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ABSTRACT

We study some relations between a reproducing cone K in a linear space V over a
fully ordered field F and the cone I'(K) in Hom(V, V) consisting of all operators A
such that AK C K. In particular, indecomposable cones are considered.

INTRODUCTION

Let F be a fully ordered field (see [4, p. 105]) and let V be a vector space
over F. In this paper we study some relations between a reproducing cone K
in V and the cone T'(K) in Hom(V, V) consisting of all operators A such that
AK C K. We define K to be indecomposable if K cannot be expressed as a
non-trivial direct sum of subcones of K (see Definition 3.1), and we show
that the identity I in Hom(V, V) is an extremal in I'(K) if and only if K is
indecomposable (Theorem 3.3). In this theorem, we assume that K is the hull
(see Definition 1.1) of its extremals. In Theorem 2.3, we show that this
assumption holds if F=R, the real field, K is algebraically closed and K has
descending chain condition on cyclic faces (see Definition 1.3). Thus
Theorem 2.3 generalizes a well-known result for finite dimensional real
spaces (e.g. [7, p. 166]).

In Sec. 4 we give examples to illustrate our theorems and to show that
some hypotheses cannot be omitted. In Sec. 5 we prove a theorem of a
different type, Theorem 5.1, giving sufficient conditions for A €EHom(V,V)
to satisfy AK=K.
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1. DEFINITIONS AND NOTATIONS

Our definitions and notations are the same as in [2]. Other definitions are
given below.

DrerFiniTiON 1.1, Let S be a non-empty subset of the vector space V.
Then

hullS={ a‘x":a,>0,x‘€S,i=l,...,r].
i=1

i=

DerFinrTion 1.2. Let K be a cone in V and let x €K. If dim(spang(x))
<1 then x is called an extremal of K, where @(x) is the cyclic face generated
by x (see [2]).

It is known [1, 2] that

p(x)={yEK:Ja>0, ay<x}.

It follows that our definition of extremal is equivalent to the usual one. The
set of all extremals in a cone K will be denoted by ExtK.

DEerFinITION 1.3. Let K be a cone in V.

(i) The cone K has descending chain condition, or DCC, on (cyclic) faces
if there is no infinite chain

K=F,ODF DF,>---
of (cyclic) faces.
(ii) Ascending chain condition, or ACC, on (cyclic) faces is defined
similarly (we use D for inclusion and O for strict inclusion).

DerFiNiTION 1.4. Let K be a cone in V. Then

[(K)={A€Hom(V,V): AK CK}.

It is easy to see that I'(K) is a cone in Hom(V,V) if and only if K is
reproducing,

The identity in Hom(V, V) will be denoted by I. If A EHom(V,V), we
denote its null space by KerA.

2. CONES WITH DCC ON CYCLIC FACES

Let R be the real field.



INDECOMPOSABLE CONES 237

LemMa 2.1. Let V be a vector space over R. Let K be an algebraically
closed cone in V, and suppose that dim(spanK)>2. Then there exists
z€ spankK such that z€ K U(—K).

Proof. Let x,y be linearly independent elements in K. Let L be the
two-dimensional linear subspace spanned by x and y, and let K;,=K N L.
Then K, is clearly an algebraically closed cone in L, whence there exists
2€ L such that 22 K, U (—K,). Hence z € spanK, but z€ K U (— K). [ ]

Lemma 2.2. Let F be a face of a cone K and let x € K. Then F=¢(x) if
and only if xEraiF.

Proof. See [1] and [2].

Tueorem 2.3. Let K be an algebraically closed cone with DCC on
cyclic faces. Then K=hull(ExtK).

Proof. Suppose the theorem is false. Then there exists x € K such that
xZhull(ExtK). Since x is not an extremal, dim[span¢g(x)]> 2. Hence, by
Lemma 2.1, there exists a z € span(g(x)) such that 2 & @(x)U[— @(x)]. Since
@ (x)=spang(x)N K (cf. [2]), it follows that ¢(x) is also algebraically closed.
Hence the set B={a ER:x+azE p(x)} is a closed bounded interval of R.
Let B=sup{a:a €B} and y=inf{a:a EB}, and let x' =x+ Bz, v’ =x+yz.
Since, by Lemma 2.2, x € raip(x), while x* € rabg(x), v' € rabe(x), it fol-
lows that 8 >0 and y <0. Hence x=( 8— y)~(— yx* + fo’) € hull{«x',0'}. It
follows that either x!' or v' does not belong to hullExtK); say x'&
hull(ExtK). Since x! € bdy ¢(x), it follows from Lemma 2.2 that g (x") C ¢(x).

