £é=Gx. Since G is non-
singular, x ranging over all non-zero vectors is the same as & ranging over all
non-zero vectors. Hence using Lemma 2 and the fact that the Euclidean norm
is self dual we can write

E[A, ||| =F[GAG,|- ZUiG/%G—lxl
L1l =11 D=8 g
_ynGAGy _ y 6,6AGTE _ y (6rGAGCIGx)
#F0 [l T Exo0 BE 230 IG #[2

(x, G*G A x) (v, HAx) _
T %0 (Gx,Gx) _xE:Jo (%, H x) By [A].

It follows from this theorem that the Givens field of values is a special case
of the Bauer field of values.

4, Absolute Norms and B-Norms

A vector norm |-| is said to be absolute if it depends only on the moduli of
the components of the vector, that is, if |« =], for all », where x,=(|%,|, | %,
e |x”|) It is clear that all Hélder norms

’ >

id 1P
Mp=| 2 Iml]", 1=p<e

[l = max |1

(6)

are absolute. It is also clear that all absolute vector norms are strictly homo-
geneous. Geometrically an absolute norm is one whose associated convex body
is symmetric about the coordinate axes.
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A vector norm |- is said to be monotonic if for any two vectors x= (%, x,,
o x,) and z=(z, 2y, ..., Z,), With |x%;| = |z;| for all 4, the inequality x| < ||
holds.

These concepts are due to BAUER, STOER, and Wrrzcarr [I]. In that paper
they showed, among other things:

(7) an absolute vector norm is monotonic and vice versa;
(8) the dual of an absolute vector norm is again absolute.

The following two lemmas exhibit important geometric properties of absolute
vector norms.

Lemma 3. If y|x with respect to an absolute vector norm |-
component y; x; = 0.

Proof. Suppose not. Then we have 1=y, %) = Z ¥, x,= 2, 8%, with

, then for every

8,2 0and ;=0 for at least two indices 7 for which d; 0. It follows that 3, §,>1.
Call D=diag(e'”, &, ..., ¢"), and z=Dy. By the inequality (2) we have

) I I =1z )] = 2 8,> 1 = o [].

But by (8), [ =]

Lemma 4. Let || be any absolute vector norm and y|x with respect to |-|.
If for some component ¢ there exists a vector z such that |z;| > |v;], || = |v]
k=1, and |lz|'=|y| then x,=0.

Proof. Since |-| is absolute it is no restriction to assume that the arguments
of the components of z are such that z, x,=0 for all 2. By lemma 3, ¥, x,=0.
Hence if x,5=0 we have z; x;> ¥, x,>0. But then 1=(y, x)<(z, ) =] |x|=
Iy| | %], contradicting the fact that y|x. Therefore x;=0 and the lemma is proved.

', and hence the strict inequality in (9) yields a contradiction.

>

A coordinate subspace V' of V is a subspace spanned by a subset of the set
of » unit vectors ¢,=(1,0,...,0), ...,€,=(0, ..., 0,1). Clearly each coordinate
subspace V' has a unique complementary coordinate subspace V''. If x¢V, we
shall decompose x=x"& %", where ' ¢V’ and x”¢V".

Definition. A vector pair y’, #' is defined to be embeddable with respect
to a vector norm |-| if ' and x' are projections into some coordinate subspace
of a pair of vectors dual with respect to |-|.

More precisely, y', ' is embeddable with respect to || if there exists a
pair y”’, x” such that ¥’ ¥"|«’ @ «"" with respect to |-|. It is clear that the
pair y", ' would also be embeddable. For a given vector norm we denote
by E(|-]) the set of all embeddable vector pairs. Note that for ¥', x'cE(|-]),
(¥', #')=0 by lemma 3.

Definition. A B-norm is defined to be any absolute vector norm with the
property
(B) there exists a bound M such that for all y’, x'¢E(|-|) we have
M(y', x').
Intuitively, y|x if y is ‘“paralle]” to ». Thus in the case of a B-norm, the
projections of “parallel” vectors on coordinate subspaces are bounded away

yl l\‘xr”_<__
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from orthogonality. It should be noted that the restriction to coordinate sub-
spaces is essential here. For if dim V' =3, then an easy continuity argument
shows that given any two non-zero vectors x, y with x ==y, there exists a pair
of orthogonal subspaces V', V"* with dim V’=2 such that the projections x’, 3’
of x, vy on V' along V" are non-zero and orthogonal.

