SIAM J. ALG. DISC. METH. © 1980 Society for Industrial and Applied Mathematics
Vol. 1, No. 2, June 1980 0196-5212/80/0102-0006 $01.00/0

THE GROWTH OF POWERS OF A NONNEGATIVE MATRIX*

SHMUEL FRIEDLAND? AND HANS SCHNEIDERTY

Abstract. Let A be a nonnegative n X n matrix. In this paper we study the growth of the powers A™,
m=1,2,3,-- - when p(A)=1. These powers occur naturally in the iteration process

= Ax, 1Oz,

which is important in applications and numerical techniques. Roughly speaking, we analyze the asymptotic
behavior of each entry of A™. We apply our main result to determine necessary and sufficient conditions for
the convergence to the spectral radius of A of certain ratios naturally associated with the iteration above.

1. Introduction. Let A be a nonnegative n X n matrix. In the iteration process

(1.1) "= Ax"™ xP=z0,

which is important in applications and numerical techniques, the powers A™, m =1,
p q

2, -+ - occur naturally. In this paper, we study the growth of these powers. In the

literature there are several studies of the growth of A™ when the elementary divisors
belonging to the spectral radius p(A) of A are linear. For example, see Gantmacher [7,
Chap. 13, § 5-7] Varga [19, pp. 32-34] when A is irreducible, and Meyer-Plemmons
[10]when lim,,.. A™ exists. We deal here with the general nonnegative case, when the
elementary divisors belonging to p(A) may have degrees greater than 1. At the cost of
ignoring nilpotent A, where the problem is trivial, we assume that p(A) > 0.

For a complex n X n matrix A, with p(A) =1, there is a least integer k for which
m “A™ is bounded, m =1, 2, - - - . However, even in the simple case of an imprimi-
tive, irreducible nonnegative A, lim,,,.o||m “A™| and, a fortiori lim, .. m <A™, do not
in general exist. To obtain precise results for general nonnegative A with p(A)=1,
it is thus necessary to introduce some smoothing. For example, in [14] Rothblum
considered Cesaro means of powers of A. In this paper we study the growth of

(1.2) B™=A"I+---+A""), m=1,2,---,

where ¢ is a certain positive integer.

After some preliminaries in § 2, we use elementary analytic methods in § 3 to prove
a theorem on the growth of B"™. As corollary, we obtain a known theorem on the index
of the eigenvalue 1 of A, cf. Schaefer [17, Chap. 1, Thm. 2.7]. We also give a local form
of the theorem; that is, we show that for 1 =i, j = n there exist integers k = k(i, ) and
q =q(i, j)> 0 such that the element bE}") of the matrix given by (1.2) satisfies

(1.3) lim m """ >0.
The analytic results of § 3 motivate the investigations in the rest of the paper.

The main thrust of the paper is the use of the graph structure of the matrix A to
decrease the integer q(i, j) and to determine the integer k (i, j) in (1.3). The requisite
graph theoretic concepts are developed in § 4, and in § 5 we state our main result,
Theorem (5.10). As a corollary, we obtain a striking theorem on the index of 1 due to
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186 SHMUEL FRIEDLAND AND HANS SCHNEIDER

Rothblum [13]. Our results are related to those of U. G. Rothblum [14], [15], and in
some instances, would also follow from his. But where Rothblum considers A", m =
1,2,- -+, we consider B"™ and this allows us to choose a smaller integer q. Our
definitions of q(i, j) involves the greatest common divisor (g.c.d.) of certain periods
where one might expect the least common multiple (I.c.m.). Consider the example

01 0 01
10 000
A=|0 0 0 1 O
0 00 01
00100

Then, by direct computation, for 1=i,j=2, lim, .« bE}") =1, where B"™ =
A"+ A). Thus k(i,j)=0, and we may choose q(i,j)=2 if 1=, j=2. Similarly
k(i,/)=0,q(, ))=3if3=i,j=5. Yetlim,.. m 'a’ =¢if 1=i=2,3=j=6, and so
we have k(i,j) =1, q(i, j) = 1. We might add that it may be possible that our choice of
q(i, j) can be improved in the general case where we use an l.c.m. of certain g.c.d.’s.

In § 6, we apply our results to the iteration process (1.1) for any nonnegative matrix
A satisfying p(A)>0. For x =0, x # 0 denote

(1.41) r(x)=sup {u: ux = Ax},
(1.4i1) R(x)=inf{uw: ux = Ax}.

In Theorem 6.8, we find necessary and sufficient conditions for 7(A™x) and R(A"x) to
converge to the spectral radius of A. We show that whether or not this happens depends
only on what is in general a small part of the vector x. In § 7, we show that a theorem due
to D. H. Carlson [3] on the existence of nonnegative solutions y for I —A)y =x, x =0,
p(A)=1is a consequence of our main results and we extend the theorem.

2. Preliminaries.

Notations. Let ¢ (1), ¢(2), - - -, be asequence of nonnegative numbers and k =0 be
an integer.
2.1) ) e(m)= O(m"*) will denote that (p(m)/mk, m=1,2,--,is bounded.