By similar arguments we obtain an infinite sequence x%%,... such that
o(x)D>p(x)D(x®)D -, contrary to our assumption of DCC on cyclic
faces. This completes the proof. ]

3. A CHARACTERIZATION OF INDECOMPOSABLE CONES

In this section F will denote an arbitrary fully ordered field, and we
assume that the vector space V5 {0}.

DeFiniTioN 3.1.  Let K be a cone in the vector space V over F. Let K,
K, be subsets of K.
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(i) We say K is the direct sum of K; and K, {and we write K=K, D K,) if

(a) spanK,N spanK,= {0},
(b) K=K, +K,.

(ii) The cone K is called decomposable if there exist non-zero subsets K
and K, such that K=K,®K, Otherwise, K is called indecomposable.
Comment: Bleicher and Schneider [3, Definition (3.9)], use “composite”
where we use “decomposable”, and “prime” where we use °
‘indecomposable”. The equivalence of the definitions follows from the next
lemma.

Lemma 3.2. Let K be a cone in V over F, and let K=K, D K,. Then K,
and K, are faces of K.

Proof. We shall prove that K, is a face of K. Let x',y’ €K,. Since
x'+y' €K, there exist u'€K, i=1,2 such that x*+y'=u'+u® Then
u?=x'+y'— u' € spanK, N spanK,. Thus 4*=0 and so x'+y'EK,. The
proof that Ax' € K, for 0 KA EF is similar.

Now let 0< y < x*. There exist v',w!€K,, i=1,2, such that y=0'+0?
x!—y=w'+w? Then

x'— o' — w!'=w?+ v?EspanK, N spanK,.

Hence w2+ 0v2=0, and since w? 02> 0, it follows that v®=w?=0. Hence
— .1
y=v €Kk,

TueoreM 3.3. Let K be a reproducing cone in V over F, and assume
that K =hull(ExtK). Then the following are equivalent:

(1) K is indecomposable.

(2) Let A€Hom(V,V), KerA={0}, and A(ExtK)CExtK. Then
A eExtT(K).

(3) Let AET(K), KerA={0} and AK=K. Then A €ExtI'(K).

(4) I eExtT(K).

Proof.

(1)=>(2). Suppose S €EHom(V,V) and 0< S< A [viz. SEI(K) and A—
S €T(K)]. We shall prove that S= A, for some 0< 8 €F. By our assump-
tion, ExtK# {0}. For every y€ ExtK, y+0, we have 0< Sy< Ay and
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Ay € ExtK, whence there exists a unique B, 0< 8,<1, such that Sy
=pB,Ay. Let 07 x € ExtK, and put 8= B,. Define

E,={yEExtK:y#0and By=,8},
E,={yEExtK:y#0and 8, #8}.

Let K,=(spanE)N K, i=1,2. Let y € spanE,. Then y=3T., pu’, where
u'€E,, i=1,...,m, and y,EF. Hence Sy=37 u,(Su')=37, u(BAu')
= BAy.

We shall show that K=K,;®K,. Clearly K,CK, i=1,2. Since K
=hull(ExtK) and ExtK CK,UK,, it follows that K,+K,=K. Let y€&
spanK; N spanK, and suppose that y+0. Since spanK,C spanE,, there
exist linearly independent v’,...,v" in E, and 0% »,€F, i=1,...,n, such that
y=2%_70'. If we put B,,=p8, it follows that Sy=S(Z}.,»0")
=3%.%8,(Av?). But y € spanK,, whence

Sy=PBAy= 3 nB(Av).

i=]

Since A is one to one, we deduce that Avl,...,A¢™ are linearly independent.
It follows that »,8,=»,8, i=1,...,n. Hence 8,= 0, i=1,...,n. This contra-
dicts the definition of E,. We have proved that spanK; N spanK,= {0} and
it follows that K=K, ®K,. Since K;#{0} and K is indecomposable, we
deduce that K, = {0}, and so K =K. Thus Sy = BAy, for all y €K, and since
K is reproducing, S= BA.