The following lemma is crucial in the proof of theorem 5 and exhibits an
essential property of B-norms.

Lemma 5. Let ||| be any B-norm. If ¢, x'¢E(|[) and (', #')=0, then
either y'=0 or x'=0.

Proof. Suppose not. Then both |y'|l>0 and |%’|> 0. Hence o<|y’|'|*'| =
M(y', x")=0, a contradiction.

Remark. Suppose the norm bodies K and K’ are smooth, i.e., at each boundary
point there is a unique support plane. (If V is complex n-space we treat V as
2#n-dimensional real space.) It follows from a remark in paragraph 1 that the
support plane at x is defined by (v, ) =1, where y is the unique y such that y|x. A
theorem (BUSEMANN [8], p. 6) asserts that y depends continuously on x. In
this case we can replace (B) by an apparently weaker property:

(B) there exists a bound M such that for all y', #’c¢E(|-|) with (', #")>0,

we have |y |#'| =M (Y, ).

To show that under our assumptions on K and K', (B’) implies (B), let *, x ¢ E(||- )
with (3, 2')=0. We must show that |y’|'|#'|=0. If y’=0 there is nothing
to prove. So suppose y'=&=0. There exists 7 such that x;=0 and y;40. We
can find x(f) depending continuously on ¢ such that x(0)=x, the vector of
which %' is a projection, and such that x(f);==0 if £=0. Let y(#)|x (). For
sufficiently small ¢, y(#);=0 by continuity. Hence for =0, (y(@#)’, (') > o0.
Thus by property (B') |y ()| |«@) | <M (y()’, x(#)’). Hence by continuity at
t=0, |y'|=| =o.

We now show that all Holder norms (6) are B-norms, and in fact have bound
M =1. It is well known that the norm dual to the Holder norm ||, is the norm
|90 = max |%;], and for > 1 the norm dual to ||x|, is |y|,, where 1/p +1/g=1.

Theorem 2. Let |-|, be any Holder norm. If ¥/, x’¢E([-[,) then |y'|,[#'|,=
(&', %)

Proof. Denote by I the subset of components defining the coordinate sub-
space containing y’ and #’. Let y|x with respect to |-, and suppose, as we
may, [y,= |, =1.

(i) Let p>1.
By the definition of duality (3) we have

i§1 Vi = (-521 |y£|q)1/q (-;21 ixiii’)llp'

By the Holder inequality for complex numbers (see for example, HARDY, PoLya,
and LITTLEWOOD [5], p. 26) this implies that |y;|? and |x;|? are proportional.
From |y|¢=|xf=1 it easily follows that

(10) ARt
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Since L 5 +1=g¢, and since by lemma 3, ¥; %;=0 we can write
(11) V%= |7~; x¢| = |3’i| |xz| = |3’¢'| 'yz'|q/p = |y¢|q-
From (10) and (11) we obtain

= 2 §ix= (_Z |3’i|q)1/q(_2 |x,;|i’)1/i’=||y'||'| '
i€l i€1 i€l

and the lemma is proved for 4 >1.
(ii) Let p=1 and g=oco.

First we note that if for some ¢, |y,| <1, then x;,=0. For proof, note that
we can define a vector z to be the same as y except that |z, =1. Then since
|2l =¥l =1 the hypothesis for lemma 4 is satisfied and x,=0.

Thus for any y’, x'€E(||), for all s¢I such that x;4=0 we have |y;| =1.
Because of this and the fact that by lemma 3 ¥, x;=20 we can write

ol = (a3l )] = T3 1l = 5705 = 0, ).

The theorem is proved.