(i) @(m)=o0(m*) will denote that lim ;- ¢ (m)/m*=0.

(iii) @(m)=m" will denote that lim,,« o(m)/ m* exists and is positive.

(iv) The above notations will also be used for k = —1, —o0. In case that k =—1
e(m)=0(m"), o(m)=0(m"), ¢(m)~m* will each indicate that there
exists p, 0<p <1, such that ¢(m)p™™ = O(1). In case that k =—0c0 the
above notations will mean that ¢ (m) = 0 for all sufficiently large m. (Thus
o(m)=m~ implies p(m)=~m ")

(v) The notation A(m)=m" will be used for a sequence of nonnegative
matrices A(1), A(2), - - - to indicate the relation holds for each element.

Combinatorial result. Let r =0 and ¢ >0 be integers. Then
2.2) r'= v 171172 ... 1P
pitetpe=r

where the summation is taken over all nonnegative integers py, - * *, p, whose sum is r.
That is, I'; is the number of collections of r objects chosen from ¢ distinct objects, with
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repetitions allowed. It is well-known that

(2.3) = (’+ i - 1).

A simple way to prove this equality is by considering the coeflicient of x” of both sides of

the identity
© (r+t—1 2 N\
D
r=0 r r=0

which is derived from (1-x)'=(1-x)""---(1—x)"". For a purely combinatorial
proof see for example Brualdi [2, p. 37]. For ¢ = 0 the above formula implies 'y = 1 for
all r=0.

We shall also need some results on the convergence of series.
LEMMA 2.4. Given integersk =1,q >0, and letb,=0,p =0, 1, 2, - - - be a sequence
such that

(2.5) lim p~* (b, ++ -+ bpig1) =0,

p—>00

where q > 0. Then

(2.6) lim m™ ¥ b,=—-

m—>o0 p=1 kq.

Proof. Elementary. Alternatively, check that c,,,= m *kp*~' satisfies the
assumptions of Hardy [8, Thm. 2, p. 43]. O
LEMMA 2.7. Suppose (2.5) holds. If lim,, .« am = u then

(2.8) lim m™ Y aybp_p =4
m->oo p=1 k
Proof. According to Hardy [8, Thm. 16, p. 64]
(2.9) lim Ze=1%ebmp_
m—>00 Zp=1 bp
since
(k—1)
0= mbm ébm+- ~";+bm+q_1__<_ 2vm -
Zp=1 by Zp=l by v(2kq) "m

and the last expression tends to 0. If we apply (2.6) to (2.9) we obtain (2.8). 0

3. Analytic approach. By R, resp. C, we denote the real, resp. complex field, and by
R, the nonnegative numbers. The set of real, resp. complex, nonnegative r X n matrices
will be denoted by R™, resp. C™, RY'. We also write A =0 for A € R (A is nonnegative)
and A >0 when A is positive (a;>0,i=1,---,r,j=1,---,n).

Let AeC™. By spec A we denote the set of eigenvalues of A. Suppose that
spec A ={Ay, -+, A,}, where the A, are pairwise distinct. It is known (cf. Gantmacher
[7, Chap. 5, § 3]) that there exist nonnegative integers p4, - - -, p, and unique matrices
AN b B=0,"*+,ps, a=1,--- r which are linearly independent such that for
each polynomial f(r),

3.1) fa)=3 3 o0 1z,

a=1 B=0
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The Z“® are polynomials in A, Do + 1 is the size of a largest Jordan-block belonging to
Ao The columns of Z P~ are eigenvectors of A corresponding to the eigenvalue A, the
rank of Z*"~ is equal to the number of Jordan blocks of size p, + 1 corresponding to A,.
(The simplest way to obtain (3.1) is by assuming that A is in Jordan form.) As usual we
define

index (Ay) =p. + 1.

That is, p, + 1 is the multiplicity of A, in the minimal polynomial of A. We shall also use
a localized index. For 1 =i, j =n we put

index;(\o) =1+ max{B8: z;® #0,8=0, - -, p.},

where index;;(A,) = 0 if zE}"B) =0,8=0,"" -, p..If Ac C"™ and m is any integer we shall

denote the elements of A™ by aﬁjm), 1=i,j=m.

Let A € R}". We assume throughout the normalization p(A) = 1. It is well-known
(see Frobenius [6], Gantmacher [7, Chap. 13], Berman—-Plemmons[1, Chap. 2]) thatif A
is an eigenvalue of A and [A|= 1, then A isaroot of 1. Hence, there is a positive integer q
such that A9 =1, for all A € spec A, |A| = 1. The smallest such integer q will be called the
period of A. If g = 1, A will be called aperiodic. For an irreducible and aperiodic matrix
A =0, the Frobenius theorem and the formula (3.1) imply

lim A™=Z"">0,
where A1 =1, see for example Berman-Plemmons [1, Chap. 2, Thm. 4.1]. Theorem 3.4
extends the above equality in a local way. Part (i) of the theorem is an extension of the
known inequality apparently due to Schaefer [16, Thm. 2.4, p. 264],

