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R4 1s a semiring under both ops
NOTATION

a,b € R4
a-+ b, ab

a ® b = max(a,b)
aX@®b=ab

atb, axb

Commutative semigroups
with identity under 4, &
Commutative semigroups
under ., ® with 0 and 1

Distributivity
DIFFERENCE

at+b=a=—7b=0
aPa=a




A,B e RT""
A+ B, AB,

A ® B = max(A, B)
C=AQ®B

Cij p— mI?X aikbkj

SIMILARITIES

Linearity
A x (ax) = a(A * x)
Ax(xty) =AxxctAxy
Monotonicity

r<y— Axx < Axy



Difference: SEPARATION
A>0z<y— Ax < Ay
A>0 <y AQr < ARy

A 1irreducible

Wielandt’s proof of P-F works
in both class and max

yields unique evalue in both
p(A), p*(A4), p°(A)

separation implies unique
evector in class



DIFFERENCE:

LFAFAS T .-

cvges if A <1
dvges it A > 1

dvges in class if A =1
cvges in max if A =1

AP - 0= p(A) < 1
I+At A% cvges if p(A) < 1
IT1AtA%... dvges if p(A) > 1
IGAPA?... cvges if p°(A) < 1
I+ A+ A%...dvges ifp®(A) =1



Z-matrix equations

A irreducible
Classical AND max

AxxTb=Ax
Assume A =1, If
Axxtb==«x (1)

r = A(A*xxtb)tb = A%xxt(ITA)*b
Tr = Ak*m—l—(I]”A—I—AZT---)*b
Conversely

) = (TtA+A%F--)*b

solves (1)



Frobenius 1912, Ostrowski 1937,

Lemma 1 A € Rixn irreducible,
A > 0.

Axx7b=Ax

1. X > p(A); unique soln x°
) = (I d A/XND (A/N? P
.++) % b unique ¥ = 0 if b =
0, 2 >0 if b> 0.

2.X < p(A) no soln

3. Classical:
A = p®, soln iff b = 0 - unique
evector u
Max:
A = p°, solns; x = 20 + u
where and A *x u = A\u

The operative difference when go-
ing from irreducible to reducible



Frobenius trace down method

Axx = A\x
AxxTb=Ax

Frobenius (1912)
Determines all nonneg evectors
of a reducible nonneg matrix

Carlson (1963), Hershkowitz-S (1985)
Determine all solution of

Ax 4+ b = \x

Repeated application of the ir-
reducible case

Precisely the same arguments work
in max alg

Forces consideration of

Axx7b=Ax



Sharp inequs become weak in-
equs

The difference lies in existence
of sols of

Ax +b=p*(A)x

ARxDdb=p°(A)
for irred A



A11 O

Ag1 Ago

b+ Aogo * xo = pia2

L]

L2

A21 >0

x1 >0
A11 * 1 = )\wl
A= p1

,Cl31>0

bZAzl*wl

Solvable

Class: (f’I >(f)§
Max p7 > ps

xo > 0
Solution exists with o1 > 0 iff

(A = p1]

[p1 > p2]
x>0
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L]

L2




A11

0

L]

L2

T

L1

L2

Ag1 Ago

A21 20, b1 20

A11 * 1 T b1 — )\azl
[p1 < A]
[ > 0]
co := Aoy xx1Tby >0
Azz * I T Co) — )\wl
Solution exists iff

[p2 < Al
x >0
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Frobenius Normal Form

A11 0
A2 A2g9

0.
0.

Ap-1,1 Ap—1,2 -

Api Apo

- Ap_1,p-1

Ap,p—l

A;; irreducible

_{1

R(A) marked reduced graph
.o» D}

1 — jJ arc: A,,;jZOOrz':j

1 >=7:1

> k

C— g

0
App |

access >— is partial order on V
mark ¢ with p; = p(A;;)
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Frobenius 1912, Victory 1985 -
Gaubert, Butkovic,
THEOREM: If

Axx = Ax (2)

then
i di, A= p; _ (3)
j>—i= p; <p]

(4)

j>—i = p; < p;

(ii)éonversely, for each pi_sat (4)

there exists [ess unique®] x sat

(2) s.t.

x; >01f 3 >=1
J

(5)

:BjIOifj>7éi

x is ess unique in class)
iii) Further, every evec is a lin
combin of above.
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/
b= [bl bg..bp}

supp(b) = {¢: b; > 0}
Carlson (1963), Hershkowitz-S (1985)
THEOREM: If

Axx7b= A (6)
then

j >= supp(b) — p; < A

j >=supp(b) = p; < A

_ (7)
ii)Conversely if (7) then 3z sat
6) s.t.

j ># supp(b) = a8 = 0

j >= supp(b) — :139 >0

14



(iii) Further, every «, sat. 7) is
of form

w:wOTz, ATz =Xz
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