To show that the class of B-norms is a proper sub-class of the class of absolute
norms we give an example of an absolute norm which is not a B-norm. Let
V be real 3-space and let |jx| =max ( ). Then the dual norm is
Iy = (max(|y,|, |v2])} +Iys|- Choose x=(1,0,1) and y=(1,1,0). Then y|x.
If x’:(O, g, xs) then (y’r x’):o but ”yI”I ”x,“ =1.

We point out that the convex body associated with the absolute norm in
the previous example is not smooth.

5. Extension of Givens’ Results to Bauer Fields of Values
Denote by P[A] 4 I, the set of all points of the complex plane whose distance
from some point of P[A] is no greater than ¢. The following theorem extends
theorem A to all absolute vector norms.

Theorem 3. Let ||| be any absolute vector norm. Then P[4]= ﬂF‘ Jel.
the intersection being taken over all non-singular G.

Proof. If we show that for any >0 there exists a non-singular G such that
1< P[A]+1, the theorem will then follow.

Let Q be the non-singular matrix such that QA4 Q1=A+ U, the Jordan
canonical form of 4. Here A is a diagonal matrix whose diagonal elements are
the eigenvalues 4; of 4, and U is a matrix with 1’s or 0’s on the first super
diagonal and 0’s elsewhere. Since the norm bodies K and K’ are bounded,
there exists a positive number b such that for all x, y satisfying y |« with respect
to ||| we have |y, x| <8, i:1, 2,...,n—1. Define D=diag(d,, d,, ..., 4,)
fori=1,2,...,n—1. Set G=D Q.

‘[]. For
( (/1+U)D1x) (%Ax)-i—

(y, DUD 1y Z% %; A+ Z V%41 dd By lemma 3 and the definition of

—-(—1)b

d
] F[DQAQ
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duality (3) it follows that ' ¥, x; A;is a convex combination of the eigenvalues

i=1
of A and hence an element of P[A]. And from the definition of D it follows that

s d; 2l d; (n—1)be _
Zyz 1+1d+ <b¢=21 di+1 = (’)’L—1)b —¢

Hence pe P[4]+ 1. This completes the proof.

Although the necessity part of theorem B holds for all strictly homogeneous
vector norms, we have been able to extend the sufficiency part only to B-norms.
We show these results in the following two theorems.

Theorem 4. Let |-|| be any strictly homogeneous vector norm. If F°[4, ][]
= P[A], then the elementary divisors corresponding to all eigenvalues lying
on the boundary of P[4] must be simple.

Proof. Let A be an eigenvalue on the boundary of P[4] to which there
corresponds a non-simple elementary divisor. We shall construct peF*[4, |-|]
such that p¢ P[4]. It follows from the structure of the Jordan form of 4 that
there exist two linearly independent vectors 2z’ and z” such that

(12) Az2’=27" and AdAz=iz-+2".

Let & be a direction normal to P[A] at A, i.e., perpendicular to a support line
of P[4]. Set z2=68¢%2+2". As 6—0, z—2", and since the norm is a con-
tinuous function 2’| We choose 6> 0 small enough so that

(13) kS and 8< ||||ZZ/,’|{|.

It follows from (12) that

(14) Az=lz+ 8622,

Set x=— ” g z, and let y||x. Then |y|'=1 since |¥|=1. We have
V=00 2) = 0.9 = 7 (9, 0672 +2)
det? 1 v Setd
= — "y, or —(y,2)=1— 2 4)-

BT OO R o o) =1= o 0.9)

From (2), (13), ‘=1 it follows that

P = e s = R < S =1
Hence we can write
(15) ”%”(y,z")=1—£e""’, 0<e<1, OSp<2a.
Now o= (y, A x)€F° ‘|]. But by (14) and (15)
Sei®

o= ”_’”(y,Az)zii(y,zzTagw ) =425 T

(,2")
]
=2+ 0671 —eef?) =1+ 06" — 0edfPT9
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But since dz< 6 and since @ is a direction normal to P[A] it follows that g
must lie outside P[A4].

Theorem 5. Let |-| be any B-norm. If 4 is any matrix whose eigenvalues
lying on the boundary of P[A] all have simple elementary divisors, then there
exists a non-singular matrix G such that F°[4, ]=P[4].