(3.2) index (A\)<index (1) if|A|=1,

for nonnegative matrices; see also Schaefer [17, Chap. 1, Thm. 2.7], Berman-Plem-
mons [1, Chap. 1, Thm. 3.2]. This result and part (i) of Theorem 3.4 could easily be
deduced from the classical Pringsheim theorem on analytic functions; e.g., see Titch-
marsh [18, p. 214]. The use of the Pringsheim theorem in analyzing the spectral
properties of nonnegative matrices can be traced back to Ostrowski[11] (see also Karlin
[9] and Schaefer [16, Appendix]for the infinite dimensional case). See Friedland [5] for
a detailed analysis of the Pringsheim theorem for rational functions which has certain
analogs to the Frobenius theorem. For sake of completeness we bring a short and
elementary independent proof of Theorem 3.4. To do so we need an easy lemma which
probably is known.

LEMMA 3.3. Let Ay, zo, @ =1, - - -, r be complex numbers, where the A, are pairwise
distinct. If iMpmoo(Y 1 Anza) exists, then z, =0 if |Ao|=1, A, # 1.

Proof. Since im0 Ao exists for |A,|<1 or A, = 1, without loss of generality we

may assume that \,|=1, A, #1, a=1,---,r. Put z=(zy, -+, 2,) eC and u'™ =

(s  Um+r—1)'s Where U, =Y. _, Anz,. Let A=diag{Ay, - +,A,}eC” and let V =

(vag)1€ C" be the Vandermond matrix given by v, =Aj3 ', a,8=1, -, r. Then
u™=VA"z

(m

The assumption of the lemma implies that lim,,.«u
limae A™z =limyseV 'u"™ andso z=0. 0O
THEOREM 3.4. Let A€ RY" where p(A)=1. Let 1 =i, j=n.
(i) If A espec A, |A| =1, then index,; (A) =index; (1).
(ii) Letq be a positive integer such that A" =1 if A espec A, |A| =1 and index;(A) =

) exists. Since V is nonsingular,
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index;;(1). Put k +1 = index;;(1) and let
B™M=A"(I+---+A"").

Then bﬁ}") ~m* In particular, aﬁ}") #o(m") ifk=0.
Proof. (i) Let{Aq, - - -, A,} be the eigenvalues with [A,|=1, @ =1, - - -, r, where the
Ao are pairwise distinct. Let

d+1=max {index; {A,}: =1, ,r}.

If d = —1 then there is nothing to prove. So assume that d = 0. Suppose that z, = z{*® #

Ofora=1,--,s where 1§s§randz§f‘d) =0fora=s+1,- -, r Itfollows immedi-

ately from (3.1) that
af =m( 3 A7) +o(m),
a=1

Hence, by Lemma (3.3), a{™ # o(m?).
Let g be a positive integer such that A2 =1, a =1, -+, s. Define

em(r)=7"(1+7+ - +797h),

If we take the dth derivative of ¢,,(7), we obtain

(1) =mm_a(r)+0(m?)

for any fixed 7, |7|=1, and also @,,_4(As)=0 for [A.|=1, A, #1, 1=a =s. Put
B™ =¢,.(A). By (3.1) and the equality above we have

(3.5) bE}") =md( Zr wm_d(Aa)za> +o(m?).
a=1

Now suppose that index; (1) <d + 1. Then (3.5) implies that 5™ = o(m*). But b{J" =
al™ +- - +ai" Y =" =0, and this is a contradiction. Thus d = k and this proves
@@).

(if) Suppose that A; =1. If k = —1, by an argument like that above, aﬁ»}") = bE}") ~
m*. Let k =0. By (3.5) and the preceding argument we obtain

bﬁ}") = mqul+o(mk),

where z; = z,’-} >0. This proves (ii). O

We now state a global version of Theorem 3.4 (ii) which follows immediately from
Theorem 3.4.

THEOREM 3.6. Let A € R} where p(A)=1. Let q be a positive integer such that
A1=1ifxespecA, |A|=1 and index (A\)=index (1)=k + 1. Let

BM™=A"I+--+AT).
Then

(3.7) lim m *B"™ =F,
where F =0 and F is not identically zero.

It should be noted that the assumption that A is nonnegative was used crucially in
the proof of Theorems 3.4 and 3.6. For example, let A = —I; then there are no k, ¢q for
which the limit of (3.7) exists and is nonzero. Also, the assumption that p(A) = 1 is used
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0 1]
A‘[4 0l
Then lim,, -0 p(A) 2"A>™ (I + A) and lim,, - p(A) @™V A>" ([ + A) exist, but are

distinct. It follows that no k, q exist for which lim,.. p(A) "m *B"™ exists and is
nonzero.

Our subsequent work discusses the nature of k, g and F.

in an essential way. Let

4. Graph theoretical concepts. Let A €R}" and let p(A)>0. We may assume,
without loss of generality, that after simultaneous permutations of rows and columns, A
is in the Frobenius [6] normal form which can be found in many references, e.g.,
Gantmacher [7, Vol. 11, p. 75]. Thus

All A12 vt Alv
4.1) A= Al . ’
0 - A,
where the diagonal blocks A,., « =1, - - -, v are irreducible and all subdiagonal blocks

are 0. (The 1 x 1 matrix O is considered to be irreducible.)