(2)=(3). Suppose that A satisfies the conditions of (3). We need only
prove that A(ExtK)C ExtK. So let y € ExtK. By our assumptions, A"
exists and A “'K CK. Let 2= Ay and suppose that 0< v<z. Then 0< A~ v
<A7z=y, whence A™'v= By, where 0< 8<1. Hence v= Ay, and so
Ay € ExtK.

(3)=(4). Trivial.

(4)=(1). Suppose (1) is false and let K = K, ® K,, where K, {0}, i=1,2.
Since K is reproducing, V=spanK,;® spanK, (vector space direct sum).
Define the projection P € Hom(V,V) by Px=x if xE spanK, and Px=0 if
x € spanK,. Then 0 < P< I, and P is not a multiple of I. Hence I & ExtI'(K).

]

4. EXAMPLES

In this section we shall again let F=R,
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ExampLE 4.1 Let V be a normed linear space over R with norm || -||. Let

\P be a linear functional on V such that there exists © € V with ¢/(u) > ||y,
nd let

K={xeV:y(x) > l|x||}.

Then it is easy to show that K is a cone in V which is algebraically closed
and reproducing. Further,

intK={x€ V:y(x)>|x|},
and (4.1.1)

bdyK={x € V:(x) =/ }.

In the rest of this example we assume that dim V > 3 and that the norm is

strictly convex (i.e., ||x||=| yl|=3|lx+y|| implies that /).

The following result is simple (cf. [2]):

11
J

F is a face of K if and only if
(4.1.2)

F={0}, or F=K, or F={ax:a>0}, wherex€EbdyK.

Hence K has DCC on cyclic faces. Thus the assumptions of Theorem 2.3 are
verified, and so K=hull(ExtK). It follows also from (4.1.2) that ExtK
=bdyK.

We next show that K is indecomposable. Let K=K, ®K,. Then by
Lemma 3.2 K, and K, are faces, and since dim(spanK)=dimV >2, either
dim(spanK;)>1 or dim(spanK,)>1. Hence, by (4.1.2), either K;=K or
K,=K, and the result follows. Thus K is indecomposable, and by Theorem
3.3,

I €ExtT(K).
Now let V=R", the vector space of all real column n-tuples x=(x,). Let
1/2
v=Vas, ai=(E)
and o

K, = {xER":y(x)> =]}

(the n-dimensional ice cream cone). It follows from Theorem 3.3 that
A€ExtT(K,) for every AE€R™" such that AK, =K, This result is used by
Loewy and Schneider [6].
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We may use [6, Lemma 3.2] to show that the assumption that Ker A = {0}
cannot be dropped from condition (2) of Theorem 3.3. For u€bdykK,,
vEintK,, then A=wuv’EI(K,) and A(ExtK,)=¢(u)C ExtK,, but A&
ExtI'(K,). (Here v’ denotes the transpose of v.)

ExampLE 4.2. Let V be the space of all real sequences (xg, 2}, %,,...) with
finite support (i.e., x;7<0 for only a finite number of integers i). We shall
write Xx,; for £ ,x;, and we put

K,={x€V:xy>ZI|x|}. (4.2.1)

(Observe that K, is defined by 2x,> 232 .||, and that 232 j|x,| is a norm on
V—which, however, is not strictly convex.) Clearly K, is full and algebrai-
cally closed. We shall determine that faces of K; and then show that K is
indecomposable.

By (4.1.1),

bdyK,={x€ V:x,=2|x]}.
Let 7= (m,,7,,...) be a sequence with m, € {—1,0,1}. Define
F,={x€bdyK,:sgnx,=m or x,=0,i=12,... },

where sgnx, equals 1, 0 or —1 according as x; is positive, zero or negative.

Tueorem 4.2.2. Let K, be defined by (4.2.1) and suppose that {0}
CFCK,. Then F is a face of K, if and only if there exists a sequence
T =(T, Ty,...) with m, €{—1,0,1}, i=1,2,..., such that F=F,.

Proof. We first show that F, is a face of K, for every sequence 7. It is easy
to check that F, is a cone. Suppose 0< y<x, where x€F,. Then, if
z=x—y,

x0=2,xi|’
40> 2l yil,

Zo > 2%,
whence

Xo= Yo+ 20> Z|z|+ 2| y| > Z|z + y;| = Z|x| = x,.