Proof. It is well known that by means of a similarity transformation any
matrix can be put into a form like the Jordan canonical form, but with the
elements on the super diagonal arbitrarily small. That is, there exists a non-
singular matrix G such that

(16) GAG'=D > D (D,+U,).

Here D, is a diagonal matrix made up of the eigenvalues of 4 with simple
elementary divisors, D,=A,1,, where 1, is an eigenvalue of 4 with non-simple
elementary divisors, and U, is a matrix with non-zero elements only in the first
super diagonal.
Let |U,| = sup 10 #|
zxo 7] . :
values to the boundary of P[4]. Let M be the bound associated with |-| by
property (B). Since G can be chosen so that the elements of the matrices U,
are arbitrarily small, and since the norm of a matrix is a continuous function
of its elements, we can choose G so that |U|=< % for all . Set C=GAG™.

1=F[C,|*|]- We partition the vector
space V according to the orders of the direct sum in (16). Counting multiplicities,
suppose 4 has % eigenvalues with simple elementary divisors, and # eigenvalues
with non-simple elementary divisors. We can write

. Call § the minimum distance from the interior eigen-

1) e=[n[p@Fe m + 0] =g S, 1 UIm).

The v, and x; of the first summation are components of y and x, and the y,
and #, of the second summation are projections of ¥ and x into the coordinate
subspaces of V defined by the partition. Hence y,, %,€E(|-]). Each of the
summands of the second summation of (17) can be written

(1 8) (yf 4 |:D7 + Uf] xf) = (yf’ x’) }'7 + (yf 2 Uf xf) .

If for some 7, (v,, #,) =0, then by lemma 5 either y,=0 or x,=0, and hence
(yf! (fof):
For all » such that (y,, #,) ==0 we can express (18) as

(19) (3. (D, +U)%) = x) (h+o), where o =102,

But from (2), , and property (B) we have

(o) = (o x) T (¥r, %)
Hence 4, +,¢ P[4].

o, = 10Tl el 1T 2,0 — Lol 1Al < M|U|< 8.
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SlnceZy1 x; +Z (v,, %)=(y, x)=1 it follows from (17) and (19) that o

is a convex comblnatlon of elements of P[A] Hence F[A4,||;]<P[4]. And
since P[A]CFe[4,|-||¢] it follows that F°[4,|-|s]=P[4].

6. The Gerschgorin Circles: Important Special Cases
For the dual Hélder norms |-||, and ||, the Bauer fields of values become

important special cases. For any matrix 4 = (a;;) let R;= Z]a Jand C;= Z|a |-
774:41. 77*1

Let H;={z:|a;;—z2| =R}, Hi={z:|a;;—2| =C;} and define H:-E)lHi and

H’:_E)lH;. The circular regions H; and H; are respectively the Gerschgorin

row circles and column circles of the matrix 4. It is well known that the convex
hulls H° and H’° both contain P[A4].

Theorem 6. F°[4,|+|]=H® and F°[A4,|-|.]=H"".
Proof. We shall prove the first statement of the theorem; the proof of the
second follows in an analogous manner. Let geF[4,||.]. Then

Q:Z%aﬁxf—z(%%‘ZHJFMZ“” 7)
47

Just as in part (ii) of the proof of theorem 2 it follows from lemma 4 that if
y;=0 then |x;| =1. Hence we can write

Y :Z [3’1 i Lau—lf_ 2 Fij x—)} = Zyi % (@t 04),

iF

where | p;| £R;. It follows that a;;+ ;€ H; and hence pc H®. Since F°[4,]"|]
is the smallest convex set containing F[ ] it follows that F°[ 1<H".

Next let pcH. Then for some i, g=a,;+7¢"®, where »<R,. Suppose

a;;=|a;;| €%, 744. Let x be the vector with x,=1 and x-—}% e~ P9

7% Let y be the vector with y;=1 and y;=0, j=¢. Then y|x with respect
to || and

(y,Ax):aHJrZaﬁx a”+ Z|a”|e =a;,+ré?=p.
i R i

Hence H CF[A ], which implies H°CF°[

]. The theorem is proved.
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