Let A be in Frobenius normal form (4.1). Then the (reduced) graph G(A) of A is a
subset of (v)x(v), where (v)={1,---,»} and G(A)={(a, B)e(v)x(v): A,z #0}.
(Observe that many authors would call G(A) the arcset of the graph ((¢), G(A)), but we
have no need to mention the vertex set (v) explicitly.)

If (o, B) € G(A), we call (o, B) an arc of G(A). If (a, B) is an arc of G(A), then
a=;also (a,a)e G(A), l =a =v, unless A,, is the 1 x 1 matrix 0. Thus we define a

(simple) path from a to B in G(A) to be a sequence 7 = (o, * * * , @;), Where eithers =1,
l=a=ap<' <a;=B=vand(a;-1, ;) e G(A),i=1,---,s,ors=0anda =ap=8
and (a, a)€ G(A). The support of = is the set supp 7 ={ao, * -+, as} <{1, - -, v}. We
always assume that the a;, i =0, - - -, 5, have been listed in strictly ascending order.

If 1=a=v, then we call a a singular vertex (of G(A)) if p(A..)=p(A). (This
terminology is consistent with that of Richman-Schneider [12].) Let 1=a =8 =». For
any path 7 from a to 8 in G(A), let k(7r) + 1 be the number of singular vy in the support
of 7. (Thus note each distinct vy is counted only once in k(7) +1.) Let oy < <+ -+ <
a;,, where k = k(ar), be all singular vertices in supp 7. We set

4.2) k(a, B) =max {k(s): 7 is a path from a to B in G(A)}.

If there is no path from « to 8 in G(A) we put k(a, 8) = —c0. We shall call k(«, 8) the
singular distance from a to 8. If (i, i) is a position in A, and (j, j) a position in Agg then
we shall also call k[i, j]= k(a, 8) the singular distance from i to j (note our use of square
brackets).

A path 7 from @ to 8 will be called a maximal path if the number of singular
vertices in the support of 7 is k(a, B)+1. Let 1=, B =v. Let P(a, B) be the set of
maximal paths from « to 8. For each 7 € ?(a, 8) let q(s) be the g.c.d. of periods of A,
with y € supp 7 and singular (viz. p(A,,) = p(A)).

Then we define

4.3) q(a, B)=lc.m.{q(m): me P(a, B)}.
We shall call g(a, 8) the local period of («, B8). If k(a, B) <0 then q(a, B)=1. Also if
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(i, i) is a position in A, and (j, j) is a position in Agg then we shall put q(a, 8) = q[4, j],
the local period of (i, j).

5. The main results. Let A € R}", where p(A) =1, be in Frobenius normal form
(4.1). It follows from the Perron-Frobenius theory for nonnegative matrices, e.g.,
Gantmacher [7, Chap. 13] that there is a diagonal matrix X with positive diagonal
elements so that, upon replacing A by X 'AX,

(5.1) Ava = p(Asa)Adas

where AL, is a stochastic matrix,

(5.2) lAasllo = o, 1=sa<B=v,

where 1>0 and o >max {p(A,.): p(Aua)<1,a =1, - -, v}if such « exist. Here || ||
is the /o-operator norm,

||Z||oo=max{ Yolzgli=1,---, r} for ZeR™.
i=1

The diagonal matrix X can be constructed as follows. Let 1 be a positive vector
satisfying Aot ® = p(An)u'®. Denote by X, a diagonal matrix, whose diagonal
entries are the elements of u“). Then X is of the form diag {X1, X5, -+, "' X,} for
some small enough positive . In our subsequent proofs we may assume that A has been
normalized as above.

Let 7 be a path in G(A). Denote by s + 1 the cardinality of supp 7. That is

(5.31) supp 7w ={Bo, ' * * , Bs} 1=Bo<Ba< - <Bs=w.
We define the path matrix A(w) by

Aii(m)=Agg, i=0,---,s
(5.3ii) Aiii(m)=Agp.,, i=0,--+,s—1,

A,i(m) =0, i,j=0,---,s otherwise,
(5.3iii) A(m) = (Ay(m))o.

Thus A(w) is in Frobenius normal form and has s+1 irreducible diagonal blocks
Ai(m)=App, i=0,---,s To avoid ambiguity, we write A(W)E;") for the (i, j) block
component of A(w)™", i,j=0,:--,s.

We now prove a sequence of lemmas for the path matrix A(#) of a given path.

LEMMA 5.4. Let A e R} where p(A)=1. Let 1 =a, B =v and m be a path in G(A)
from a to B. Put k = k (), where k() +1 is the number of singular vertices in supp . If
A(1r) is the path matrix given by (5.3), then |A(m)57 ko = O(m").