Hence y,=3|y;|, and | y,| +|3|=|y,+ 7], i=12,....
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It follows that either y,=0 or sgny,==,, i=1,2,..., whence y&€F,. We
have proved that F, is a face of K.

Conversely, let F be a face of K, and suppose F# K. Suppose there exist
j>1 and x,y EF such that (sgnx;)(sgny,) <0. Let u=x+y. Then

Up=1xy+ !/0=2_|xi|+2' ¥l > 2|+ y)| =2y,

since |%| +| y;| > |x;+ y;|. Hence, by (4.1.1), u € intK,, whence F =K, which
is a contradiction. Hence (sgnx;)(sgny,) >0 for all i=1,2,... and all x,y EF.
Thus we can define a unique sequence 7= (7, 7g,...) by

m=1 if x>0 forsome x€E€F,
m=-—1 if x<0 forsome xEF,

m=0 otherwise.

By the preceding argument, F C F,.

We must show that F=F,. Let j>1 and suppose that m;70. Define
e'€Vby ef=1, ¢/=m, and ¢]=0 for i > 1, i#j. Clearly ¢! €K;. We claim
that e/ €F. For there exists an x € F such that sgnx;=m,. Let 0<e<|x].
Then it follows that 0< x— ee/, whence e €F. Since for every xEF, we
have x=3{|x|e':m+#0}, we deduce that F, CF. Hence F=F,. We have
proved Theorem 4.2.2. u

CoRroLLARY 4.2.3. Let x€ V. Then x € ExtK, if and only if there is a §,
j> 1, such that |x|=x,, and x,=0 otherwise.

CoroLLARY 4.2.4. The cone K, has DCC on cyclic faces. It does not
have DCC on faces, ACC on cyclic faces or ACC on faces.

Proof. Let w, 7" be two sequences with 7,7, €{—1,0,1} for i=1,2,....
Then F,, CF, if and only if #;=0 implies #; =0, and (sgn;)(sgnm,) > 0.

We first show that K, has DCC on cyclic faces. Let ¢(x%) D ¢(x?) D @(x?)
D+ De(x*) be a strictly descending chain of cyclic faces. Then
x'€bdyK,, j=1,...,k, by Lemma 2.2. By Theorem 4.2.2 there is a sequence
nl=(m{,m},...) with nf €{—1,0,1},i=1,2,..., such that ¢(x/)=F,;. Hence
we must have 7/ =sgnx/, i=1,2,.... Hence k< p+ 1, where p is the number
of non-zero x}', i=1,2,.... Thus K, has DCC on cyclic faces.

We next show that K does not have DCC on faces. For j=1,2,..., define
7P=0 if 1<i<j, and #{?=1 if i>j. Then F,oDF,wD--- is a strictly
descending chain of faces. Hence K, does not have DCC on faces.

The last two statements are proved similarly. n
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CoroLLARY 4.2.5. The cone K, is indecomposable.

Proof. Since, by Corollary 4.2.4, K, has DCC on cyclic faces, it follows
by Theorem 2.3 that K, =hull(extK,). Hence, by Theorem 3.3, it is enough
to show that 1€ ExtI'(K;). So let A€ Hom(V,V) satisfy 0< A<I. Then
Ax<x for every xE€ ExtK,, whence Ax=pf.x, where 0< §,<1. For j
=1,2,... let f,g' € V be defined by

fi=1, fi=34,, i>1,
gh=1, g/= =8 izl

Let G={f:j=12,...}u{g":j=12,..}. Suppose Af'=Bf, Ag'=vg!.
Let j> 1. Since f'+g'= f/+ g/, it follows that B, f'+v,g'= B,f' + v,g'. But
f1.g%f".g' span a three-dimensional linear space, whence 8,=v,= =7y,
Hence, for all x€ G, Ax= B,x. Since, by Corollaries 4.2.3 and 4.2.4 K,
=hullG and K, is full, it follows that A= 8,I.

ExampLE 4.3 Let V be the space of Example 4.2 and for 0=x€ V let
m=m(x) be smallest integer in the support of x, and n=n(x) be the largest
integer in the support of x. For j=0,1,2,..., let e/ € V be defined by ¢/=4,,
i=0,1,2,....