Proof. We note that

(5.5)  Am= Y AQ(m) Aot (M)A (1)« + + Amnys () Al (7).

po+: - +ps=m—s

So
A ()6 o = Y lAoo(m)l&8" + || Ass ()l

po+-+ps=m—

Suppose first that 7 does not contain singular vertices, i.e., k = —1. Then

”A(”T)g:)"ooé 0'm z 11’0. . .1Ps — a_m ;y;—ls’
pot: - ~+ps=m—s
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where I'; is given by (2.3). As I'}' "= m"® we immediately deduce

lim 7 "A(m)q =0 forany r,o0 <7 <1.

m-—>00

Suppose now that k =0. Then

A@§esa T 1% 1% g
qo+-+qs=m=—s

=0° is( Z 1% . .. 1qk)( Z g k1. . .a-qs)
qot- -

u=0 tqr=u qr+1+ " +qs=m—s—u

m-—s
s u m-—s—u m-—s—u
=0’ Y Tiulss Yo .
0

u=

Hence
Ao =TE( £ M),

The last series converges by the ratio test and T'p' = m*. This establishes the
lemma. 0O
LEMMA 5.6. Let the assumptions of Lemma 5.4 hold. Assume furthermore thatk =0,
i.e., the support of m contains singular vertices. Then, for sufficiently large m,
2(s+1)(n—1)

(5.7) Y  A@egzGmk,

j=0
where G is a positive matrix.
Proof. Let

Bii(ﬂ)=I+Aii(7T)+. : ‘+Aii(7r)(n_1)9 i= 15 T, S,

Since A;(7r) is irreducible, and its dimension does not exceed n, we have B;(7)>0,
Wielandt [20], Berman-Plemmons [1, Chap. 2, Thm. 1.3]. Clearly (5.5) implies, for
t=2(s+1)(n—-1),

7

t .
pry A(m)e P zn~ 6P > Boo()Aoo(m)Boo() Aoi(m)B11(m)ATi By (mr) - - -

po+-+ps=m—s

' As—l,s (W)Bss (W)A§§(77)BSS (77)

Fori,j=0,- -, s, let E; be the matrix all of whose entries equal 1 and whose dimension
is that of A;(w). Clearly Boo(m)=coEoo, Bss(m)=ciEs; where cg, ch>0. Since
A;i(m)#0, we have

Bii(7T)Ai,i+1(7T)Bi+l,i+1(77') Zc¢Eiv,
where ¢;>0,i=1,---,s—1, and hence, for some ¢ >0,

t .
(5.8) ‘21 A(m)e " zc ) EooAoo()™Eo, - * , Es—1,6Ass ()" Ess.
i=

pot: - +ps=m—s

In the inequality (5.8) we may restrict the sum on the right-hand side by letting p; =0 if
p(A;i(m))<1.So let yo<: - - <y, be the subscripts of A; which are singular vertices
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and put A= A, (7). Since E;Ey = Ej, it follows that

t . — — e — —
Y A(mgtzc > E_10A00(m)*Eo1 -+ * AUE k41,
j=0 po+-tp=m—s
where ¢'>0 and the E—,-,,u,l, i=-1,:--,k are matrices all of whose entries are 1. But
Aji(7r)is astochasticmatrix, i =0, - - -, k, whence A;(7m)°E; ;1 =Eiiy1,i =0, -, k. It

follows that
I .
Y A(m)oy "z 26,
j=0

where G > 0. The lemma now follows from (2.3) since ['y* *=3m" for sufficiently large
m. O

LEMMA 5.9. Let the assumptions of Lemma 5.4 hold, and suppose thatk = k() = 0.
Let q = q(m) be the g.c.d. of periods of A, for singular y € supp . Let

B(m) ™ =A(m)"I+A(m)+ -+ A(m)" ).

() If (i, ) is any position in A(m)os then, in A(m), index; (1) =k +1.

(i) b(m)§=m".

Proof. (i) Let k* + 1 =index;; (1)in A(sr). By Theorem 3.4 there is a positive integer
q* such that for

B*(ﬂ')(m):A(ﬂ')m(I+A(»ﬂ-)+. .. +A(77)q*_1),

we have b*(w)ﬁ}") ~m*" . But k* > k contradicts Lemma 5.4. Since the sum in (5.7) can
be majorized by a sum of terms of the form B*(m)qm+?, j=0,--,2(s+1)(n—-1),it
follows that k* < k contradicts Lemma 5.6. Hence k* = k.

(ii) Now suppose that A e spec A(r), |A|=1 and index;; () =index; (1)=k +1 in
A(7r). Then

index; (A) =index (A) =mult (1),

where mult (A ) is the algebraic multiplicity of A in A(#). But, by the Perron-Frobenius
theorem for irreducible matrices,

mult( A)=mult (1)=k+1.

Hence mult (A) =k + 1 and, by Perron—-Frobenius, A is an eigenvalue of every A,, for
which v is singular. It follows that A? =1, where q = q(7). Hence the conditions of
Theorem 3.4 (ii) are satisfied and the lemma follows.

We state our main result.

THEOREM 5.10. Let A be nonzero nXn matrix normalized by the condition
p(A)=1. Assume 1=i,j=n. Let k =kl[i, j] be the singular distance from i to j and
q tq[i, i1 be the local period of (i, ). Put B™ = A"(I+A+---+A*""). Then b\{" =~
m".

Proof. As usual, we assume that A is in the Frobenius form (4.1). Suppose that (i, )

is a position in A,g. Denote by Il(«, 8) the set of all paths connecting « to 8. Then we
obviously have

(m)
A=Y A
mell(a,B8)
So

)
B = Y B(moim.
well(a,B)
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Assume first that k = k() = —00; then, clearly, B( A('") = O. If k=—1=k(s) then
Lemma 5.4 implies that each A(m)5rtm=~m~". So A('") ~m™" and again AJp B('")
Assume now that k =0. If k > k(7), Lemma 5.4 implies that B(ﬂ')os(fr) =0(m").
However, if k = k(7r), then according to Lemma 5.9 lim,,; o m "~ “B(m) ey = Fos(m)>0
as q(7r) divides q(a, B) =qli, j]. By the definition of k(a, 8) there exists 7 € II(a, B)
such that k(7)) = k(a, B). So limy.« m_kax"‘B) =F,p>0. O
COROLLARY 5.11. Under the conditions of Theorem 5.10,

) (k+1)
Z (l,’jp =m .

Proof. For k =0, the result isimmediate by Lemma 2.4. If k = —1, then by Theorem
5.10 the nonnegative series above converges. The assumption k = —1 implies that at
least one term is positive. Finally if k =—o0, af," ) =0, p=1,2,---, and the result
follows. 0O

Comparing Theorems 3.4 and 5.10 we first deduce a local version of Rothblum’s
equality and then the equality itself.

THEOREM 5.12. Let A € RY" where p(A)=1. Assume that 1 =i, j =n; then

index; (1)=k[i, j1+1.

COROLLARY 5.13 (Rothblum [13]). Let A € R}" where p(A) = 1. Then index (1) =
maXi=ij=n indexij (1) =MaX1xjj=n k[l, ]] +1.

6. Convergent iterative methods for the spectral radius of a nonnegative matrix.
Let A € R}" and assume that p(A)>0. Let r(x) and R (x) be defined as in (1.4). Clearly
0=r(x)=R(x)= +00. It is obvious that

r(x)=r(Ax)=R(Ax)=R(x).

So the sequence r(A™x), m=0,1, - is an increasing sequence bounded above by
R(x), and the sequence R(A™x),m =0, 1, - - - isa decreasing sequence bounded below
by r(x).

In [4], Collatz observed that, for A e R}" and x >0,
(6.1) r(x)=p(A)=R(x),

and when A is irreducible, this inequality is valid for all x = 0, x # 0; see Wielandt [20],
Varga [19, p. 32]. Thus the question arises when, for A=0 and x =0, x #0,

(6.2) lim r(A™x)=p(A)= lim R(A™x).

Wielandt’s [20] characterization of p(A) for irreducible A easily implies that (6.2)
holds for primitive A and all x e R}, x =0, x #0 (cf. Varga [19, p. 34]). This result
follows from the fact that

lim p(A)™"A"=Z>0
when A is primitive, where Z = uv’, v >0, Au=p(A)u, v>0,v'A=p(A)v,v'u=1.1f
A is irreducible but imprimitive then (6.2) does not hold unless x is orthogonal on all
eigenvectors of A’ corresponding to A such that |A|=p(A) and A # p(A). We shall show
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that this condition can be put in equivalent forms. If A is irreducible and of period g,
then by simultaneous permutations of rows and columns we now put A into the form

0 A, O oo 0
0 0 Ay - 0
(6.3) E ,
0 0 0 -+ Agi,
Ay 0 0 - 0

where the diagonal blocks 0 are square (see Frobenius [6], Gantmacher [7, Vol I, p.
62], Berman-Plemmons [1, Chap. 2, Thm. 2.20]).

LEMMA 6.4. Let A be an irreducible nonnegative matrix of period q in form (6.3), and
suppose that p(A)=1. Let v'A =v', Au=u, where v>0, u>0, v'u=1, A'y =’y
j=1,---,q-1, @=e>""% Let 0#xeR’ be partitioned conformally with A, x'=
(x(1y, * * * » X(q)). Then the following are equivalent

(i) lim,,, 50 A™x = (vX)u,
(i1) lim,, 0 A™x exists,
(i) xy'=0, j=1,---,q-1,

(iv)  vxm="""=0ipXag»
v) lim,, >0 R(A™x) =lim,, 0 r(A™x) =1,
where v' = (v(1), " * * , U(q)) has been partitioned conformally with A.

Proof. We first derive a formula for A™x, m =1,2,- - -. Let w be a primitive gth
root of unity. It is well-known that the eigenvalues of A on the unit circle are A, = w* ",
a=1,---,q and that each A, is a simple zero of the characteristic polynomial. It
follows, in the notation of § 3, that p, =0, @ =1, - - -, q and that

Z“%=p* 'w'D'"%, a=1,"--,q,
(1-a)
ya=D av, a=1’...’q’

where
Ill
I 0
D= w22 ,
0
‘@i,
and I, is an identity matrix of the same order of A,, a =1,:-,q.