(i) Let

K,={x€V:x, >0} U {0}.
Then the non-zero faces of K, are given by ¢(ef), j=0,1,2,..., with
@(e!)D p(e*) if j < k. Hence K, has ACC on faces, but not DCC on faces.

The cone K, is not algebraically closed.
(ii) Let

K;={x€V:x,>0}uU {0}.

Then the faces of K, other than {0} and K, are again given by ¢(e/),
j=0,1,2,..., with p(e’)D p(e¥) if j > k. Thus K, has DCC on faces, but not
ACC on faces. Further, K, is not algebraically closed.

The next example will show that (1) and (4) of Theorem 3.3 are not
necessarily equivalent if K+ hull(ExtK).

ExampLE 4.4 Let V=C][0,1], the space of continuous real functions on
[0,1], and let

K={feV:f(x)>0,foral x€[0,1]}.
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Then K is full and algebraically closed. Let 0 f € K and define g(x)= xf(x),
0<x< 1. Then 0< g< f, and g+ af, for any a €R. Hence ExtK = {0}, and
so K#hull(ExtK).

THEOREM 4.4.1. The cone K is indecomposable.

Proof. Suppose K=K, ® K,. Then K, and K, are faces of K. For i=1,2,
let

N, ={x€[0,1]:f(x)=0forall fEK,}.

It is clear that 9, is a closed subset of [0,1], i=1,2, and I, N FN,=0. We
claim that 9, U 9, =[0,1]. For suppose that § =[0,1]\(9, U Ny) #0. Let
%, € § . There exist f'€K;, i=1,2, such that f'(x)>0. Let g=min{ f.,f*}.
Since K; is a face, we have g€K;, i=1,2. Since g(x,) >0, K;N Ky7*{0}.
This is a contradiction, and hence 9N, U Ny=[0,1]. But N, is closed,
whence either 9, =[0,1] or N,=[0,1], say N, =[0,1]. Then K,= {0}, and
the theorem is proved. [ ]

It is easily seen that ExtT(K)={0}. For suppose that A ET(K), A+O0,
and define B €T(K) by (Bf)(x)=x(Af)(x), 0<x<1. Then 0<B<A, and
B#aA, for any a, 0<a<1. In particular, I €ExtI'(K), although K is
indecomposable.

5. SUFFICIENT CONDITIONS FOR AK=K.

TuroreM 5.1. Let V be a vector space over R such that dimV > 2. Let
K be an algebraically closed, full cone in V. Let A€Hom(V, V) map V onto
V. If A(bdyK)CbdyK, then AK=K.

Proof. Since K is algebraically closed, it follows from Lemma 2.1 that
K =hull(bdyK). Hence

AK = A (hull(bdy K )) =hull(A (bdy K )) Chull(bdyK ) = K.
We next show that A intK CintK. For let zEintK and suppose that v E V.

There exist u€V such that Au=v. There exists also £¢>0 such that
2+ eu € K. Since Az+ev=A(z+ eu) €K, it follows that Az€intK.
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Suppose the theorem is false. Then there exists xEbdyK such that
xZ AK. Since AV=YV, there exists ¥’ €V, ¥’ €K, such that Ax'=x. Let
z' €intK, and put u'=2z"—«'. There exists a, 0 <a <1, such that y’'=x"+
au’ €bdyK. Since x = Ax’ Ebdy K and A (x'+ u’)= Az’ €intK, it follows that
Ay’ =A(x'+ ou’)EintK. But this contradicts the assumption that A(bdyK)
Cbdy K. Hence AK =K. [ ]

The assumption that K is algebraically closed cannot be omitted in
Theorem 5.1 in general. For let V=R?, and let K be the three-dimensional
ice cream cone (see Example 4.1) with the half line {«(0,1,1):a>0}
deleted. If A is any proper rotation about the axis (0,0,1), then A(bdyK)
CbdyK, but obviously AK Z K.

The assumption that K is full cannot be omitted, in general, either. For let
V be the space of all real sequences (x,,%,,...) with finite support. Let r be a
positive integer and let K be the cone of all non-negative sequences x such
that x,=0 for i=r+1,r+2,.... Let A€Hom(V,V) be defined by Ax
=(%g,%3,...), the shift left operator. Then raiK+@, AV=V, A(rabK)
CrabK, but AK+#K.
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