Hence by (3.1),

q-1
A"=Y o™Duv'D *+o0(1);
0

a=

and so
q—1
(6.5) A™x =a§0w"’“aa(D“u)+o(1),
where
(6.6) a,=v'D “x=x"y*, a=0,---,q-1.
Let

t
Cg =V @+1)X(B+1), B=0,---,g-1.
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Then it follows immediately from (6.6) that

6.7 a_l
©.9 =Y o “®cs, a=0,---,q-1.
B8=0

We now prove the equivalence of our five conditions. We show (i) = (ii) = (iii) =
(iv)= (i) and (i) = (v) = (iv).

(1)=> (ii). Trivial.

(i) (iii). Since lim, . A™x exists, liMm-ov'D *A™x also exists, a=

0,::+,q9—1. But v'u>0, and hence a, =x'y*=0,a=1,---,q—1 by Lemma 3.3.
(ili)=>(iv). Consider the identity (6.7). Since the Vandermonde matrix
q'l/z(w‘“B), a,B=0,--+,9—1 is unitary the assumption a,=xy*=0,a=
1,---,q—1 implies that co=c; =" - - = ¢4_1, Which proves (iv).
(iv)=>(i).If (iv) holds, thenco=c1 =" - - = ¢,—1and (6.7) impliesa, =- - - = a,; = 0.

This establishes (i) in view of (6.5) and (6.6).
(i)=> (v). Trivial, since vx >0 and u >0.
V)=>(@). Let m=ql+r, 0=r=gq—1. Then (6.5) implies

. I+ _ =~ .
lim AT x =3, r=0,---,q—1

l»>00

for some 7 =0, £ # 0. Also

~(0 -~ ~ ~
AFO=z"  r=0,--+,q9-1, ARO=z?

As A?is a direct sum of q irreducible and primitive matrices the assumption x =0, x # 0
implies that lim;.« (A%)'x = £© # 0. Obviously x© = 0.
Now (v) implies that

1 0 0
P=xP=Ax"=x?,

whence x =x© and thus xP=x©@ forr=1,-- -, qg—1.S0lim, .0 A"x = x© and (i)
follows. 0

In what follows, we give necessary and sufficient conditions on a reducible matrix A
to satisfy (6.2). To do so we need a few more graph theoretical concepts.

Let G beagraphon(v)={1,- -, v}.LetJ be anonvoid subset of (»). Then a € J is
called a final state with respect to J if for any 8 # «a and (a, 8) € G, £ J. Denoting by
F(J) the set of all final states with respect to J. If J = (v), then « is called a final state, i.e.,
(@, B) € G implies that 8 = a. Define

d(B,J)=max{k(B, a):ac FJ)}.

If J =(v), then write d(B) instead of d(B, (v)). Let A =0 be a reducible matrix. We
assume that A is in the Frobenius form (4.1).

As in § 4, denote by G(A) the (reduced) graph of A. Let x =0, x # 0. Partition x

conformably with A given by (4.1). Thatis x* = (x(1), * * - , X(,,)). The support of x is the
setsupp x ={as, '+, asy={1, - -, v}such that x; # 0 if and only if { € supp x. We shall
always assume that «;, i =1, - - -, s have been listed in strictly ascending order.

THEOREM 6.8. Let A € RY", p(A)> 0. Assume that A is in the Frobenius form (4.1).
Moreover, if A;; is imprimitive then A;; is the Frobenius form (6.3). Let x =0, x #0. Then
(6.2) holds if and only if any final state a with respect to the support of x satisfies

(1) a is a singular vertex (i.e., p(Aya) =p(A)),
(ii) either A,, is primitive, or A, and x ) satisfy the condition (iv) of Lemma 6.4.
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Proof. Without loss of generality we may assume that p(A) = 1. Next we note that
(6.9) (A"0)e= ¥ AlRxe).
Besupp x

Suppose that a € F(supp x). Then
(A™X) o = ANeX(a)-
By the definition of R(x) and r(x) we have
r(AX)A"x =A™ x SR(A™x)A™x.
So
FHA™X) ALY (@) S AT X = R(A™X) AT X (o).
Hence, since A,, is irreducible, by (6.1),
r(A™x)=r(AgeX@) = p(Awe) ER(AGux () = R(A™x).

Assume now that (6.2) holds. Then for any final state a with respect to supp x, we must
have
lim r(A;"o,x(a)) = lim R(A;"QX(Q)) = p(A,m) =1.

So « is a singular vertex. If A,, is imprimitive, then the condition (v) of Lemma 6.4
holds. Hence, A,, and x(,) satisfy (iv) of Lemma 6.4. This proves one direction of our
theorem.

Assume now that if @ € F(supp x) then p(A,.) =1; and if A,.is not primitive then
A.. and x(, satisfy the condition (iv) of Lemma 6.4.

Let 1=B8=wv. Let d=d(B,J). By our assumption, d #—1. If d =—00, then
(A™x)g=0,m=1,2,---.1f d =0, then

mAA™)=m¢ Y Afx, +o(1),
aeK

where K ={a: k(8, a) = d}. Clearly K < %(supp x). Thus, to show
(6.10) lim m ™ %(A™x)z >0,
it is enough to prove
(6.11) m A x, >0
for a € F(supp x), k(B, @) =d. To prove (6.11), let D be the matrix obtained from A by
setting D,, =0 and D,s = A,; in all other cases, 1 =vy, § =v. We then have
m A, =m ™ ZO DS P AL X
pm

Since in D, the singular distance from 8 to « is d — 1, we have, by Corollary 5.11,

lim m™ Y DY = U, >0,

m-—>00 p=0

and by Lemma (6.4)

lim A% xe =v,>0.
p—>0©
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It easily follows from Lemma 2.7 that

L 1
lim m A x, = 7 Usata>0.

Thus, for each 8, 1 =8 =y, either (A™x)g=0,m =1, 2, - - - or (6.10) is satisfied. From
this (6.2) follows immediately. [

COROLLARY 6.12. Let AR}, p(A)>0. Assume that A is the Frobenius form
(4.1). Let J be an nonempty set of (v). Then for any x =0 whose support is the set J, (6.2)
holds if and only if for all final states a with respect to J, p(Aae) =p(A) and A, is
primitive.

COROLLARY 6.13. Let A € RY", p(A)>0. Assume that A is in the Frobenius form
(4.1). Then for any x =0, x #0, (6.2) holds if and only if for each a, a =1, -, v,
p(Ann) =p(A) and A, is primitive.

7. Nonnegative solutions of (I — A)y = x. As an application of our results we give a
simple proof of a theorem concerning nonnegative solutions y of (I —A)y = x for given
x 20. For 1 =a, B = v we shall say that 8 has access to a in G(A) if there is a path from
B to a in G(A), viz., k(B, a)=—1.

THEOREM 7.1. Let A € RY" with p(A) =1, and suppose that A is in the Frobenius
normal form (4.1). Let x € R}. Then the following are equivalent:

(i) thereis a y e R} such that (I—A)y =x;
(ii) no singular vertex B has access in G(A) to any a €supp x;

(iii) limpmoew L+« -+ A™)x exists;

@iv) limyee A™x =0.

Further, if (iil) holds and y =lim, .o I+ A +- -+ A™)x, then I —A)y =x and

(7.2) ys =0 if B does not have access to any a € supp x,

(7.3) yg >0 if B has access to some a € supp x.

Proof Let S™ =I+A+---+A™ If 1=B8 =, then

(7.4) ($™x)g= T  Sgxa

aEsupp x

and, by Corollary 5.11, for k =k(8, @)= —1,

(7.51) lim m~*"V8$4Y = U, >0;

while for k(B, a) = —0,
(7.5ii) Sgw =Ugu =0, m=1,2,3,--.

We shall prove (i) = (ii) = (iii) = (i), (iii) = (iv) = (ii).
(i)= (ii). Suppose that (I —A)y = x, where y =0. Then

Sy =(I-A""y=y.

Let B be a singular vertex. If B has access to a, then k =k(B, @) =0 and, by (7.4)
and (7.5),

( 1 (k+1
Vs = (S m)X)B zzm( )UBaxa

for large m. Hence x, =0 and a £ supp x.
(if) = (iii). Suppose (ii) holds and let I =8 =a.
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If @ esupp x, then k =k(B, @) =-1, or k =—0c0. Hence, lim,,« S‘B'Z’ Xo = UpaXq
exists for a € supp x,. So, by (7.5), lim,, »« S"x exists.

(iii)=> (). Let y=IliMyco S"™x. Clearly y=0. Since AS""'x=8"""x—x, y
satisfies (I — A)y = x. This proves (i).

(iii) = (iv). Trivial.

(iv) > (ii). Suppose that (iv) holds but that (ii) is false. Then there exists a singular 8
and an a esupp x such that k(B, a)=0. Let g =q(B, @) be the local period and let
B™=A"I+---+A%"). Then lim,.oB"’x=0. But by Theorem 5.10 for all
sufficiently large m,

k
(B("')x)g éBﬁﬂ)xa ZCcm X,

where ¢ >0, and x, # 0. This is a contradiction, and the implication is proved.
To complete the proof of the theorem observe that, for y =lim,, . S my,

Y = Z Uthxa

aesupp x

in view of (ii) and (7.5). Since Ug, >0, if B8 has access to @ and Up, = 0 otherwise, we
immediately obtain (7.2) and (7.3). 0O

The equivalence of conditions (i) and (ii) in Theorem 7.1 is due to D. H. Carlson
[3]. We remark that Carlson also showed that if a nonnegative solution y of (I — A)y = x
exists, then the solution satisfying (7.2) and (7.3) is unique. It should be observed that
the assumption that A is in Frobenius normal form is not needed for conditions (i), (iii)
and (iv) of Theorem 7.1, which may easily be proved equivalent directly. Conditions (iii)
and (iv) are equivalent for general A € R"" and x € R". We observe that for

ol )l

there is ay € R" such that (I — A)y = x; yet the equivalent conditions (ii), (iii) and (iv)
do not hold. Clearly, no y satisfying (I — A)y = x can be nonnegative.
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